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ABSTRACT. The concept of the GAP-integral was introduced by the authors.
In this paper some results on primitive for the GAP-integral are presented.
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1. Introduction

The Approximately Continuous Perron integral was defined by Burkill [2] and
its Riemann-type definition was given by Bullen [3]. Schwabik [6] presented a
generalized version of the Perron integral leading to the new approach to a gen-
eralized ordinary differential equation. The authors developed a generalization
of Approximately Continuous Perron (GAP)-integral and defined the primitive
for the GAP-integral [1]. In the present paper attempt has been made to study
some properties of primitive related to GAP-integral and also it is possible to
give a characterization of the GAP-integral by its primitive. A fundamental type
theorem for the GAP-integral has been established.

2. Preliminaries and definitions

���������� 2.1� A collection ∆ of closed subintervals of [a, b] is called an ap-
proximate full cover (AFC) if for every x ∈ [a, b] there exists a measurable set
Dx ⊂ [a, b] such that x ∈ Dx andDx has density 1 at x, with [u, v] ∈ ∆ whenever
u, v ∈ Dx and u ≤ x ≤ v.
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A division of [a, b] obtained by a = x0 < x1 < · · · < xn = b and {ξ1, ξ2, . . . , ξn}
is called a ∆-division if ∆ is an approximate full cover with [xi−1, xi] coming
from ∆ or more precisely, if we have xi−1 ≤ ξi ≤ xi and xi−1, xi ∈ Dξi for all i.
We call ξi the associated point of [xi−1, xi] and xi (i = 0, 1, . . . , n) the division
points.

A division of [a, b] given by a ≤ y1 < z1 < y2 < z2 · · · < ym < zm ≤ b

and {ζ1, ζ2, . . . , ζm} is called a ∆-partial division if
m⋃
i=1

[yi, zi] ⊂ [a, b] and ∆ is an

approximate full cover with [yi, zi] coming from ∆ or more precisely, yi ≤ ζi ≤ zi
and yi, zi ∈ Dζi for all i.

In [1], the GAP-integral is defined as follows:

���������� 2.2� A function U : [a, b] × [a, b] → R is said to be Generalized
Approximate Perron (GAP)-integrable to a real number A if for every ε > 0
there is an AFC ∆ of [a, b] such that for every ∆-division D = ([α, β], τ) of [a, b]
we have ∣∣∣ (D)

∑
{U (τ, β)− U (τ, α)} −A

∣∣∣ < ε

and we write A = (GAP)
b∫
a

U .

The set of all functions U which are GAP-integrable on [a, b] is denoted by
GAP[a, b]. We use the notation

S(U,D) = (D)
∑{

U (τ, β)− U (τ, α)
}

for the Riemann-type sum corresponding to the function U and the ∆-division
D = ([α, β], τ) of [a, b].

Note that the integral is uniquely determined.

With the notion of partial division we have proved the following theorem
in [1].

�	��
�� 2.1 (Saks-Henstock Lemma)� Let U : [a, b]× [a, b] → R be (GAP)-
integrable over [a, b]. Then, given ε > 0, there is an approximate full cover ∆
of [a, b] such that for every ∆-division D =

{
([αj−1, αj], τj) : j = 1, 2, . . . , q

}
of

[a, b] we have

∣∣∣
q∑

j=1

{
U (τj, αj)− U (τj, αj−1)

}− (GAP)

b∫
a

U
∣∣∣ < ε.

Then, if
{
([βj , γj ], ζj); j = 1, 2, . . . ,m

}
represents a ∆-partial division of [a, b],

we have ∣∣∣
m∑
j=1

[{U (ζj, γj)− U (ζj, βj)} − (GAP)

γj∫
βj

U
] ∣∣∣ < ε.
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In [1], the indefinite GAP-integral is defined as follows:

���������� 2.3� Let U ∈ GAP[a, b]. The function φ : [a, b] → R defined by

φ(s) = (GAP)
s∫
a

U , a < s ≤ b, φ(a) = 0 is called the indefinite GAP-integral

of U .

For [α, β] ⊂ [a, b], we put φ(α, β) = φ(β)− φ(α) = (GAP)
β∫
α

U .

We take this function φ as the primitive of U .

We need the following definitions to establish some results in the consequence:

���������� 2.4� ([5]) If E is a measurable set, then Ed represents the set of
all points x ∈ E such that x is a point of density of E.

���������� 2.5� ([4]) A number A is said to be the approximate limit of a
function f at x0 if for every ε > 0 there exists a set D of density 1 at x0 such
that

|f(x)− A| < ε for every x ∈ D\{x0}.
We write lim ap

x→x0

f(x) = A.

Next we define a function f to be approximately continuous at x0 if

lim ap
x→x0

f(x) = f(x0).

The approximate derivative of f at x0, denoted by AD f(x0), is

AD f(x0) = lim ap
x→x0

f(x)− f(x0)

x− x0
.

We state Vitali’s covering theorem without proof for further use:

�	��
�� 2.2� ([4]) If a family of closed intervals covers a set X in the Vitali
sense, i.e., for every x ∈ X and η > 0 there is a closed interval I in the family
such that

x ∈ I and |I| < η,

then for every ε > 0 there is a finite number of disjoint closed intervals I1, I2, . . .
. . . , In in the family such that

|X| <
n∑

i=1

|Ii|+ ε

where |X| denotes the outer measure of X.

We recall that the outer measure of X is defined to be

|X| = inf
{∑

i

|Ii| :
⋃
i

Ii ⊃ X
}

in which Ii denote intervals.

667

Unauthenticated
Download Date | 2/3/17 10:51 AM



D. K. GANGULY — RANU MUKHERJEE

3. Some results on primitives

�	��
�� 3.1� If U ∈ GAP[a, b] and φ is the primitive of U , then φ is measur-
able if the function U (s, ·) : [a, b] → R is continuous on [a, b] for s ∈ [a, b].

P r o o f. In order to prove that the function φ is measurable, let α be a real
number.

Let E =
{
s ∈ (a, b) : φ(s) > α

}
. We shall show that the set E is measurable.

Let s ∈ E and choose η > 0 such that 3η = φ(s)− α.

Since U ∈ GAP[a, b], given η > 0, there is an approximate full cover ∆ of
[a, b] such that for every ∆-division D of [a, b] we have

|S(U,D)− φ(a, b)| < η.

Again, since the function U (s, ·) is continuous on [a, b], for η > 0 there exists a
δs > 0 such that

|U (s, t)− U (s, s)| < η whenever |t− s| < δs.

Let
{
Ds : s ∈ [a, b]

}
be the collection of sets generated by ∆. We will assume

that each point of Ds is a point of density of Ds.

Suppose that t ∈ (s, s + δs) ∩ Ds. Let D be a ∆-division of [a, s] and let
D′ = D ∪ ([s, t], s). Then D′ is a ∆-division of [a, t].

Hence

φ(t) = φ(a, t) > S(U,D′)− η

= S(U,D) + {U (s, t)− U (s, s)} − η

> φ(a, s)− 3η = φ(s)− 3η = α.

In a similar way, we can show that φ(t) > α for all t ∈ (s− δs, s) ∩Ds.

For each s, let As = (s− δs, s+ δs) ∩Ds.

Then As = Ad
s and As ⊆ E.

Hence the set E =
⋃

s∈E

As is measurable, ([5]).

Therefore, φ is a measurable function. �

�	��
�� 3.2� If U ∈ GAP[a, b], then its primitive φ is approximately differ-
entiable almost everywhere and the approximate derivative

ADφ(τ) = lim ap
t→τ

U (τ, t)− U (τ, τ)

t− τ

for almost all τ ∈ [a, b], if the limit exists.
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P r o o f. Since U ∈ GAP[a, b], given ε > 0, there exists an approximate full cover
∆ of [a, b] such that for every ∆-division D = ([α, β], τ) of [a, b] we have∑

|{φ(β)− φ(α)} − {U (τ, β)− U (τ, α)}| < ε.

Let

X =
{
τ ∈ [a, b] : either ADφ(τ) does not exist,

or, if it does, it is not equal to lim ap
t→τ

U(τ,t)−U(τ,τ)
t−τ

}
.

We shall show that X is of measure zero.

From the definition of X we see that for each τ ∈ [a, b] − X, there exists a
measurable set Dτ ⊂ [a, b] of density 1 at τ and

ADφ(τ) = lim
β→τ
β∈Dτ

φ(β)− φ(τ)

β − τ
.

Then for each τ ∈ X there is a η(τ) > 0 such that for every approximate
neighbourhood Dτ of τ either there is a point α ∈ Dτ with 0 < τ − α < δ
(δ > 0) and ∣∣∣∣φ(τ)− φ(α)

τ − α
−
{
U (τ, τ)− U (τ, α)

τ − α

}∣∣∣∣ > η(τ)

i.e.

|{φ(τ)− φ(α)} − {U (τ, τ)− U (τ, α)}| > η(τ)|τ − α|.
or there is a point β ∈ Dτ with 0 < β − τ < δ and

|{φ(β)− φ(τ)} − {U (τ, β)− U (τ, τ)}| > η(τ)|β − τ |.

Let Xn =
{
τ ∈ X : η(τ) ≥ 1

n

}
, n = 1, 2, . . . and so X =

∞⋃
n=1

Xn.

Then the above family of closed intervals [α, τ ] or [τ, β] coversXn in the Vitali
sense.

By the Vitali’s covering theorem, for every ε > 0, we can find a finite number
of disjoint closed intervals [αk, βk] for k = 1, 2, . . . ,m with αk = τk or βk = τk
such that

|Xn| <
m∑

k=1

|βk − αk|+ ε

<

m∑
k=1

|{φ(βk)− φ(αk)} − {U (τk, βk)− U (τk, αk)}|
η(τk)

+ ε

< nε + ε = ε(n+ 1)

Since ε > 0 is arbitrary, the outer measure of Xn is 0 and so is X. �
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�	��
�� 3.3� Let U : [a, b]×[a, b]→R be a function such that U (τ, ·) : [a, b]→R

is a continuous function on [a, b] for τ ∈ [a, b]. Also let φ : [a, b] → R be a func-
tion which is approximately continuous on [a, b] and approximately differentiable
nearly everywhere i.e. everywhere except perhaps for a countable number of
points in [a, b] such that

ADφ(τ) = lim ap
t→τ

U (τ, t)− U (τ, τ)

t− τ
for τ ∈ [a, b].

Then U ∈ GAP[a, b] and (GAP)
b∫
a

U = φ(b)− φ(a).

P r o o f. Let X =
{
τn : n ∈ Z+

}
be the set of all points τ ∈ [a, b] for which

ADφ(τ) does not exist.

For each τ ∈ [a, b]−X, there exists a measurable set Dτ ⊆ [a, b] of density 1
at τ and

ADφ(τ) = lim
β→τ
β∈Dτ

φ(β)− φ(τ)

β − τ
.

Again, by the given condition, for given ε > 0 we have

|ADφ(τ)− U (τ, β)− U (τ, τ)

β − τ
| < ε whenever β ∈ Dτ .

For each n, there exists a measurable set Dτn ⊆ [a, b] of density 1 at τn and

φ(τn) = lim
τ→τn
τ∈Dτn

φ(τ).

For each τ ∈ [a, b]−X, there exists δτ > 0 such that β ∈ Dτ∩(τ−δτ , τ+δτ ) = Sτ

implies
|{φ(β)− φ(τ)} −ADφ(τ)(β − τ)| ≤ ε|β − τ |

and
|ADφ(τ)(β − τ)− {U (τ, β)− U (τ, τ)}| < ε|β − τ |

Therefore,

|{φ(β)− φ(τ)} − {U (τ, β)− U (τ, τ)}|
≤ |{φ(β)− φ(τ)} −ADφ(τ)(β − τ)|+ |ADφ(τ)(β − τ)− {U (τ, β)− U (τ, τ)}|
< ε|β − τ |+ ε|β − τ | < 2ε|β − τ |.
The set Sτ is measurable and τ ∈ Sd

τ .

For each n, there exists δn > 0 such that α, β ∈ Dτn ∩ (τn−δn, τn+δn) = Sτn

implies
|φ(β)− φ(α)| < ε2−n.

Again, since U (τ, ·) is continuous on [a, b], we have

|U (τn, β)− U (τn, α)| < ε2−n for α, β ∈ Sτn .
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The set Sτn is measurable and τn ∈ Sd
τn .

The sets
{
Sτ : τ ∈ [a, b] −X

}
and

{
Sτn : n ∈ Z+

}
define an approximate

full cover ∆ of [a, b].

Let D = ([α, β], τ) be any ∆-division of [a, b].

We split up the sum
∑

over the ∆-division into two partial sums
∑
1

and
∑
2

in which τ ∈ [a, b]−X and τ ∈ X respectively.

Then we obtain∣∣∣∑{U (τ, β)− U (τ, α)} − φ(a, b)
∣∣∣

≤
∑
1

|{U (τ, β)− U (τ, α)} − φ(α, β)|+
∑
2

|φ(α, β)|+
∑
2

|U (τ, β)− U (τ, α)|

<
∑
1

[|{U (τ, β)− U (τ, τ)} − {φ(β)− φ(τ)}|

+ |{U (τ, τ)− U (τ, α)} − {φ(τ)− φ(α)}|]+ 2
∑
2

ε2−n

<
∑
1

{2ε(β − τ) + 2ε(τ − α)}+ 2ε

< 2ε(b− a) + 2ε.

Since ε > 0 is arbitrary, it follows that

U ∈ GAP[a, b] and (GAP)

b∫
a

U = φ(b)− φ(a).

�

�	��
�� 3.4� A function U : [a, b]× [a, b] → R is GAP-integrable on [a, b] with
primitive φ if and only if for every ε > 0 there exists an approximate full cover
∆ of [a, b] such that

(D)
∑

|φ(α, β)| < ε and (D)
∑

|U (τ, β)− U (τ, α)| < ε

whenever D = ([α, β], τ) is a partial division in ∆ ∩ Γε where Γε is defined as

Γε =
{
([α, β], τ) :

∣∣φ(α, β)− {
U (τ, β)− U (τ, α)

}∣∣ ≥ ε|β − α|
}
.

P r o o f. Let there be an approximate full cover ∆ of [a, b] such that the two
inequalities are satisfied.
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Then for any ∆-division D = ([α, β], τ) of [a, b] we have

(D)
∑

|φ(α, β)− {U (τ, β)− U (τ, α)}|
< (D ∩ Γε)

∑
|φ(α, β)|+ (D ∩ Γε)

∑
|U (τ, β)− U (τ, α)|

+ (D \ Γε)
∑

|φ(α, β)− {U (τ, β)− U (τ, α)}|
< ε+ ε+

∑
ε|β − α|

< 2ε+ ε(b− a) = ε(2 + b− a).

Therefore, U ∈ GAP[a, b] with primitive φ.

Conversely, suppose that U ∈ GAP[a, b] with primitive φ.

Then for every ε ∈ (0, 1) and for every k ∈ N there exists an approximate full
cover ∆k of [a, b] such that for any ∆k-division D = ([α, β], τ) of [a, b] we have

(D)
∑

|φ(α, β)− {U (τ, β)− U (τ, α)}| < ε2

k2k+1

Let

Ek =
{
([α, β], τ) : k − 1 ≤

∣∣∣U(τ,β)−U(τ,α)|
β−α

∣∣∣ < k, τ ∈ [a, b]
}
, k = 1, 2, . . . .

Consider

∆ =

∞⋃
k=1

{
([α, β], τ) : ([α, β], τ) ∈ ∆k ∩Ek

}
.

Then ∆ is an approximate full cover of [a, b].
Then for any partial division D = ([α, β], τ) of [a, b] in ∆ ∩ Γε we have

(D)
∑

|U (τ, β)− U (τ, α)|
<

∑
k|β − α|

<

∞∑
k=1

k

ε
(D)

∑
|φ(α, β)− {U (τ, β)− U (τ, α)}|

<

∞∑
k=1

k

ε

ε2

k2k+1

< ε/2 < ε.

Again, since U ∈ GAP[a, b] with primitive φ, by Saks-Henstock Lemma, given
ε > 0, there exists an approximate full cover ∆ of [a, b] such that for any partial
division D = ([α, β], τ) of [a, b] in ∆ ∩ Γε we have

(D)
∑

|φ(α, β)− {U (τ, β)− U (τ, α)}| < ε.
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Hence

(D)
∑

|φ(α, β)|
≤ (D)

∑
|φ(α, β)− {U (τ, β)− U (τ, α)}|+ (D)

∑
|U (τ, β)− U (τ, α)|

< ε+ ε = 2ε.

�
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