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A VORONOVSKAYA-TYPE FORMULA
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ABSTRACT. In this paper, we obtain a statistical Voronovskaya-type theo-
rem for the Szdsz-Mirakjan-Kantorovich (SMK) operators by using the notion
of A-statistical convergence, where A is a non-negative regular summability ma-

trix.
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1. Introduction

The well-known Korovkin approximation theorem ([1, 18]) for a sequence of
positive linear operators, say { L, (f;z)}, is mainly based on the existence of the
limit li_>m L, (f;2z) = f(z). In this case, a natural question arises: what should
we donwloloen the above limit fails? This question has been investigated in some
recent papers [2, 3, 4, 5, 6, 7, 8, 9, 14, 16] with the help of some convergence
methods that are stronger than the usual convergence method, such as statistical
convergence, A-statistical convergence, and ideal convergence.

However, the similar question is also valid for a Voronovskaya-type theo-
rem which has an important role in the approximation theory (see [19]). In
the present paper, we give an answer to this question for the Szész-Mirakjan-
Kantorovich (or, briefly, SMK) operators.

Before proceeding further, we recall some notations and basic definitions on
the A-statistical convergence.

2010 Mathematics Subject Classification: Primary 41A25, 41A36.
Keywords: A-statistical convergence, Szdsz-Mirakjan operators, Korovkin-type approxima-

tion theorem, Voronovskaya-type theorem.
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Let A := (a;,), be an infinite summability matrix. For a given sequence
x := (z,), the A-transform of z, denoted by Az := ((Ax);), is given by (Ax); =

oo
> ajnx, provided the series converges for each j € N, the set of all natural
n=1

numbers. We say that A is regular if lim Az = L whenever limz = L ([15]).
If A = (ajn) is a non-negative regular summability matrix, then we say that
a sequence x = (z,,), is A-statistically convergent to L provided that for every
e >0,

lim Y a;u=0. (1.1)

j—o0
n: |z, —L|>e

In this case, we write sta-limx = L ([11]). Notice that if we replace A = (a;,)
by the Cesaro matrix C4, then A-statistical convergence immediately reduces
to the concept of statistical convergence (see [10, 12]). On the other hand,
if A is the identity matrix, then A-statistical convergence coincides with the
ordinary convergence. It is not hard to see that every convergent sequence is
A-statistically convergent. This follows from definition (1.1) and the well-known
regularity conditions of the matrix A introduced by Silverman and Toeplitz
(see [15]). However, Kolk [17] proved that A-statistical convergence is stronger
than convergence when A = (a;,) is a regular summability matrix such that
lim max{a;,} =0.

j—oo neN
Let (b,) be a sequence of positive real numbers such that
. by
lim =0. (1.2)
n—oo N

Then, consider the following modified Szasz-Mirakjan (SM) operators:

Sn(f;x) 1= en2/bn Zf(kz ) k,bi : (1.3)

where f is a real valued function defined on Ry := [0,00); 0 < 2 < oo. These
operators with this structure is similar to the Bernstein-Chlodowsky operators
given in [13].

Assume that A = (a;,) be a non-negative regular summability matrix. Now
consider the following conditions on the sequence (b,,) instead of (1.2):

st 4-lim b _ 0. (1.4)

n—oo N

In this case, notice that the conditions in (1.4) are weaker than (1.2), because
every convergent sequence is A-statistically convergent to the same value, but
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its converse is not true. For example, if we define a sequence (b,,) such that

n, if n is a square,
b, = .
V/n, otherwise

then observe that (1.4) holds true with the choice of A = C4, the Cesaro matrix;

but (bn) is a non-convergent sequence in the usual sense.

In this work, using the concept of A-statistical convergence, we introduce
a Kantorovich variant of the Szasz-Mirakjan operators, the so-called SMK op-
erators, by replacing f (kfl) with an integral mean of f(x) over the interval
[(k+ 1)by,/n, kb, /n] as follows:

oo (k+1)b, /n
Kalfio)i= ) S Pase) [ flds  neN selooo) (19
" k=0 kb, /1

where (b,,) is a sequence of positive real numbers satisfying (1.4), and

k
—nx nx
Py (x) == e /b0 (k'b,)c (k=0,1,2,...). (1.6)

With this terminology, the main topic of this paper is to give a statistical
Voronovskaya type-theorem for the SMK operators given by (1.5) with the help
of A-statistical convergence. Thus, it gains us more powerful results than the
classical aspects in the approximation theory.

2. Statistical Voronovskaya-type theorem

As usual, let C'(Rg) be the set of all real-valued continuous functions on Ry.
Then, we first consider the Banach lattice

E = {f € C(Ry) : acli)I«IFloo ff; existS}7

endowed with the norm

1l = sup @)

zERy 1+ 2

Then we can state our main theorem that is a statistical Voronovskaya-type
result for the operators SMK given by (1.5).
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THEOREM 2.1. Let A = (a;,) be a non-negative reqular summability matriz,
and let (by,) be a sequence of positive numbers satisfying (1.4). Then, for every
f € E with f', f" € E, we have

. n 1 ’ 1 1"
sta-lim (Kn(f;2) — f(z)) = of (z) + ) (z)

n—o0o n

uniformly with respect to x € [0,b] with b > 0.

As a special case in Theorem 2.1, if we replace the matrix A by the identity
matrix, then we immediately get the following result.

COROLLARY 2.2. If (b,) is a sequence of positive numbers satisfying (1.2), then,
for every f € E with f', f" € E, we have

n

. 1, 1.,
lim ! (Kn (f;2) = f () = 2f (x)—i—zxf (x)

n—oo n

uniformly with respect to x € [0,b] with b > 0.

3. Auxiliary results

In this section, we need to obtain some lemmas to prove Theorem 2.1. We
first give the following result.

LEMMA 3.1. Let e;(t) :=t*, (i = 0,1,2,3,4), and let n € N and 0 < z < oo.
Then, the SMK operators given by (1.5) verify the following properties:

(i) Kn(eo;r) =1,
(i) Kp(ey;x) =2+ 12);;,
(i) Ky (ezia) =+ %t
(V) Knlegiz) = o+ Sra® + Daa+ 7,
(v) Ko (eaiz) = ot + S0nad 4 0002 4 gy B

Proof.
(i) It follows from (1.5) and (1.6) at once.
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(ii) By the definition of (1.5), we get

(k+1)b,/n
Ralewo)= ' S Poate) [ vt
kby /n

= bg iPn,k@:) (k: + ;) :

. (k+1)bn /n
K, (ez;z) = " ZPnk(:z;) / 2 dt
k= kb, /1

b & ) 1
= an’k(x) (k +k+ 3>,

we have

oo (k+1)b, /n
K, (es3;x) = bn ZPn’k(x) / ¢ dt
kb, /n

3k?

1
_ ’n Pn 3
s (475 ke )

we easily get

+3bn x2+bnx +b’21x+ bn
n? 4n3
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(v) Finally, we may write that
oo (k+1)b, /n
n
Ku(esio) = > Pug(x) / t*at
k=0 kb, /1

- 1
= P, kY4 2k3 + 2k% + k .
o kZ:O (@) ( + 2K + 2k + k + 5)

Hence, after some simple calculations, we conclude that

8by, 1562 6b3
4 l'3+ nx2+ n
n

b4
. — n
K, (eq;z) =2 + 2 s

5nd’

which completes the proof. O

T+

Now, fix b > 0 and consider the lattice homomorphism T} : C'(Rg) — C[0, ]
defined by Ty(f) = fljos for every f € C(Rg). In this case, we see from
Lemma 3.1 that, for each 1 = 0,1, 2,

sta-lim Ty, (K, (ei;2)) = Ty(es; x)

n—oo
uniformly with respect to x € [0,b] provided that A = (a;,,) is a non-negative
regular summability matrix.

Hence, by using this and [14, Theorem 1] and by considering the statistical
version of the universal Korovkin-type property (see [1, Theorem 4.1.4 (vi)]),
we arrive the following statistical Korovkin-type approximation theorem for the
SMK operators.

COROLLARY 3.2. Let A = (ajy) be a non-negative reqular summability matriz,
and let (by,) be a sequence of positive real numbers satisfying (1.4). Then, for
every f € C(Ry), we have
sta-lim Ky (f;2) = f(z)
n—oo

uniformly with respect to x € [0,b] with b > 0.

Remark. In Corollary 3.2, if we replace the matrix A with the identity matrix
and if (b,) is a sequence of positive real numbers satisfying (1.2), then we obtain
that, for any f € C(Ry),

Jim Ko (f;2) = f(x)
uniformly with respect to x € [0,b] with b > 0.

The next result can immediately obtained from Lemma 3.1.
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LEMMA 3.3. For 0 <z < o0, let p,(t) =t —x. Then, for the SMK operators,
we have

(i) Knlpsiz) =1,
(i) Knlghio) = "ot 50,
(i) Ku(odio) = Saa+ .
0 Kalgh) = 522+ o S

LEMMA 3.4. Let A = (ajn) be a non-negative reqular summability matriz, and
let (by,) be a sequence of positive real numbers satisfying (1.4). Then, we have

2

sta-lim K, (o4 2) = 322

n

uniformly with respect to x € [0,b] with b > 0; where the function p, is given as
in Lemma 3.3.

Proof. Let z € [0,b]. By Lemma 3.3 (iv), we may write that

2 2
n 4N o2 5b, 1 /b,
b2K"< o) =3z° + n:z:+5 n )

<aft ()], 3.1

where B := max{5b,1/5}. Now, for a given € > 0, define the following sets:

26},

which implies

TL2

n2

b7,

bn, €
D = :
! {n n ZB}7

bn, €

Hence, by (3.1), we easily see that D C D1 U Dy. Then, for any j € N, we have

Z Qjn < Z Qjn + Z Qjn- (32)

nebD nebDy neDy

Kn(py;x) — 32

%

%
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Taking limit as j — oo on the both sides of (3.2) and using the fact that
st 4- lim(b,, /n) = 0, we conclude that

lim g ajn =0,
J—o0
neD

whence the result. O

4. The proof of Theorem 2.1

Now we are ready to prove Theorem 2.1.

Let f, f', f” € E and z € [0,b]. Define the function ®, by
{ e Lo AL N T

O.(t) =
(¥ 0, if t=u.

Then, it is clear that ®,(z) = 0. Also observe that the function ®,(-) belongs
to E. Hence, by Taylor’s theorem we get

— )2
10 = $@)+ =@+ O )+ e,

Now the definition of the SMK operators implies that
Kalf) = £(2) = @) Enlipain) + () (5:2)
+ Kn (02 ®s;7),
where ¢, (t) =t — z. By Lemma 3.3 (i)—(ii) we have
Kolfia) = f10) = o )+ (g o ) 510
2n 2n 6n?

+ K, (903;(1)@ :E) )

and hence
o f52) — 1) = (G @)+ Jof @) + ¢ 1(a) -
K (P0s7).

If we apply the Cauchy-Schwarz inequality for the second term on the right-hand
side of (4.1), then we see that

K, (020057) | < VEn(0h2)V/ Ko (925 2),
242
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which yields

2

b [n (20052) | <[, Bl o) V/En(@30), (4.2)

Let 1, (t) := ®2(¢). In this case, observe that n,(x) = 0 and 7,(-) € E. Then it
follows from Corollary 3.2 that
sta- lim K, (®2;2) = sta-lim K, (ns;2) = 1s(z) =0 (4.3)
n— 00 n—00

uniformly with respect to x € [0,b]. Now considering (4.2) and (4.3), and also
using Lemma 3.4, we immediately see that

sta-lim || Ky, (920, 2) =0 (4.4)

n—o0 bn

uniformly with respect to z € [0,b]. Using (4.4) in (4.1) and also considering
(1.4), we have

1 !/ 1 1
@)+ o f" (@)

uniformly with respect to « € [0,b]. So the proof is completed.

n

sta-lim  {K,(f;z) — f(2)} =

n—o0o bn
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