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NEW OSCILLATION CRITERIA
FOR THIRD ORDER
NONLINEAR NEUTRAL DIFFERENCE EQUATIONS

S. H. SAKER

(Communicated by Michal Feckan)

ABSTRACT. In this paper, we are concerned with oscillation of the third-order
nonlinear neutral difference equation
A(en [A(dnA(xn +pnxn—f))]’y) + an(xg(n)) =0, n 2 ng,

where v > 0 is the quotient of odd positive integers, ¢, dyn, pn and ¢, are
positive sequences of real numbers, 7 is a nonnegative integer, g(n) is a sequence
of nonnegative integers and f € C(R,R) such that uf(u) > 0 for u # 0. Our
results extend and improve some previously obtained ones. Some examples are
considered to illustrate the main results.
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1. Introduction

In recent years, the asymptotic properties and oscillation of difference equa-
tions and their applications have been and still are receiving intensive attention.
In fact, in the last few years several monographs and hundreds of research papers
have been written, see for example the monographs [1, 3, 6, 10]. Determination
of oscillatory behavior for solutions of first and second order difference equa-
tions has occupied a great part of researchers’ interest. Compared to the first
and second order difference equations, the study of third order difference equa-
tions has received considerably less attention in the literature, even though such
equations arise in the study of economics, mathematical biology, and other areas
of mathematics which discrete models are used as well as their applications in
the numerical solutions of third-order differential equations (see for example [4]).
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S. H. SAKER

For contributions, for third order difference equations, we refer the reader to the
papers [2, 5, 7, 8, 11, 12, 13, 15, 16, 17, 18, 19] and for neutral difference equa-
tions we refer the reader to the papers [14, 20] and the references cited therein.
For completeness and comparison, we present below some of these results.

In [20], the authors considered the nonlinear neutral delay difference equation
A(enA (dp Az + prn—7))) + anf(n—s) =0, for n > ng, (1.1)

and established some sufficient conditions for oscillation by employing the Riccati
technique, when the following assumptions are satisfied:
(A;) 7 and o are nonnegative integers such that 7 < o,

(A2) ¢n, dn, Pn, qn are positive sequences of real numbers such 0 < p,, < 1, and

S-S e

n=ng n=mno

(As) f: R — R is a continuous function, uf(u) > 0 for v # 0 and
flu)/u? > K > 0.

In [14] the author considered the third order nonlinear neutral delay difference
equation

A(an [dn A, + prn—r)]") + o f(@n—6) =0, n > ng, (1.3)

where (A1)—(Aj3) are satisfied and v > 1 is quotient of odd positive integers. In
[14] the author established several sufficient conditions for oscillation which im-
proved the results that has been established in [20]. To prove the main results in
[20] and [14] and find effective oscillation criteria the authors used an additional
sequence different from the coefficients in the equations. One of our aims in this
paper is to delete this condition and find new oscillation criteria without any
additional sequence.

In this paper, we are concerned with oscillation of the third-order nonlinear
neutral difference equation

when the following assumptions are satisfied:

(hy) v > 0 is quotient of odd positive integers,
(hy) 7 is a nonnegative integer and g(n) is a sequence of nonnegative integers
such that lim g(n) = oo,
n—oo
(h3) ¢n, dyn, pn and g, are positive sequences of real numbers such 0 < p,, < 1,
and Ap, > 0,

(hy) f: R — R is a continuous function, uf(u) > 0 for u # 0 and
flw)/u’ = K > 0.
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THIRD ORDER NONLINEAR NEUTRAL DIFFERENCE EQUATIONS

We note that the results that has been established in [20] and [14] are obtained
in the case when v > 1 and (1.2) holds. The natural question now is: If one
can find new oscillation criteria for the equation (1.4) when 0 < v < 1?7 The
main aim in this paper is to give an affirmative answer to this question and
establish some sufficient conditions which guarantee that the equation (1.4) has
oscillatory solutions or the solutions tend to zero as n — oc.

The paper is organized as follows: In Section 2, we state and prove some useful
lemmas. In Section 3, we will state and prove the main results and divided it
into two subsections: In the Subsection 3.1, we consider the advanced case when
g(n) > n and in the Subsection 3.2, we consider the delay case when g(n) < n.
The main investigation of the main oscillation results depends on the Riccati
substitution and the analysis of the associated Riccati difference inequality. The
results in this paper are different from the results established in [20] and [14] and
can be applied on the case when 0 < v < 1. Some examples and applications
are considered throughout the paper to illustrate the main results.

2. Some preliminary lemmas

In this section, we state and prove the fundamental lemmas which we will
use in the proofs of the main results in Section 3. Let x, is a solution of the
equation (1.4), and

Zn = Ty + PpTp_r. (2.1)
We define the quasi-differences of z,, by
A0 =z, M =d,Az,, 2P=c¢, [AZLHF, and zP = A (ZE]) . (2.2)

n

We note that if z,, is a solution of (1.4) then y,, = —x,, is also solution of (1.4),
since from (hy), uf(u) > 0 for u # 0. Thus, concerning nonoscillatory solutions
of (1.4), we can restrict our attention only to the positive ones and from (2.1),
since p,, > 0, we see that if x,, is positive and monotonic then z, is also positive
and monotonic. We start with the following Lemma which provides the sign of
the quasi-differences of z,,.

LEMMA 2.1. Assume that (hy)—(hy) hold. If z, is a nonoscillatory solution of
(1.4), then there exists N > ng such that P #£0 fori=0,1,2, form> N.

Proof. Without loss of generality, we may assume that z,, be an eventually
positive solution of (1.4) and there exists ny > ng such that x, > 0, z,_, > 0

and z4(,) > 0 for n > n;. Then from (2.1) and (hs3), we see that z, > 0 and

since ¢, > 0, we have 27[13] < 0 and there exists ny > ny such that 27[12] is either

positive or negative for n > nsy. Thus ,27[11 Vis either increasing or decreasing for
n > ny and so there exists N > ng such that zy[Ll l'is either positive or negative
for n > N. The proof is complete. (]
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In view of Lemma 2.1, and (2.1), we see that if x,, is a nonoscillatory solution
of (1.4) then quasi-differences of z, belong to the following classes:

— {z: GN)(Vn > N) (2200 <0, 2,22 >0)},

Cr={z: BN)(Yn > N)(z.2ll >0, 2,22 <0)},
Co={z: 3N)(¥n > N) (2,2 >0, m>0)}
= {z: (EIN)(Vn>N)(znzl]<0 [2}<0)}

In the following we prove some lemmas which provide a classification of asymp-
totic behavior of the nonoscillatory solutions.

LEMMA 2.2. Assume that (hy)—(hy) hold, and

S S e

n=ngo n n=ngo n

If x,, is a nonoscillatory solution of (1.4), then z, € Cy U Cs.

Proof. Without loss of generality, we may assume that z, is an eventually
positive solution of (1.4) and there exists ny > ng such that x,, > 0, z,— > 0
and xg(,) >0 for n > ny. In view Lemma 2.1, we see that 27[10]’ 27[7}} and 27[12} are
monotone and eventually of one sign. So to complete the proof, we prove that
there are only the following two cases:

Case (I): 20 0, s 0, PSR 0, for n > ny sufficiently large.

Case (II): [0] >0, < 0, 2> 0, for n > n; sufficiently large.

We claim that there exists ny > ni such that ,27[1] > 0 for n > ny. Suppose

that z,[l] < 0 for n > ns. From (1.4), we see that z,[l] < 0 for n > ny and then
2]

Zn ' 18 decreasmg Therefore there exist a negative constant C' and ns > ny such
that z < C for n > ns3. So that

L
<Ay or > .,
s=n3 (CS)’Y
which implies by (2.3) that le P Thus, there is an integer ng > ns
n o0

&
such that for n > n4, d,A(z,) < dy
summing from ny to n — 1, that

A (zp,) < 0. This implies that after

4

n—1
1
Zn — Zny < dpy A (2n,) Z 4

s=n3g
which implies by (2.3) that z, — —oo as n — oco. This is a contradiction with
zp > 0. Then zE] > 0. The proof is complete. O
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THIRD ORDER NONLINEAR NEUTRAL DIFFERENCE EQUATIONS

LEMMA 2.3. Assume that (hy)—(hs) hold and let z, is defined as in (2.1). If z,,
is a nonoscillatory solution of (1.4) and

Z Z 0, for ni > ng, (2.4)

n=ni S=nq
then C3 is empty.
Proof. Without loss of generality we assume that x,, is an eventually positive

solution and there exists n; > ng such that x, > 0, x,_» > 0 and x4, > 0

for n > ny. This implies that z, > 0 for n > n;. To prove that Cj is empty,
we prove that the case znzy[Ll] < 0, and zan] < 0 for n > N > ng is impossible.
Assume for the sake of contradiction that there exists no > ni such that 2[2} <0
and zn < 0 for n > ny. Denote ag = zﬁj 0. Then, since 27[12 i is deceasing we

have cn(Ale]) < ag for n > ny and thus by summation from ny to n — 1, we

have
[1] < z Z
(1]

Now, since z5, < 0, we see after summation from ny to n — 1, that

zn<a02 Z

n=nsy S=no
Letting n — oo, we get by (2.4) that lim z, = —oo, which contradicts the
n—oo
positivity of z,. The proof is complete. O

LEMMA 2.4. Assume that (hy)—(hg) hold and let x,, is a nonoscillatory solution
of (1.4). Let z, is defined as in (2.1) and assume that z, € Cy. Then z, is
solution of the inequality

.
A (cn [Az}jq ) + Pnz;(n) <0, for n>nq, (2.5)
where P, = K (1 — pgny)”-

Proof. Without loss of generality, we assume that x,, is an eventually positive
solution and there exists n; > ng such that z,, > 0, x, 2, > 0 and zy,) > 0
for n > n, sufficiently large. This implies from (2.1) that z, > 0 n > ny. Since
zn € Co, we see that

Zn = Tn +pnxnf7' = Tn +pn {anT _pnfoanT] S Tn +pnzna for n Z ny.

Thus we have z,, > (1 — pp)z, for n > ny. Then there exists ny > my such
that x4y = (1 — pg(n))Zg(n)- This and (hy) imply that (2.5) holds. The proof
is complete. O
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LEMMA 2.5. Assume that (hy)—(hs) hold and let x,, is a nonoscillatory solution
of (1.4). Let z, is defined as in (2.1) and assume that z, € Cy. Then there
exists nq = ng such that

Tp_r = ] j—npn > (1—pn)zn for n>=mnq. (2.6)
Proof. Without loss of generality we may assume that z, is an eventually
positive solution and there exists my > ng such that z,, > 0, z,_, > 0 and
Tg(n) > 0 for n > ny. This implies from (2.1) that z, > 0 for n > n;. Now, since
zn € Cp, then z, is decreasing, we may assume without loss of generality that
T, is also decreasing. If this is not the case, i.e., if z,, and x,,_, are eventually
nondecreasing for large n > nq, we see (note from (hs) that p,, > 0 and Ap,, > 0)
that

Azn = Axn + Apnxn—f +pn+1(Axn—T) > Axn Z 07

which is a contradiction with Az, < 0, for n > n;. Hence

Zn = Tn +PnTn—7 < Tpn_r + PpTp_r.
From which we obtain that z,_, > 2z,/(1 + p,), which is the first part in (2.6).
Since 0 < p,, < 1, then 1 > 1 — p2, and this implies that 1/(1+ p,) > (1 — pn).

Therefore z,,/ (1 + pn) > (1 — pn)z, and then the second part of the inequality
in (2.6) holds. The proof is complete. O

LEMMA 2.6. Assume that (hy)—(hy) hold. Let x,, be a nonoscillatory solution
of (1.4) and z, is defined as in (2.1) such that z, € Cy. Furthermore assume
that

o) n—1 t—1 oy 1/
(h5) Z dln Z clt Z (Q%/ (1 +pg(s)+~r) ) = OQ.
no no no
Then
nh_)rrolo Zn =0, (2.7)
and if im p, =p* €[0,1) then lim x, = 0.
n—oo n—oo

Proof. Without loss of generality we may assume that z,, > 0, ,—, > 0 and
Tg(n) > 0 for n > ny where n; is chosen so large that Lemma 2.1 holds. (The
proof when x,, is eventually negative is similar, since the substitution y,, = —x,,
transforms (1.4) into an equation of the same form). From Lemma 2.5, (2.1)
implies that there exists ny > nq such that

Zg(n)+t
Tomy = . for n > ns. 2.8
g( ) 1 +pg(n)+7‘ 2 ( )
From (hs), (1.4) and (2.8) we obtain
111" Kqy vy < S
A (cn [Azn } ) + (14 Py in) Zgny4r <05 n > ng. (2.9)
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THIRD ORDER NONLINEAR NEUTRAL DIFFERENCE EQUATIONS

Since z, > 0, decreasing and lim g(n) = oo, it follows that lim z4n)4, =
n—oo n—oo

b > 0. Now we claim that b = 0. If not then z

hence there exists n3 > ng such that z

g 2
g(n)+T—>b > 0 as n — oo, and

;(nHT > bY. Therefore from (2.9) we have

A (cn [Az,[}]r) T N Y R, (2.10)
(1 + pg(n)JrT)7
Define the sequence u,, = ¢, A(d,Az,)” for n > n3. Then, we have
Kqn
(L4 pgny+7)7
Summing the last inequality from ns to n — 1, we have

Au, < — b.

n—1
qs
Uy < Up, — 'K g .
o ? (1 +pg(s)+‘r>7

In view of (hs) it is possible to choose an integer ny sufficiently large such that
for all n > ny

sS=n3

n—1

unS_AZ( ds

s=ng 1 +p9(3)+7)77

where A = bWQK > 0. Hence

1

n—1 ¥
Azlﬁs—mﬁ(l > s ) ,
Cn

s=ng 1+ pg(s)+7)7

Summing the last inequality from n4 to n — 1 we obtain

n—1 t—1 ¥
1
[1]<[1J_Aiz 3 s
zn' <z, .
! ( ) (Ct s=ngs (1 +pg(5)+7')’y

t:n4

Since 27[11] < 0 for n > ng, the last inequality implies that

n—1 -1 !
1 1 2
dnAZn < - (A)’Y Z (Ct Z (1 +p50+7)’y> ’

t=ns S5=no
or
L1 n—1 1 t—1 q ¥
Az, < —(A)~ ® .
( ) dn t§4 (Ct S;?) (1 +pg(s)+‘r)7>

Summing from n4 to n — 1 we have

1

n—1 -1 =1 !
ZnSZnAL_(A)}YZa]{Z(C];Z( y ) |

s=ns 1+ pg(s)+7_)"f
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Condition (hs) implies that z, — —oo as n — oo which is a contradiction with
the fact that z, is positive. Then b = 0 and then (2.7) holds. From this since
lim p, = p*, we see that

n—oo
lim z, = lim z, +p" lim z,_, = (14 p*) lim x,.
n—oo n—oo n—oo n—oo
This and (2.7) implies that lim x, = 0. This completes the proof. O
n—oo

To prove the next lemma which plays an important role in the proof of the
main results in the delay case, we need the following functions which are define
by
(n—s)*)

k! ’
where t(®) = ¢(t —1)--- (t—k+1) is the so-called falling function (see [10]). The
summation and the difference of the functions hy(n, s) are defined by

hi(n,s) := k=0,1,2,..., (2.11)

n—1
hk+1(n7 3) = Z hk(Ta 3)7
Arhg(n,s) := hg—1(n,s), Ashi(n,s):= —hg_1(n,s),

where A1 denotes the difference with respect to n and Ay denotes the difference
with respect to s. As a special case when n = 2, we see that n(?) = n(n —1)
and one can easily prove that An(?) = 2n. Also since A(1/n?) = —2/(n+1)®)
then Y. (=2/(n+1)®) =1/n?.

s=n

LEMMA 2.7. Assume that g(n) < n, and
zn >0, Az, >0, A%z,>0, and A3z, <0, for n>mng. (2.12)

Then
M%n >1

— )

lim inf (2.13)

n—oo ha(n,ng)Azy,
and there exists N > ng such that

Azymy _ (9(n) )

Azpiy = (n4+1-N) (2.14)

Proof. First, we prove that (2.13) holds. Let

—_NY®
Gn:=(n—N)z, — (n 2N) Az,
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Then Gy = 0, and
(n+1-N)>

AG, = (n+1—N)Az,+ 2z, — 5 A%z, — (n— N)Az,
_ (2)
= Az, + 2z, — (n—|—12 N) A%z,
1-N)®
= Zn+1 — (n+ 9 ) A2Zn

n

= Zpt+1— Z (r— N)A2zn.

T=N

To complete the proof we will apply the discrete Taylor’s Theorem [1, Theo-
rem 1.113] of the sequence f,,, which is defined by

m—1

=Y hi(n,a)AF f(a) + (mi 1)! i fim—a(n, 7+ DA (1), (2.15)
k=0 '

T=x

where h,,(t, s) be defined as in (2.11). Replacing f,, by z,+1 and putting m = 2
in (2.15), we have (noting from (2.12) that A2z, is decreasing)

2—-1 n+1-2
1
sl = Y hi(n+ 1, N)A 2y + 21 3 haa(n+ 1+ 1)A%,
k=0 ' =N
n—1
= v+ (m+1-N)Azy+ > h(n+1,7+1)A%,
=N
n—1
2
> anv+(n+1-N)Azy + A%, > ha(n+1,7+1).
=N

It would follows that AG,, > 0 on [NV, 00) provided, we can prove that

n—1 n

d hn+17+1)=> (- N).

=N =N
To see this, we use the summation by parts formula [1, Theorem 1.77],

b

b
D fr+1)Ag(r) = f(r)g(r)att =Y Af(r)g(r),

T=a

to get

n

> hi(n+1,7+1) = hi(n+1,7)(r =N = > (~=1)(r=N) = > _(r—N),
T=N

T7=N =N
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which is the desired result. Hence AG,, > 0 for n > N. Since Gy = 0, we get
that G,, > 0 for n > N. This implies that

(n_N>Zn

ha(n, N) Az, >1, for n>N. (2.16)

Therefore, since
nzn _ (n—=N)z, n ha(n,N)
ha(n,ng)Az,  ha(n, N)Az, n— N ha(n,ng)’
and since (. )
. n . 2N,

nhﬁnc}o n—N =1= nlLII;O h2(n,n0)’

we get that

Lo nz(n)

1 f
oo ha(n,mo)Azy

which proves (2.13). Next, we prove that (2.14) holds. From (2.12), since A%z,

is decreasing, we have

2> 1,

Az, — Azn > A2zn(n — N).
Dividing by Az, Az, 1, we get that
Az, — Azy — A%z, (n — N)

> 0.
Az Azt -
Thus
n—N
A > 0.
(s )2
This implies that
(n+1-N) _ (g(n) ~ N)
Aznyr = Azgmy
where g(n) <n <n+ 1. Hence
gl g(n) =N\’
(Azg(”)) Z <n+ 1— N) (Azn-Fl)’ya
and this proves (2.14). The proof is complete. d

3. Main results

In this section, we establish some sufficient conditions which guarantee that
the solution z,, of (1.4) oscillates or satisfies lim z, = 0. If (2.3) holds then

n—oo
in view of Lemma 2.2 if z,, is a solution of (1.4), and z, be as defined by (2.1),

then z,, € Cy U Cs.
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3.1. The case when g(n) >n

In this subsection, we consider the case when g(n) > n and establish some
sufficient conditions which guarantee that the solution x,, of (1.4) is either os-
cillates or satisfies hm zn, = 00 where z,, is defined as in (2.1). To simplify the

presentation of the results we introduce the following notations:

T Wng . n W41
74 = lim inf + , R :=limsup + ,
n— 00 Cn, n—00 Cn
1 n—1 S’H—l v [e's)

q« := lim inf Z Qs, Py = liminf " Z Qs,
c

n—oo N
s=N

1 Y
Dy, (cn)C,,
Qn =P, ( (1 ) ) ) P, :an(l _pg(n)y{:
C

(en)7Cp +1
n—1 g(n)—1
1 1
C, = ., and D, = o
s=N (C )’Y s=n S

LEMMA 3.1. Assume that (hy)—(hs) and (2.3) hold. Furthermore assume that
g(n) > n. Let x, is a solution of (1.4) and let z, is defined as in (2.1) such
that z, € Cy. Define w,, by the Riccati substitution

A
Then w, > 0, and
Aw, +Qn +7( ! 1 (wn+1)1+3’ <0, for n €[N, o0). (3.2)
Cn)?

Proof. Let x,, be as in the statement of this Theorem and without loss of
generality, we may assume that there exists nq, > ng such that z,, > 0, z,,—, >0
and x4,y > 0 for n > ny. Then from Lemma 2.2, there exists N > n; such that

[ ] (1] (2] (3]

>0, zn >0, zn >0, 2z, <0. By the difference quotient rule, we have
¥
(ZLH) z:] — A (Z,L}]> 27[12]
Aw, = ¢
CONCE
2 (z[o] )AY A (zkl}y 27[12}
n \%g(n)

NN CONC N
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From Lemma 2.4, we see that

gl v
=TT YT )Y (L '
(Zn+1) (Zn ) (Zn+1)
Using the inequality (]9, p. 39]),
7 =y >y Nz —y), forall z#y and v >1, (3.4)

we have

A (ZL}OW = <Z7[L1—}|-1>’y - <Z7[I1}>7 > (Z,[ll]>7 (Azﬂ) , when ~>1. (3.5)
From the definition of 22! we see that Azl = (z,[f}/cn> i This and (3.5) imply

that .
A (znl])” > ~ (znl])7 (f) . (3.6)

Using the inequality (]9, p. 39]),
x7 — 1y >y —y), forall z#y and 0<~vy<1, (3.7)

we see that

1
)= (- ()2 () (k)2 () ()
(3.8)

Combining (3.6) and (3.8), since 21 s increasing and z[? is decreasing, we
obtain

A (zﬂ)ﬂf 27[12] (2] (Zn2])i

>
¥ v = 1
CONC D RENACY

= ( 7)1 (wnﬂ)#ﬂ, for ~ > 0.
Cn)
Substituting in (3.3), we have
; g
n 1
Aw, < P, ( o )> — T () (3.9)
Zn—l—l (CTL)’Y
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Next, we consider the coefficient of P, in (3.9). Since zﬂrl = 2'7[11] + A(z,[ll]), we

have )
1 2]\~
AL adh )
2 2 (cn)izg]
Also since z,[f lis decreasing, we get
[ ] n—1 1 1 [ } 1 n—1 1 1 n—1 1
(1] — U (21}~ 1 (21}~ (21}~
Znt =2y + Zg =22z t 1z 1 >\ zn 1.
sgl:\/'< ) (CS)W ( ) s=N (CS>7 ( ) s=N (CS>7
(3.10)

It follows that

Hence

Thus )
le] < (cn)"Chp
,z,[ll]+1 B (cn)iCn +1
This gives that

1 1
Zg(n) _ “g(n) 24 < Fa(n) (cn)7Cn .
z,[ll]+1 ZLH z,[ll]+1 B 27[11] (cn);Cn—f— 1

. ... .
Now, since g(n) > n and 2 s increasing, we have

(3.12)

g(n)—1 g(n)—1 L g(n)—1 )
— _ S 1 o 1
This and (3.12) show that
Zyl(") 2 Dn (1071) i Cn .
Zr[z]+1 (Cn)’y Cn +1

Substituting from (3.13) into (3.9), we have the inequality (3.2) and this com-
pletes the proof. O

(3.13)

In the following, we assume that

i Qs < 00, (3.14)

S=ng
991
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which is different from the assumption that has been posed in all the above
mentioned results in the introduction.

Now, we are ready to state and prove the main oscillation theorem in the
advanced case.

THEOREM 3.1. Assume that (hy)—(hs), and (2.3) hold. Furthermore assume
that g(n) > n, and Acy, > 0. Let z,, be a solution of (1.4). If

A
Dx > (y 4+ 1)1 (3.15)
or
Pe 4 g > 2007, (3.16)
Then either x,, oscillates or nh_}ngo zn = 0.

Proof. Suppose the contrary and assume that z,, is a nonoscillatory solution
of equation (1.4). Without loss of generality, we may assume that x,, > 0,
Tn—r >0, Tg(n) > 0, for n > ny where n; is chosen so large. We consider only
this case, because the proof when x,, < 0 is similar, since uf(u) > 0. Then from
(2.1) and in view of Lemma 2.2, since (2.3) holds, z, € Co U Cs. If z, € Cy and
(hs) holds, we are back to the proof of Lemma 2.6 to show that lim z, = 0.

n—oo
Next, we consider the case when z,, € Cy and w,, is defined as in (3.1). Then from

Lemma 3.1, there exists ny > nq such that w, > 0 and satisfies the difference
inequality

v 141

Aw, < —Qp — (W) T for n > no. (3.17)
Cn )"
Also from Lemma 3.1, since
1 n—1
5 1
R ST
s=N (CS) v

we see that

oA (Z 1 )
Wy, 1= < 1 .
iy \ 5 ()

This and (2.3) imply that ILm wy, = 0. First, we give a contradiction to (3.15).
n o0

Summing (3.17) from n + 1 to oo and using that lim w, =0, we get

Wy > ZQ% +’yz )t (Wet1) Wers. (3.18)

n+1 n+1 Cs
It follows from (3.18) that

n’w nY & 1 )
DI SN DI (N LT (3.19)
Cn n+l Cn ntl cs)’v
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Let € > 0, then by the definition of p, and r,, we may assume that there exists
N > ng, sufficiently large, so that

7T 2
" g Qs > px —e, and 1t Wnd > — €, for N > ns. (3.20)
c

n n+1
From (3.19), (3.20) and using the fact Ac¢,, > 0, we get

Cn

1
nTw nY o= ¢ s(w v sTw

Cp, n ntl S’Y+1 (Cs) ¥ Cs

o0
141 1Y o= e
(pe — &)+ (re —€) T 257:1

>
(R |
1 > ’y
1+
> (pe—e)+(ri—e) 7 n Z Ay (3.21)
n+1
Using the inequality (3.4), we have
-1 1) — g7 1)1
A _(s+1) s§7(8+) e T
sY sY(s+ 1) sY(s+ 1)y sY(s+1) 7L

Using the inequality (3.7), we have

1 1) — g7 v-1
A :<s+ ) N < 7(5) = i < g , for 0<y<1.
57 s7(s+1)7 s7(s+1)Y  s(s+1)r  srHl
So that for v > 0, we have
A = . 3.22
37+1>Z (sV) (n+1)7 (3.22)
n+1 n+1

Then from (3.21) and (3.22), we obtain
n

o Y
n Wntl > (p*—€)+(7”* _5)1+}Y <n+1) y for ~v>0.

Taking the lim inf of both sides as n — oo, we get that
1+

Cn

T Zp*—E—I—(T*—E)

Since € > 0 is arbitrary, we get

D STy — 7w . (3.23)
Using the fact that
y+1 < ~
we have
’y’y
* < bl
BRCERVE
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which contradicts (3.15). Next, we give a contradiction to (3.16). Multiplying
both sides of (3.17) by n7*!/c,, and summing from N ton—1 (n—1> N), we
get

-1 - 1 Y1
L gl Sv+1 n— 87ws+1 ¥
>, Aws- Z T2
CS
s=N
Using summation by parts, we obtaln
—1 v+1
nY*Hw,, N7+1wN A g7+l noogrtl n sTwey1) 7
c Ay e 3 (T
n s=N s s=N s

By the quotient rule, we have

v+1 v+1 v+1 v v
A <5 > _ A A - (v+1)(s+1) < (y+1)(s+1)7 (3.24)
Cs Cs+1 CsCs+1 Cs+1 Cs
Hence
nYtlw Nty —1 gl el s+ 1)Yw
c”l S S:N CS
n—1 y+1

. Z <87w3+1> g

Now, since s > ng > 0 we can assume for s sufficiently large that (s + 1) < Ls
< 2s. Using this and the last inequality, we obtain

n7+1wn < N”""le B Z sﬂ/+1

Cn

y+1
Qs + Z { 7+ 1 L7W3+1 7W3+71 }

where Wy 1= (s7ws41/¢s). Using the inequality

~y+1 /y'Y B’Y+1
B A v <
W — AWu (7 + 1),\/_’_1 A )

we have
n 1w, N "y i SWHQ . "Zl [(y + 1) L]+
Cn, - 5 fy -+ 1 v+1 ol

n—1

7+1wN Z

It follows that

n—1
nYwy, < N7y 1 Z SWHQS e (12 N )
n C

[ nen =X G n

Qs + L'Y('YH)(n — N).
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Since wy4+1 < wy,, we get

n—1
n’ywn—kl < ny+1wN B 1 Z 57+1 Qs +L’Y(’Y+1) (1 _ N) .
n

Cn - neyn = Cs n

Taking the lim sup of both sides as n — oo, we obtain
R< —q,+ L0+ — g 4 0D,
which implies that
R< —q, + 270+,
Using this and the inequality (3.23), we get

1
D« S Ty — Ti+7 S T S R S —Qx -+ 27(7+1)_
Therefore
Pi + g < 27(7+1)’

which contradicts (3.16). The proof is complete. O

From Theorem 3.1, we have the following results immediately.

COROLLARY 3.1.1. Assume that (hy)—(hs) and (2.3) hold. Furthermore assume
that g(n) > n, and Acy, > 0. Let x,, be a solution of (1.4). If

o0

s
iminf " 37 Q, > 270+, (3.25)

n—o0 C’Il s—mtl

Then either x, oscillates or lim z, = 0.
n—oo

COROLLARY 3.1.2. Assume that (hy)—(hs) and (2.3) hold. Furthermore assume
that g(n) > n, and Acy, > 0. Let z,, be a solution of (1.4). If

gt

ool
liminf, 2
s=N

Qs > 200, (3.26)
CS

Then either x,, oscillates or lim z, = 0.
n—oo

In the following, we give some examples to illustrate the main results when
g(n) >n.

Ezxample 1. Consider the advanced equation

1 o
3 2
A (l"n + 2$n2> + (n—1)2(n 1)(2)35(71 ) =0, for n>1. (3.27)

Here y =1, K = 1,d, = ¢, = 1, p, = 1/2, 7 = 2, g(n) = n?, and ¢, =

o/ ((n—1)>2(n+ 1)(2)) where « is a positive constant. In this case it is clear
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that the conditions (h;)—(hs) hold. To apply Corollary 3.1 it remains to prove
that (3.25) hold. In this case, we see that

@
Cn = (n_l)a Dn:n(n_1)7 and @, = 2(7’L+1>(2)
So that the condition (3.25) reads
o . 1
hégl@gf e Z Qs = ahnnilgfn Z 2s+ 1)
s=n+1 s=n+1
1
= hmlnfn Z A( )
n—oo o n+1
1
= Niminfn .

Then by Corollary 3.1, if & > 8 the solution z,, of the equation (3.27), either os-
cillates or lim (:vn + éibn_g) = 0. Note that the results in the above mentioned
n—oo

papers cannot be applied on (3.27), since g(n) = n? > n.
3.2. The case when g(n) <n and d, =
In this subsection, we establish some sufficient conditions which guarantee

that the solution xz,, of (1.4) is either oscillates or le zp, = 00 when g(n) < n.
n o0

For simplification, we introduce the following notations:
oo S =i
A, = liminf Z A, B, = liminf Z . A,

n—oo Cp n—oo n
s=n-+1 s=N

ha(g(n), o) \”
An:Pn< n4+1 ) Pn:KQH(l_pg(n))’y‘

Let z,, be a nonoscillatory solution of (1.4) and z, is defined as in (2.1) such
that z, € Cy. If d, =1 and Ac,, > 0, then we can deduce that if z,, > 0, then

Az, >0, A%z, >0, and A3z, <0. (3.28)
We define the new quasi-differences of z,, by
u =2 >0, gl = Az Wil = [A%2])7, ol = AR,

In the following, we assume that
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LEMMA 3.2. Assume that (hy)—(hs) and (2.3) hold. Furthermore assume that
d, =1, Acy, > 0, and g(n) < n. Let z,, be a solution of (1.4) and z, € Cs.
Define u,, by the Riccati substitution

(2]

Up = "
n = v
()
Then u,, > 0, and satisfies
1 1
Auy + Ay + L (uny1)t ™y <0, for n > N. (3.29)
Cn)

Proof. Let x, be as in the statement of this theorem and without loss of
generality, we may assume that there is n; > ng such that z, > 0, z,,_ > 0

and w4,y > 0. Now, since z, € C3 then there exists N > n; such that z, > 0,
U = Az, >0, yi2 = ¢, [A%z,]7 > 0, g < 0 for n > N. Since Ac, > 0,
we see that (3.28) is satisfied. From the definition of u,,, by quotient rule and

continue as in the proof of Lemma 3.1, we get

.

Za(n 1

Aun < _Pn ( ?1(] )> - 1 (Un+1)1+}* . (330)
yn—i—l (Cn> v

Now we consider the coefficient of P, in (3.30). This coefficient can be written

in the form

z z y[l]

1] N1 1
27[7,-]F1 Z/g(]n) Z/LJ]rl

From Lemma 2.7, since lim g(n) = oo, we can choose N > N such that
n—oo

Zgm) _ 9(N)Zg(n) S Vkha(g(n),no)

_ > , for n > Ng, (3.32)
Yoty D) o)
and ]
1
Yoin Azgn 1
g(n) _ BZgn) o 9(n) for 0<k<l. (3.33)

I Aze T VR (1)

Then from (3.31)—(3.33), we have
Zgtn) o h2(g(n),no) g(n) _ ha(g(n),no)

= 3.34

Azpi1 — g(n) n+1 (n+1) (3:34)

Substituting from (3.34) into (3.30), we have the inequality (3.29) and this com-
pletes the proof. O

The following theorem gives sufficient conditions for oscillation of (1.4) in the
delay case.
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THEOREM 3.2. Assume that (hy)—(hs) and (2.3) hold. Furthermore assume that
dp =1, Acy, >0, f(u)/u? = K >0 and g(n) < n. Let x,, be a solution of (1.4).

If

A 7 3.35
> e (3.35)
or
A, + B, > 270+, (3.36)
Then x, is oscillatory or lim z, = 0.
n—oo

Proof. The proof is similar to the proof of Theorem 3.1, by replacing w,, by
Uy, and @, by A, and hence is omitted. O

COROLLARY 3.2.1. Assume that (hy)—(hs) and (2.3) hold. Furthermore assume
that d, =1, Acy, >0, and g(n) < n. Let x, be a solution of (1.4). If

n—1

liminf =" Ay > 200+, (3.37)
C

n—,oo N,
s=N s
Then x,, is oscillatory or lim z, = 0.
n—o0

COROLLARY 3.2.2. Assume that (hy)—(hs) and (2.3) hold. Furthermore assume
that d, =1, Ac,, > 0, and g(n) < n. Let z,, be a solution of (1.4). If

liminf "' Z Ay > 2070+, (3.38)

n—oo C’Il ——t

Then x,, is oscillatory or lim z, = 0.
n—o0

In the following, we give some examples to illustrate the main results when
g(n) < n.
Ezxample 2. Consider the third order delay difference equation
1 a(n+1)
A3 _
(ot g3 g2y ha(gm), 1)

Here ¢, =d, =1,y=1,8=1, K =1 and ¢, = a(n+1)/(g%(n)ha(g(n), 1))
where « is a positive constant. It is clear that (h;)—(hs) hold. To apply Corol-
lary 3.3 it remains to prove that (hs) and (3.37) hold. For equation (3.39), we
have

=0, gn)<n for n>1. (3.39)

v

SLS(IE)

n= no nog no s=ng

co n—1 t—1
a(s)
2 2 (Z s2h2<g<s>,1>>

n=ngo t=no s=mng
n—1

N i (Z sha(g ),1)) -

n=1 t=1 s=1
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Also the condition (3.37) reads.

n—1 ~y+1
lim inf 1 ’ Als)
n—oo N N Cs
n—1 2
L« s?(s+1) ha(g(s), 1)
mint 1 3 o (os

n—1

2 n—1
(07 S (07 (67
s i _a
inf ) D ey = minfy, 2 1=,

n=1
Then by Corollary 3.3, the solution z,, of (3.39) is oscillatory or ILm (xn—ﬁ—%:z;n_g)
=0if o > 8.

Remark 1. It would be great of interest to consider the case when

i (;)7 < oo, i (d,ln) < 00, (3.40)

n=no n=no

and establish some sufficient conditions for oscillation of (1.4). In this case if
(2.4) holds and z,, is a nonoscillatory solution of (1.4), then z, € Cy U Cy U Cs.

If z, € Cy, then we can prove that lim 2z, = 0 and if z, € Csy, we follow the
n—oo

proofs of Theorems 3.1 and 3.2 to establish conditions for oscillation. It remains
to consider the case when z, € C;. This will left as an open problem to the
interested reader.
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