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ABSTRACT. This is a continuation of “Spaces of lower semicontinuous set-
valued maps I”. Together, these two parts contain two interrelated main theo-
rems. In the previous part I, the Extension Theorem is proved, which says that
for binormal spaces X and Y, every bimonotone homeomorphism between C(X)
and C(Y) can be extended to an ordered homeomorphism between L~ (X) and
L= (Y). In this part II, the Factorization Theorem is proved, which says that for
binormal spaces X and Y, every ordered homeomorphism between L~ (X) and
L~ (Y) can be characterized by a unique factorization.
©2010

Mathematical Institute
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1. Introduction

The preceding “Spaces of lower semicontinuous set-valued maps I” introduces
the lower semicontinuous analog, L™ (X), of the well-studied space L(X) of up-
per semicontinuous maps with values that are nonempty compact intervals in R.
Because the elements of L~ (X)) contain continuous selections, the space C'(X)
of real-valued continuous functions on X can be used to establish properties of
L~ (X), such as the two interrelated main theorems. The first of these theorems,
the Extension Theorem, is proved in part I. This Extension Theorem says that
for binormal spaces X and Y, every bimonotone homeomorphism between C'(X)
and C(Y) can be extended to an ordered homeomorphism between L~ (X) and
L=(Y). We now prove in this part II the second main theorem, the Factor-
ization Theorem, which says that for binormal spaces X and Y, every ordered
homeomorphism between L™ (X) and L™ (Y) can be characterized by a unique
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factorization. So the two main theorems together give a unique factorization
characterization of the bimonotone homeomorphisms between C'(X) and C(Y).
In this part, when we refer to a result in part I, we prefix its number with a L.

2. Regular open correspondences

Before we can understand exactly what the ordered homeomorphisms between
L~ (X) and L™ (Y) are, we need to introduce a correspondence between X and
Y that is more general than a homeomorphism. This will be needed for the
Factorization Theorem in the next section.

Since X and Y are completely regular Hausdorff spaces, they are, in particu-
lar, regular spaces. Now let x and %3 be the families of regular open subsets
of X and Y, respectively (where U is regular open provided that int(U) = U).
Then Jx and %4 are bases for the topologies on X and Y. The next paragraph
and the following lemma are stated in terms of the space X, but apply just as
well to the space Y.

Let T = T(X) be the collection of subfamilies of .7x that have the finite
intersection property. If T is partially ordered by inclusion, then for every lin-
early ordered subcollection I of T, |JIL is an upper bound of L in T. So by
Zorn’s Lemma, every element of T is contained in a maximal element of T. Let
T* = T*(X) be the collection of maximal elements of T. For each .7 € T, let
T={U:UeT}.

LEMMA 2.1. For each € T, the following are true.
(1) If 7 €T and Uy,...,. U, € T, thenUN---NU, € 7.
(2) The family 7 € T* if and only if for every U € Tx such that UNU' #
forallU € 7,U € 7.
(3) If 7 € T*, then either (T =0 or (7 = {x} for some x € X.

Proof.

(1) Let 7' = 7 U{UiN---NU,}. Nowlet U',..., U™ € 7. Then U'N---
NU™NU;N---NU, # () since 7 has the finite intersection property. Therefore,
7' has the finite intersection property, so that .7/ € T. Since .7 is maximal in
T, we have = 7', and thus Uy N---NU, € 7.

(2) Let .7 € T* and let U € Jx be such that UNU’ # 0 for all U’ € 7. Let
T = EU{U}. IfUy,...,U, € 7, then by statement (1), UyN---NU, € 7, so
that UyN---NU,NU # 0 by hypothesis. Therefore, .7’ has the finite intersection
property, so that 7’ € T. Since 7 is maximal in T, we have J = 7’/ and
hence U € 7.
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For the converse, suppose that for every U € 9y such that UNU’ # () for all
U e, wehave U € 7. Let ' € T with . C .7’. Then for each U € .77,
UNU’ # 0 for all U’ € 7 because .7’ has the finite intersection property. But
then U € 7, showing that ./ = 7, and that .7 is maximal in T.

(3) Suppose, by way of contradiction, that there are z; and xq in (|7 with
x1 # x2. Let Uy and Uy be disjoint elements of Jx with x1 € Uy and x5 € Us.
For each U € .7, we have Uy NU # () and Uy N U # (. So by statement (2),
Ui,Usy € . Since  has the finite intersection property, U; N Us # (), which is
a contradiction. O

Before we define a regular open correspondence from X to Y, we consider
some preliminary properties of a bijection 7: Ix — Fy.

LEMMA 2.2. If7: 9x — Yy is a bijection, then the following are equivalent.
(1) For every Uy, Uy € Ix, Uy C Us if and only if 7(U1) C 7(Us).
(2) For every Uy, Uy € Ix, (U1 NUy) = 7(Us) N 7(Us).

Proof.
(1) = (2). Let Uy,Us € Ix. Since U1NUy C Uy and U;NUs C Uy, we have
7(U; NUs) C 7(Uy) N7(Us). For the reverse containment, since 7(U1) N 7(Us)
- T(U1) and T(U1>QT(UQ> - T(UQ), it follows that Tﬁl(T(U1>ﬂT(U2)) C U NUs.
Therefore, 7(Uy) N 7(Uz) C 7(Uy N Uy).
(2) = (1). Let Uy,Us € Jx. Suppose first that U; C Us. Then Uy N Us
= Uy, so that 7(Uy) = 7(Uy NUs) = 7(Uy) N 7(Us), which implies that 7(U;) C
7(Usz). Conversely, suppose that 7(Uy) C 7(Uz). Then 7(Uy) N7(Us)= 7(U1),
so that Uy = 77 1(7(Uy) N 7(Uz)) = 7 1(7(U1) N Us)) = Uy N Usa, which implies
that U1 g UQ. U

We will say that a bijection 7: Ix — 3 is an ordered bijection if it satisfies
condition (1) of Lemma 2.2. Note that if 7 is an ordered bijection, then 7(0) = 0.
For each ordered bijection 7 and each 7 C Jx, let 7(7) = {7(U): U € T}.

LEMMA 2.3. Let 7: Ix — Ty be an ordered bijection, and let 7 C Fx. Then
T has the finite intersection property if and only if () has the finite inter-
section property.

Proof. Let 7 have the finite intersection property, and let Uy, ..., U, € 7. If
U=UiN---NUy,, then U # 0, so that 7(U) # 0. But 7(U) C 7(Uy)N---N7(Uy,)
since 7T is ordered. This shows that 7(.7) has the finite intersection property.
The proof of the converse is similar. O

Note that Lemma 2.3 implies that for an ordered bijection 7: Ix — F, if
T € T(X), then 7(7) € T(Y).
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LEMMA 2.4. If 7: Ix — Jy is an ordered bijection and . € T*(X), then
(7)) e T*(Y).

Proof. Let V € % be such that VN 7(U) # 0 for all U € 7. Then 7= 1(V) N
U #QforallU € 7, so that by Lemma 2.1, 771 (V) € 7, and hence V € 7(7).
But the proof of Lemma 2.1 also applies to 7(.7) in T(Y'), so that 7(.7) € T*(Y).

g

From this point on, we will use T* for T*(X). For each ordered bijection
T Ix = Fyand T € T*, let 7(F) = {r(U) : U € T}. Also let 7(T*) =
{7(9) NS ']I‘*}. Note that Lemmas 2.4 and 2.1 imply that if .7 € T*, then
either N 7(7) =0 or N7(7) = {y} for some y € Y.

LEMMA 2.5. If 7: Ix — P4 is an ordered bijection, then the following are
equivalent.

(1) For every Uy, Us € Ix, Uy NUs # 0 if and only if 7(Uy) N 7(Us) # 0.

(2) For every Uy, Uy € Ix, Uy C Us if and only if 7(Ur) C 7(Us).

Proof.
(1) = (2). Let U1,Us € Ix. Suppose that U; C Us. Define Uy =
771 (Y\7(U3)). Then by Lemma 2.2, 7(Uy N Us) = 7(Up) N 7(Uz) =

(Y \ 7(U2)) N 7(Uz) = 0, and hence Uy N Uz = (. But then Uy N Uz = 0. Since
Uy C Uy, we have UpNU; = 0. Thus Y \ 7(U2)N7(Uy) = 7(Ug) N7 (Uy) = (). But
7(Uy) C 7(Us), so that 7(Uy) Nbd(7(Us)) = 0. Therefore, 7(Uy) C int(7(Us))
= 7(Us) because 7(Us) is regular open. The proof of the converse is similar.
(2) = (1). Let Uy, Uy € Ix. Suppose that UiNU; = (). Define Uy = X \Us.
Then Uy € X \ Uy = Up. By statement (2), we have 7(Uy) C 7(Up). Now
Up NUsz = 0, so that by Lemma 2.2, 7(Up) N 7(Usz) = 7(Up N Uz) = 0. Then
7(Uo) N 7(Usz) = 0, and hence 7(Uy) N 7(Uz) = 0. The proof of the converse is
similar. O

Now we define a reqular open correspondence from X to Y to be an ordered
bijection 7: Jx — J that satisfies condition (1) of Lemma 2.5. Let the family
of such 7 be denoted by ROC(X,Y).

For 7 € ROC(X,Y), define

XQ:{QET*: N7 =0and N7(7) #0}
and
={r(7)ern(T*): NI #0and N7(T)=0}.
Also define equlvalence relatlon ~ on X% as follows. If 91, I € XY, then

S ~ T provided that (7(F1) = (7(Z2). Then let X* be the set of equiv-
alence classes of ~, and let us denote a typical element by [7] where 7 is an

544

Unauthenticated
Download Date | 2/3/17 10:47 AM



SPACES OF LOWER SEMICONTINUOUS SET-VALUED MAPS II

element of X? that is contained in this equivalence class. Similarly, define equi-
valence relation ~ on Y? by 7(.7%) ~ 7(%) provided that (.71 = ()%, and
let Y* be its set of equivalence classes with typical element denoted by [7(.7)].
Now define 7X = X UX* and 7Y =Y U Y™, Finally, for each U € Jx, define

U*={[7]eX*: Uec T and N7(7) C7(U)},
and for each V € Z5, define
V= {[7’(9)} eY*: Ver(Z)and T C T’l(V)}.

LEMMA 2.6. For 7 € ROC(X,Y), the family {U uu*: U e ﬂx} is a base
for a topology on 7X such that X is a dense subspace of TX. Also the family
{V uvs:. V e yy} is a base for a topology on 7Y such that'Y is a dense
subspace of TY .

Proof. To show that {U uU*: U e 9X} is closed under finite intersections,
it suffices to show that for each Uy,Us € Jx, U NUs = (U NUsy)*. First
let [7] € Uf NU;. Then Uy, Uy € F and (7(7) C 7(U1) N 7(Uz). But
Ui NU; € by Lemma 2.1, and 7(U;) N 7(Usz) = 7(U; NUs) by Lemma 2.2, so
that [.7] € (U1 NUz)*. For the reverse containment, let [7] € (U3 NUsz)*. Then
UiNUz € T and (7(7) C (U1 NUz) = 7(Ur) N 7(Usz). By the maximality of
T, Uy,Uy € 7, and hence (7] € UF NU;.

This shows that {U NnNU*: U e 9X} is closed under finite intersections, and
since this family includes the empty set and covers 7.X, it is a base for a topology
on 7X. Also since Jx is a base for the topology on X, it is clear that X is a
dense subspace of 7X. We have a similar argument that {V nv*: Ve fy} is
a base for a topology on 7Y such that Y is a dense subspace of 7Y. O

LEMMA 2.7. For T € ROC(X,Y), 7X and 7Y are Hausdorff spaces.

Proof. Weonly show that 7X is Hausdorff since the proof that 7Y is Hausdorff
is similar. First note that if U;,Uy € Jx are such that U; N Uy = 0, then
(U uUf) N (U UU5) = 0. Since X is Huasdorff, we can therefore separate
points of X in the space 7X.

If [7A],[%) € X* with 7] # [Z5], then y; # yo where ((7(Z1) = {y1} and
N 7(%) = {y2}. Let V1 and V; be disjoint elements of Z3 with y; € Vi and
Yo € V. So if Uy = 771(V}) and Uy = 7 1(Vz), we have U; € 7, Uy € T, and
Uy NUsz = 0. Therefore, Uy UU; and Uy UU; are disjoint neighborhoods of []]
and [%] in 7X.

Finally, if z € X and [.7] € X*, then there exists a U; € 7 with z ¢ Uy.
By the regularity of X, there exists a Uy € Jx with x € Uy and Uy N Uy = 0.
It follows that 7(Uy) N 7(Uz) = 0. Let Us = X \ Uy, which is in Jx. Since
Uy C Us, 7(Uy) C 7(Us) by Lemma 2.5. If 7(7) = {y}, then y € 7(Uy),
so that y € 7(Us). By the maximality of 7(.7), we have 7(Us) € 7(.7), and
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hence Us € 7. Thus [7] € U3. Note that y ¢ 7(Us), so that Uy ¢ 7, and so
[7] ¢ U;y. Then Uy UU; and Us UU; are disjoint open subsets of 7X containing
x and [7], respectively. O

Now for 7 € ROC(X,Y), we have topological spaces 7X and 7Y that are
Hausdorfl extensions of X and Y. Next we define e,: 7X — 7Y as follows.
First, let x € X, and take .7 to be any element of T* that contains {U € Ix :
z € U} (and hence (|7 = {z}). If N7(7) =0, then 7(7) € Y, so we define
er(x)=[r(T))eY* CrY. It 7(TF) #0, then 7(7) = {y} for some y € Y,
so we define e, (z) =y € Y C 7Y. Secondly, let [7] € X*. Then 7 € X, so
that (1.7 = 0. In this case also, (7(.7) = {y} for some y € Y, and we also
define e, ([7]) = y.

LEMMA 2.8. For 7 € ROC(X,Y), e-: 7X — 7Y is a well-defined bijection.

Proof. First let us show that e, is well-defined. Let .77, 75 be elements of T*
that both contain {U € Jx : x € U}, and hence (| % = {z} and % = {z}.
Suppose, by way of contradiction, that (7(1) = 0 and (7(5%2) # 0. Then
N7(%) = {y} for some y € Y. Now y ¢ (7(71), so there exits a Uy € Z
with y ¢ 7(U1); let V4 = 7(Uy). Then there exists a V5 € 93 with y € V, and
ViNVa = (. Since 7(%) is maximal in T(Y'), by Lemma 2.4, we have Vs € 7(%),
so that Uy € J» where Uy = 771(V32). Now x € U; N Uz, which implies that
ViNVa =7(Uy) N7(Usz) # 0 by Lemma 2.5. But this is a contradiction, so that
either both (7(71) = 0 and (" 7(Z) = 0 or both (" 7(71) # 0 and (" 7(%) # 0.

Suppose first that (7(7) = {x}=(7(Z). Then since (| 7 = {z} =) Pz,
we have 7(71),7(%) € Y? and [1(7)] = [7(%)], showing that e, (x) is well-
defined. Now in the case that (\7(71) # 0 # (\7(%), suppose (7(71) = {y1}
and (7(%) = {y2}. If y1 # yo, then there exists V4 € 7(7) and V, € 7(%)
with 43 € Vi, yo € Vo, and Vi NVy = 0. But then if U3 = 771(V}) and
Uy = 771(V3), we have U; € 74 and Uy € 5, so that x € U; N Us. Again, by
Lemma 2.5, this is a contradiction, so that y; = yo, showing that e, (z) is also
well-defined in this case.

Finally, let .71, % € X" be such that [71] = [%]. Then the definition of
the equivalence relation ~ gives (7(71) = [ 7(%), so that in this final case,
er([Z]) = e-([Z2)]. Therefore, e, is a well-defined function from 7X into 7Y

Define the inverse e !: 7Y — 7X as follows. Let y € Y. Take 7 to be any el-
ement of T* that contains {77}(V): y € V € 4 }; and hence N 7(.7) = {y}. If
N7 =0, then 7 € X? so that we define e-'(y) = [7] € X*. If .7 # 0, then
N7 = {z} for some x € X, so we define e;!(y) = x. Finally, let [7(7)] € Y*.
Then 7(.7) € Y?, so that (1.7 # (. In this case also, (1.7 = {z} for some
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r € X, and we define e;1([7(7)]) = . The argument that e;! is well-defined
is similar to the argument that e, is well-defined.

Now to show that e-le, is the identity map on 7X, let z € X. Let 7 be
any element of T* that contains {U € Jx : x € U}; and hence .7 = {z}.
Suppose first that (7(.7) = 0, so that e,(x) = [7(7)]. Then e le.(z) = x
since (|7 = {z}. Now suppose that (7(.7) = {y}, so that e.(xz) = y. Then
e;te;(x) = x since (7 = {x}. Finally, let [7] € X*. Then e.([7]) =y
where 7(7) = {y}. But 7 contains {r~'(V) : y € V € F}, so that
ete ([7]) = [7] since (| T = (. Therefore, e te, is the identity map on 7X.
A similar argument shows that e,e ! is the identity map on 7Y, finishing the
argument that e, is a well-defined bijection. O

To show that e,: 7X — 7Y is a homeomorphism, we need the next two
technical lemmas. They have similar proofs, so we only give the proof of the
first lemma.

LEMMA 2.9. Let 7 € ROC(X,Y), let U € Ix, and let [T] € U* with (7(T7)
={y} for some y € Y. Then there exists a Uy € Ix such that y € 7(Up),
Uy CU, and [T € U; CU*.

Proof. Since [7] € U*, we have U € .7 and {y} = N7(7) C 7(U). Let
V=7U),sothaty € V e 7(7). Let Vj € Fy withy € V and Vo C V, and let
Up = 771(Vp). Then by Lemma 2.5, Uy C U. Since y € Vj, we have Vj € 7(7),
so that Uy € 7. Also 7(7) = {y} € Vy = 7(Up), and hence [7] € Ug. To
show that Uy C U*, let (%] € U;. Then Uy € 9 and (7(%) C 7(Up) = Vp.
But Uy C U, so that U € . Also V;, CV = 7(U), so that (7(%) C 7(U).
Thus [Z] € U*, showing that Uy C U*. O

LEMMA 2.10. Let 7 € ROC(X,Y), let V € Gy, and let [7(T)] € V* with
N T = {x} for somex € X. Then there exists a Vo € Fy such that x € 7=1(Vp),
Vo CV, and [7(7)] € Vy CV*.

ProroOSITION 2.11. For 7 € ROC(X,Y), e-: 7X — 7Y is a homeomorphism.

Proof. We know that e, is a bijection by Lemma 2.8. To prove that e, is
continuous, first let x € X and V € Jy with e, (z) € V CV UV*. Let 7 be
any element of T* that contains {U € Jx : x € U}; and hence .7 = {z}.
By Lemma 2.10, there exists a Vy € % such that x € 771(V), Vo € V, and
[7(7)] € Vg CV*. Define Uy = 77 1(Vp). Then z € Uy € 7, so that Uy U U is
a neighborhood of z in X.

To show that e (Uy UU;) C V UV* first let zy € Up, and let Fp be any
element of T* that contains {U’ € Ix: xg € U’}; and hence (% = {zo}. For

the first case, suppose that (7(%) = 0, so that e, (z9) = [7(%)]. Now z¢ € Uy,
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so that Uy € %, and hence Vy € 7(%). Also (% = {wo} C Uy = 7 1(Vo),
so that e, (zg) = [7(F)] € Vi C V* C VU V*. For the second case, suppose
that N 7(%) = {y} for some y € Y. Since zy € Uy, we have Uy € F, and thus
Vo € 7(%). Then er(zg) =y € Vo CV C VUV* Finally, let [ %] € Uj, so
that Uy € 9, and hence Vy € 7(Z). Then (7(%) = {y} for some y € Y, so
that e-([ %)) =y € Vo CV C VUV*. These cases finish the argument that
e (UpuUs) CVUV™

For our final case, let [.7] € X* with e, ([.7]) € VUV*. Then N7(7) = {y}
for some y € Y, so that e,([.7]) = y. Then y € V, so that V € 7(.7). Let
U=7"YV), and thus U € 7. Also N7(7) = {y} C V = 7(U), so that
[7] € U*. By Lemma 2.9, there exists a Uy € Jx such that y € 7(Up), Uy C U,
and [.7] € U; € U*. Then Uy U U§ is a neighborhood of [.7] in 7X. The
argument that e;(z) € V. C V U V™ is similar to the argument in the previous
paragraph, except we need to use Lemma 2.5 to know that Vj C V where
Vo = 7(Uy). This finishes the proof that e, is continuous. A similar argument
shows that e-! is continuous. 0

Finally, for 7 € ROC(X,Y), we will say that 7 has the lifting property pro-
vided that every element of C'(X) has an extension in C(7X) and every element
of C(Y) has an extension in C'(7Y"). Let LROC(X,Y) denote the set of ele-
ments of ROC(X,Y) that have the lifting property. For 7 € LROC(X,Y’) and
for each f € C(X), let ex(f) denote the extension of f in C(7X), and for each
g € C(Y), let ey (g) denote the extension of g in C(7Y"). This gives us bijections
ex: C(X) - C(rX)and ey: C(Y) — C(7Y). If C(7X) and C(7Y) have the
fine topology, then the following is true.

LEMMA 2.12. If X and Y are binormal spaces and 7 € LROC(X,Y), then
ex: C(X) —» C(rX) and ey: C(Y) — C(7Y) are strictly increasing homeo-
morphisms.

Proof. Let fi1,fo € C(X) with fi < fo. Since X is dense in 7X, we have
ex(f1) < ex(f2). Suppose, by way of contradiction, that ex(f1)([7]) =
ex (f2)([7]) for some [.7] € X*. Then by the continuity of ex(f1) and ex(f2),
for each n € N, there exists a U,, € Ix with [7] € U} such that for each z € U,,
0 < fa(x) = fi(z) < 1/n. Now define f € C(X) by f(z) = 1/(f2(2) - f1(2)).
So for each x € U,, f(z) > n. But then the continuity of ex(f) implies
that ex(f)([7]) > n for all n € N, which is a contradiction. Therefore,
ex(f1) < ex(f2), showing that ex is strictly increasing. Now since X and
Y are binormal spaces, it follows that ex is a homeomorphism. The proof that
ey is a strictly increasing homeomorphism is similar. [

Now assume that X and Y are binormal spaces, and that 7 € LROC(X,Y).
Define é,: C(7X) — C(7Y) by é,(f) = fe;* for all f € C(7X). Then é, is
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a strictly increasing homeomorphism with inverse given by é-1(g) = ge, for all
g € C(1Y). Define 7: C(X) — C(Y) by 7 = e5 é-ex. We see that 7 is a strictly
increasing homeomorphism, so that the Extension Theorem 1.5.1 ensures that 7
induces an ordered homeomorphism 7*: L™ (X) — L~ (Y) that is an extension
of 7, where 7* is defined by 7 (F) = U{#(f): f € C(X) and f C F}.

We need to point out that in the previous section, the Extension Theorem 1.5.1
was only proved for L™ (X) and L~ (Y) with the upper Vietoris topology. How-
ever, the Extension Theorem 1.5.1 is also true for L™ (X) and L™ (Y) with the
Vietoris topology, but that follows from Proposition 3.6 in the next section,
which in turn depends on 7* being continuous with respect to the Vietoris to-
pology. So we give an independent proof of the continuity of 7* with respect to
the lower Vietoris topology in the following proposition.

PRrOPOSITION 2.13. If X andY are binormal spaces, then every Te LROC(X,Y)
induces an ordered homeomorphism 7 : L~ (X) — L™ (Y).

Proof. Since we know from the proof of the Extension Theorem 1.5.1 that 7*
and (7*)7! are continuous with respect to the upper Vietoris topology, we only
need to show the continuity of 7* with respect to the lower Vietoris topology.
The argument for the continuity of (7*)~! with respect to the lower Vietoris
topology is similar.

Let F € L™ (X) and let 7*(F) € W~ where W =V x O for V € 95 and
O open in R. Then there exists an f € C(X) such that f C F and 7(f) N W
contains some (y,t). Let f = ex(f), let # = e;'(y), and let U € Jx be such
that £ € UUU* C ez} (V UV*). Since f(&) =t € O and f is continuous, we
may choose U so that f(U UU*) C 0. Define Wy = U x O. Then fNWy # 0,
so that W is a neighborhood of F'in L™ (X).

Now let Fy € W, . Then there exists an f, € C(X) such that fo C Fj
and fo N Wy contains some (z,s). Let § = érex(fo) and let § = e,(x). Now
xeU CUUU*, so that g € VUV™*. Since §(g) = s € O and ¢ is continuous,
there exists a V € J3 such that g € VUV C VUV* and g(VoUVy) € O. Then
for yo € Vp, %(fo)(yo) € O, so that 0 #* %(f()) NVyxO C %(f()) N W. Therefore,
T*(Fp) € W, showing that 7*(W; ) € W~, and hence 7* is continuous with
respect to the lower Vietoris topology. (]

Instead of relating X and Y by extensions via regular open correspondences,
there is a second way of relating X and Y by using dense subspaces, as long as
X and Y have some completeness. This will induce the same ordered homeo-
morphism between L™ (X) and L™ (Y) as was induced using extensions.

We define a lifting dense homeomorphism from X to Y to be a homeomor-
phism 0: X’ — Y’ where X’ is a dense subspace of X and Y’ is a dense subspace
of Y and 6 is such that for every f in C'(X), f0~! extends to an element of C(Y'),
and for every g in C(Y), g8 extends to an element of C'(X). Denote the set of
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all such 0 by LDH(X,Y). Clearly, H(X,Y) C LDH(X,Y), where H(X,Y) is
the set of homeomorphisms from X onto Y.

If # € LDH(X,Y), then for every f € C(X), let (f) denote the unique
extension of f0~1 to C(Y). This defines a function 6: C(X) — C(Y).

LEMMA 2.14. For each § € LDH(X,Y), the function : C(X) — C(Y) is an
increasing homeomorphism.

Proof. Define §=': C(Y) — C(X) by letting 6~!(g) be the unique extension
of g6 to C(X). To show that §" is indeed the inverse of 6, let f € C(X). Then
for each z € X', 0710(f)(z) = 0(f)0(z) = f0~(8(x)) = f(x). Since X' is dense
in X, 6710(f)(x) = f(z) for all 2 € X, and hence §=14(f) = f. This shows
that 016 is the identity on C(X). A similar argument shows that 66~ is the
identity on C(Y), and hence 6 is a bijection with inverse 1.

Because Y is dense in Y, it is evident that if f1, fo € C(X) with f; < fo,
then é(fl) < é(fQ) Similarly, if g1,92 € C(Y) with g1 < go, then é‘l(gl) <
9_1(92). So when we show that 6 is a homeomorphism, it will be an increasing
homeomorphism.

To show that 6 is continuous, let f € C(X), and let W be an open subset
of Y x R with é(f) € W. Since Y is binormal, there exist g;,g2 € C(Y) with
g1 < 0(f) < g2 and G C W where G = {{y,t) e Y xR : g1(y) <t < g2(v)}-
Let f1 = 07(g1) and fo = 07(gy). Then let Wy = {{z,t) e X xR : fi(z) <
t < f2(x)}, which is an open subset of X x R.

We now argue that f € W;, by showing that f; < f; a similar argument
shows that f < fa. Define go € C(Y) by go(y) = 1/(é(f)(y) — ¢g1(y)) for all
y eV, and let fo =6 1(go). For each z € X', fo(z) = 07 (go)(z) = gob(z) =
1/(0(H0(x) — 0:0(x) = 1/(f6746(x) — 0~ (g1)(2)) = 1/(f(z) — Fi()) > 0.
Then for all x € X', f1(z) = f(z) — 1/ fo(z) < f(z). Since X’ is dense in X, by
the continuity of f, f1 and fo, fi(x) = f(z) —1/fo(z) < f(z) for all z € X, and
thus f; < f. Therefore, f € W' .

Now let f/ € Wy, so that f; < f < fo. Then g1 = 0(f1) < 0(f') < 0(f2) =

g2. Hence A(f') € G C W, so that 6(f’) € W. This shows that 6 is continuous,
and a similar argument shows the continuity of 1. O

Now Lemma 2.14 and the Extension Theorem 1.5.1 imply that 6 induces an
ordered homeomorphism 6*: L= (X) = L™ (Y).

PROPOSITION 2.15. Let X and Y be Cech-complete binormal spaces and let
7 € LROC(X,Y). Then there exists a 0 € LDH(X,Y) such that e. is an
extension of 0, and such that 6* = 7*.
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Proof. Let {%n T neE N} and {”l/n ne N} be Cech-complete sieves for X
and Y, respectively (see [7, Theorem 3.9.2]). Let T¢ be the collection of .7 in
T* that satisfy:

(1) for each n € N, there exist U € .7 and U,, € %,, such that U C U,,; and

(2) for each n € N, there exist V € 7(.7) and V,, € ¥, such that V C V},.
Because of the Cech-completeness of X and Y, for each .7 € T, .7 = {x y}
for some z € X and (7(7) = {yg} for some y7 € Y. Let X' = {xg; :
T eTgandY = {ys: 7 € TL}. Define 0: X' — Y’ by letting 6(z7) = yo
for each 7 € T¢.

To show that 6: X’ — Y’ is a well-defined function, let 77, %5 € T with
Tg, = Tg,. Suppose, by way of contradiction, that yz # yg,. Then let
V1, Vo € Jy be such that ViNVa =0, yo, € Vi, and yg, € Va. Let Uy = 771(17)
and Uy = 771(V3). Because of the maximality of 7(7) and 7(%), we have
Vi € 7(Z) and Vo € 7(%). That means U; € 73 and Uy € 5, so that
x g, € Uy NUsy. But then by definition of 7, V1 NV, # (), which is a contradiction.
Therefore, y, = yg,, showing that 6 is a well-defined function. A similar
argument shows that =1 is a well-defined function, and thus 6 is a bijection. It
follows from the definition of e, that e, is an extension of 6. Therefore, 6 is a
homeomorphism from X’ onto Y.

To show that §# € LDH(X,Y), let f € C(X). Define 6(f) € C(Y) by
6(f) = ex(f)estly. To see that 6(f) is an extension of f6=!, let y € Y’. Then
e-1(y) =071(y) € X’ C X, so that ex(f)(e-1(y)) = f(0~1(y)). We can make
a similar argument by starting with a g € C(Y") and getting extension é‘l(g) of
g0 where 071(g) = ey (g9)e-|x. Therefore, § € LDH(X,Y). Note that for each
f e C), #f) = e5lerex(f) = exlex(fest = ex(Pestly = 6(f). This

shows that § = 7, and hence 6* = 7*. O

Now the set H(X,Y") of homeomorphisms from X onto Y can also be related
to LROC(X,Y) if we make some additional hypotheses about X and Y. In
particular, the next proposition follows from Proposition 2.15 by using basically
the same techniques as in the proofs of [22, Lemmas 3.4, 3.5]. The term Eg-space
means that singleton sets are Gg-sets.

PROPOSITION 2.16. Let X and Y be Cech-complete binormal spaces that are
either both realcompact or both Ey-spaces, and let 1 € LROC(X,Y'). Then there
exists an h € H(X,Y) such that e, is an extension of h and h* = 7*.

This is a good place to observe that if h € H(X,Y"), then there is an associated
7 € LROC(X,Y) defined by 7(U) = h(U) for all U € Jx. In this case, 7X = X,
7Y =Y, and e, = h. If h: C(X) — C(Y) is defined by h(f) = fh~! for all
f € C(X), then h =7, and h* = 7* is an ordered homeomorphism from L~ (X)
onto L~ (Y').
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Ezample 2.17. Let X be the space of countable ordinals, and let Y be its (one
point) compactification. Then X and Y are Cech-complete binormal spaces.
Thinking of X as a subspace of Y, define 7: Ix — 4 as follows. For each
U € Jx, let 7(U) be the interior of the closure of U in Y. Then X* is a
singleton set that can be identified with w; in Y, and so 7X =Y = 7Y. Thus
er: 7X — 7Y is the identity. It is well-known that every f in C(X) extends to an
element of C(Y), so this gives homeomorphism 7: C(X) — C(Y). Therefore,
7 € LROC(X,Y), and 7 induces the ordered homeomorphism 7*: L™ (X) —
L= (Y). Note that if 0 is the identity map from X onto its image in Y, then 0 €
LDH(X,Y) and e, is an extension of § with §* = 7*. Of course H(X,Y) = 0,
and as we see, X is not realcompact and Y is not an Eg-space.

Although we did not need to know that 7X and 7Y are binormal spaces, it
happens that they are. We now show this with a general proposition. In this
proposition, when we say that a subspace X’ of a space X is liftable, we mean
that every element of C'(X’) extends to an element of C'(X).

PROPOSITION 2.18. If X is a Ty-space that has a dense liftable binormal sub-
space, then X is binormal.

Proof. We use Theorem 1.3.3 to show that X is binormal. So let f € USC(X)
and g € LSC(X) with f < g. For every x € X, let a(x) = (g(z) — 3f(x))/4
and b(z) = (3g(x) + f(x))/4, and let U(z) be a neighborhood of x such that
flU(x)) C (—o0,a(x)) and g(U(x)) C (b(x),00). Also let A be the closure in
X xR of J{U(z) x (—o0, f(z)] : € X}, and let B be the closure in X x R of
U{U(=) x [g(z),00) : € X}.

Observe that for each z € X, if 2’ € U(x), then f(2’) < a(z). Therefore, for
each x € X, sup A(z) < a(x) < g(z). By the same argument, for each x € X,
inf B(z) > b(x) > f(x). Now define fo: X — R by fo(z) = sup A(z) for all
x € X, and define go: X — R by go(x) = inf B(x) for all x € X. Then f, and
go are finite-valued functions in USC(X) and LSC(X), respectively. It is clear
from the definitions of A and B that f < fy and go < g. As we saw before, for
each z € X, fo(x) <a(z) < b(z) < Go(x). Therefore, fo < go.

Let X' be a dense liftable binormal subspace of X, and let f] = fo|x’ and g =
golx’. Then f} €e USC(X), g, € LSC(X), and f) < g;. From the binormality
of X', there exist h', b}, hY, € C(X') such that fj < b} < b’ < hf < gj. Let h,
hi1 and hg be the extensions of ', b} and A in C(X). Since X’ is dense in X,
the continuity of h, hy and hy ensures that h; < h < hs.

To show that hy < h, suppose not. Then there exists an € X \ X’ such that
hi(z) = h(x). Define k' € C(X') by k'(2") = 1/(1/ (") —h}(z")) for each 2’ € X".
We know £’ has an extension k in C(X). Let n € N. By the continuity of h and
h1, there exists a neighborhood U of z in X such that h(z") — hi(2’) < 1/n for
all 2’ € U. Then k(2’) > n for all 2’ € UN X’. Since X’ is dense in X and
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k is continuous, we have k(z) > n. But this is true for all n € N, which is a
contradiction. Therefore, h; < h. A similar argument shows that h < hs.
Finally, to show that f < hy, let © € X. For each 2’ € U(z) N X', we have
f(z) < fi(2") < hi(x). Since X' is dense in X and h; is continuous, it follows
that f(z) < hi(z). By a similar argument, hs < g. So we have f < h < g,
showing that X is binormal. O

COROLLARY 2.19. If X and Y are binormal spces and 7 € LROC(X,Y), then
7X and 7Y are binormal.

Corollary 2.19 gives us another way of expressing an ordered homeomorphism
7%: L7(X) = L™ (Y) induced from a 7 € LROC(X,Y). If X’ is a binormal ex-
tension of X, we will call X’ a lifting binormal extension provided that every
element of C'(X) extends to an element of C(X’). We now define a lifting bi-
normal extension homeomorphism from X to Y to be a homeomorphism from a
lifting binormal extension of X onto a lifting binormal extension of Y. Then if
7 € LROC(X,Y), we know that e, is a lifting binormal extension homeomor-
phism from X to Y.

If n: X’ = Y’ is a lifting binormal extension homeomorphism from X to Y,
define np: C(X) — C(Y) by n(f) = fn’l\y forall f € C(X) where f is the exten-
sion of f in C(X’). Then 7 is a bimonotone homeomorphism, and by the Exten-
sion Theorem 1.5.1, 7} induces an ordered homeomorphism n*: L= (X) — L~ (Y).
If n = e, for some 7 € LROC(X,Y), then n* = 7*.

3. Factorization Theorem

In the previous section we discovered one kind of ordered homeomorphism
from L~ (X) onto L™ (Y'), obtained as the induced map 7 from a re LROC(X,Y).
As a special case, if h is a homeomorphism from X onto Y, we can associate
h with a 7 € LROC(X,Y) defined by 7(U) = h(U) for all U € Jx, and h* is
an ordered homeomorphism from L~ (X) onto L~ (Y). In this case, the restric-
tion of * to C(X) is a bimonotone homeomorphism h: C(X) — C(Y) where
h(f) = fh~" for all f € C(X).

We now look at a second kind of ordered homeomorphism, this one mapping
L~ (X) onto itself (or mapping L™ (Y') onto itself). We define a fiber homeo-
morphism on X to be a homeomorphism ¢: X x R — X x R such that ¢ maps
{z} x R onto itself for each 2z € X. Let FH(X) denote the set of fiber homeo-
morphisms on X. If ¢ € FH(X), then for every f € C(X), let (Z)(f) be equal
to ¢(f) where f is identified with its graph in X x R. This defines a function
¢: C(X) — C(X).
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LEMMA 3.1. For each ¢ € FH(X), the function ¢: C(X) — C(X) is a bimono-
tone homeomorphism.

Proof. Since ¢ is a bijection of X x R onto itself, it is clear that disa bijection
with inverse ¢! defined by ¢~ Yf) =0~ (f) for each f € C(X). Let us check
that (Z) is bimonotone. The argument that ¢ 1 is bimonotone is similar. Let
f1,f2 € C(X) with f; < fo, and let f € C(X). Suppose first that f; < f
< f2, and let © € X. Since ¢ restricted to {x} x R is a homeomorphism from
{z} xR onto itself o(f)(x ) lies between o(f1)(x ) and é(f2)(z). Therefore,
min{q@ (f1)(z ()} < (;5 Hlx) < max{qﬁ f1 ({)(fQ)(;z:)} This is true
for all x € X SO that mln{ b(f1), éfg )} < o(f) < max{é(fl),qg(fg)}. Now
suppose that mln{(;b f1),¢ } < qAS < max{qﬁ fl),é(fQ)}, and let z € X.
We assume that ¢(f1)(z) < &(f2)(x) since the other case is similar. Then
¢(f1)( ) < 0(f)(x) < $(f2)(x). So o~ ((f))() lies between o~ (¢(f1))(x) and

¢ 1(¢(f2))(x), and hence f(z) lies between fi(x) and fo(x). Since fi(z) < fo(x),
we have fl(A x) < f(z) < fa(z). This is true for all z € X, so that f1 < f < fo.

Therefore, ¢ is bimonotone.

Finally, we show that ¢ is continuous. The argument that q@‘l is continuous is
similar. Let f € C(X), and let W be an open subset of X x R with ¢(f) € WT.
Since X is binormal, there exist fi, f, € C(X) with fi < ¢(f) < f» and
f1, f2 C W. Since ¢! is bimonotone, it follows that min{dg_l(fl), (ZD_l(fz)} <
f < max{q@‘l(fl),iﬁ_l(fg)}. The strict inequality is because ¢ is a bijec-
tion. Let Wo = {(z,t) € X xR : min{é’l(fl)(:l;),(Z)’l(fg)(x)} <t <
max{q@‘l(fl)(x),é_l(fQ)(;z:)}}. Then W is a neighborhood of f in C(X).
If f' € O(X) with f' € W, then min{¢~(f1), ¢ (fo)} < f' < max{¢~'(f1),
é’l(fg)}. Again, since ¢! is bimonotone, we have fi < ¢(f') < fo, with the
inequality strict because ¢ is a bijection. Therefore, f € W, and (iﬁ(WOJr JCWT,
showing that (ZA> is continuous. O

Now the Extension Theorem 1.5.1 says that ¢ induces an ordered homeomor-

phism ¢*: L= (X) — L~ (X) that is an extension of é, where ¢* is defined by

=U{é(f): feC(X)and f C F} for all F € L™(X). Since at this

stage, we only have the Extension Theorem 1.5.1 proved for L™ (X) and L= (Y)

with the upper Vietoris topology, we need to give an independent proof of the
continuity of 7% with respect to the lower Vietoris topology.

PROPOSITION 3.2. For a binormal space X and for each ¢ € FH(X), the
induced map ¢*: L= (X) — L™ (X) is an ordered homeomorphism.

554

Unauthenticated
Download Date | 2/3/17 10:47 AM



SPACES OF LOWER SEMICONTINUOUS SET-VALUED MAPS II

Proof. The argument for the continuity of (¢*)~! = (¢~1)* is the same as that
for the continuity of ¢*. We already know that ¢* is an ordered homeomorphism
with respect to the upper Vietoris topology, so it suffices to consider a subbasic
open set W~ of L™ (X) in the lower Vietoris topology. Let F' € L~ (X) with
¢*(F) € W—. We may assume that W = U X (a, b) where U is an open set in X
and (a, b) is an open interval. Then there exists a (z,t) € ¢*(F)NU X (a,b). So
there is an f € C(X) with f C F and ¢(f)(z) = ¢*(f)(x) = t. Let p,q € R with
a<p<t<q<b. Let f1, fo € C(X) be defined by fi(z') = f(a’) — t + p for all
2 € X and fo(2') = f(a’) —t + g for all 2’ € X. Let Uy be a neighborhood of
x contained in U such that f1(Up) C (a,00) and f2(Up) C (—00,b).

Define Wy to be the set of (z/,s) in Uy x R such that min{q@‘l(fl)(;z:’),

o~ fo) (@)} < s <max{d(f1)(z'), " (f2)(z')}. Then Wy is an open subset
of X x R with f € Wy, and hence F' € W . Let F' € W, so there exists a
(@', s) € FNWy. Then there is an f’ € C(X) with f' C F’ such that f'(z') = s.
Then a < fi(2') < &(f')(a') < fa(a’) < b, so that ¢*(f)(z') = (f')(a")
€ (a,b). That means (z/, *(f')(2')) € ¢*(F')NU X (a, b), so that ¢*(F') € W~.
Thus F' € Wy and ¢*(W; ) € W, showing that ¢* is continuous with respect
to the lower Vietoris topology. O

Our two kinds of ordered homeomorphisms are 7* and ¢* for 7 € LROC(X,Y)
and ¢ € FH(X). In this section we prove the Factorization Theorem that says
every ordered homeomorphism from L~ (X) onto L~(Y) can be uniquely fac-
tored as the composition of these two kinds of ordered homeomorphisms.

FACTORIZATION THEOREM 3.3. Let X and Y be binormal spaces, and let
M: L= (X) — L= (Y) be an ordered homeomorphism. Then there exist T €
LROC(X,Y), ¢ € FH(X), and ¢ € FH(Y) such that M can be uniquely fac-
tored as M = 17*¢* and can be uniquely factored as M = *7*. If, in addition,
X and Y are both Cech-complete, then 7" = 6* for some § € LDH(X,Y).
Furthermore, if X and Y are either both realcompact or both Ey-spaces, then
T* = h* for some h € H(X,Y); in particular, X and Y are homeomorphic.

By combining the Extension Theorem I.5.1 and the Factorization Theorem 3.3,
we can now characterize the bimonotone homeomorphisms between C'(X) and

).

COROLLARY 3.4. Let X and Y be binormal spaces, and let pu: C(X) — C(Y)
be a bimonotone homeomorphism. Then there erist T € LROC(X,Y), ¢ €
FH(X), and ¢ € FH(Y) such that p can be uniquely factored as p = 7*¢* and
can be uniquely factored as pn = V¥*7*. If, in addition, X and Y are both Cech-
complete, then 7 = 0* for some § € LDH(X,Y'). Furthermore, if X andY are
either both realcompact or both Ey-spaces, then 7% = h* for some h € H(X,Y);
in particular, X and Y are homeomorphic.
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Note that the 7*, ¢*, ¥*, 0*, and h* in Corollary 3.4 are the restrictions of
these maps to C(X) or C(Y), and as such may have simpler ways of expressing
their definitions in terms of elements of C'(X) or C(Y).

The next corollary is also a consequence of both the Extension Theorem 1.5.1
and the Factorization Theorem 3.3.

COROLLARY 3.5. If X and Y are binormal spaces, then the following are equiv-
alent.
(1) There exists an increasing homeomorphism from C(X) onto C(Y).
(2)
(3)
(4) There exists a lifting regular open correspondence from X toY .
(5)

There exists a bimonotone homeomorphism from C(X) onto C(Y').

There exists an ordered homeomorphism from L~ (X) onto L~ (Y).

There exists a lifting binormal extension homeomorphism from X to Y.

As we go through the proof of the Factorization Theorem 3.3 showing that
an ordered homeomorphism M: L™ (X) — L™ (Y) can be uniquely factored, we
will see that the only places that the continuity of M and M ~! are used is when
we need the restriction M,: L™ (X) — L~ (Y) of M to be continuous or have
continuous inverse. So only the upper Vietoris topology will be needed. As a
result, the Factorization Theorem 3.3 is true when the topology on L~ (X) and
L= (Y) is only the upper Vietoris topology. Of course it is also true for the
Vietoris topology as well. Now because of this, Propositions 2.13 and 3.2, that
were proved independently using the lower Vietoris topology, imply the following
fact.

PROPOSITION 3.6. If X andY are binormal spaces and if M : L~ (X) — L™ (Y)
is an ordered homeomorphism under the upper Vietoris topology on L~ (X) and

L=(Y), then M is also an ordered homeomorphism under the Vietoris topology
on L= (X) and L~ (Y).

Proposition 3.6 now completes the proof of the Extension Theorem 1.5.1 for
the full Vietoris topology.

For the rest of this section we prove the Factorization Theorem 3.3 by breaking
the argument into a number of lemmas. So for the following lemmas, let X
and Y be binormal spaces and let M: L~ (X) — L~ (Y) be a given ordered
homeomorphism.

LEMMA 3.7. Let Fy, Fy € L™ (X) be such that Fy(xz) N Fy(z) # 0 for all z € X.
Then the following are true.
(1) FinFy and (F1 U Fy)max are in L™ (X), and
M(Fy) N M(Fy) and (M(F1) UM (F3))max are in L~ (Y).

(2) M(F1 0 F) = M(F) N M(E).
(3) M((Fl U F2)max) = (M(Fl) U M(FQ))max-
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Proof. The parts involving intersection were proved in Lemma 1.5.2. It is im-
mediate that F; UF; is a locally bounded member of £ (X), so that (F; U Fb)max
€ L7(X). It is also immediate that M (Fy) U M(F3) is a locally bounded
member of Z(Y), and hence (M (Fy) U M (F3))max € L~(Y). Now M(Fy) C
M((Fl UFQ)maX> and M(FQ) g M((Fl UFQ)maX>, so that (M(Fl)UM(FQ))maX g
M ((F1 U Fy)max). Using this argument, but with M ~!, we have (F} U ) pax =
(M=Y(M(F1)) UM Y (M(F2)))max € M7Y((M(F1) U M(F5))max). Therefore,
M((F1 U F3)max) € (M (Fy) U M(F2))max, which gives the equality. O

For fo, f1 € C(X), we use the notation foA fi for min{fo, fl} and the notation
fo V fi for max{fo,fl}. Now for each fy, f1 € C(X) with fy < f1, define

F(f(),fl) = {<$7t> e X xR: f()(ZE) <t< fl(x)},
which is an element of L~ (X). Also for each gg, g1 € C(Y) with gg < g1, define

G(g0,91) = {(y, ) e Y xR : goly) <t < q1(y)},

which is an element of L~ (Y). Lemmas 1.5.3 and 1.5.5 imply the following
lemma.

LEMMA 3.8. Let fo, fr € C(X), and let go = M (fo) and g1 = M (f1). Then the
following are true.

(1) If fo < f1, then M(F(fo, f1)) = G(go A g1,90 V g1)-
(2) If go < g1, then M(F(fo A f1, fo V f1)) = G(g0, 91)-
(3) If fo < fr, then go A g1 < go V g1
(4) If go < g1, then fo A f1 < fo V fi.

For each fy, f1 € C(X) with fo < fi, for each open subset U of X, and for
each i € {0, 1} let F;(fo, f1,U) = F(fo, f1)NU x RU f;. Also for each gg, g2 €
C(Y), for each open subset V of Y, and for each i € {O, 1}, let Gi(g0,91,V) =
G(go,91) NV x RU g;. The following lemma shows when F;(fo, f1,U) and
Gi(go,91,V) arein L™ (X) and L™ (Y).

LEMMA 3.9. Let fo, f1 € C(X) with fo < f1, let U be an open subset of X, and
let i € {0,1}. IfU € Jx, then Fi(fo, f1,U) € L= (X). Conversely, if fo < f1
and F;(fo, f1,U) € L= (X), then U € Ix.

Proof. We only prove this for ¢ = 0 since the other case is similar. Let (x,t)
be an almost Isc point of Fy(fo, f1,U). If (z,t) € fo, then (z,t) € Fo(fo, f1,U);
so we assume that (z,t) ¢ fo, and hence that fo(z) < ¢t < fi1(z). Since U is
regular open, it suffices to show that « € int(U). Let m = (¢t + fo(z))/2. By
the continuity of fy, there exists a neighborhood Uy of x such that fo(Up) C
(=00, m). By the almost Isc property of (z,t), there exists a neighborhood U; of
x contained in Uy such that every nonempty open subset of U; contains a point z’
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with Fy(fo, f1,U)(2") N (m,00) # 0. To see that Uy C U, let 21 € Uy, and let Uy
be a neighborhood of z1 contained in U;. Then there exists an 2’ € U such that
Fo(fo, f1,U)(2")N(m, 00) contains a point; say s. Then fo(z') < m < s, and thus
a2’ € U. This shows that x € U; C U, and hence that € int(U) = U. Therefore,
<.’IZ, t> S Fo(f(], f1, U), which shows that Fo(fo, f1, U) = Fo(f(], f1, U)maxa and it
follows that Fy(fo, f1,U) € L= (X).

Conversely, let fo < f1 and Fy(fo, f1,U) € L=(X). To show that U is
regular open, let x € int(U). We will show that (z, f1(z)) is an almost Isc point
of Fy(fo, f1,U). Let O be a neighborhood of fi(x). By the continuity of f,
there exists a neighborhood Uy of = contained in int(U) such that fi(Uy) C O.
Let U; be any nonempty open subset of Uy. Since U; C U, there exists an
x1 € UyNU. But then f1(z1) € Fo(fo, f1,U)(x1)NO. This shows that (x, fi(x))
is an almost Isc point of Fy(fo, f1,U). Now Fy(fo, f1,U) = Fo(fo, f1,U)max, SO
that (z, f1(x)) € Fo(fo, f1,U). Since fo(x) < fi(x), we have x € U, showing
that U is regular open. O

Lemma 3.9 has its obvious analog in the space L~ (Y) involving the
Gi(g0,91,V). Now for each F € L™ (X) and G € L™(Y), define Xp = {z € X :
|F(z)| > 1} and Yo = {y € Y : |G(y)| > 1}. For example, if F' = F;(fo, f1,U)
given above where U € Jx and fy < f1, then Xp =U.

LEMMA 3.10. For each F € L™ (X) and G € L™ (Y), Xr is open in X and Y
s open in Y .

Proof. Let z € Xp. Then F(z) = [a,b] where a < b. Let m = (a +b)/2.
Since F' is Isc,  has a neighborhood U in X such that for every 2’ € U, F(a') N
(—oo,m) # 0 and F(z') N (m,00) # 0. Then for every 2’ € U, |F(z')| > 1, so
that © € U C Xp. Therefore, Xr is open in X. A similar proof shows that Yg
isopeninY. U

LeEMMA 3.11. Let fo, f1 € C(X) with fo < f1, let go = M(fo), let g1 = M(fl),
and let v € {O, 1}. Then the following are true.

(1) If U € Ix and Fy,Fy € L™ (X) are such that FyNFy = f;, (F1UF2)max =
Fi(fo, f1,U) and Fy # f;, then there exists a Uy € Tx such that Fy =
Fi(fo, f1,Un).

(2) If Ve Py and G1,G2 € L~ (Y) are such that G1NGa = g;, (G1UG2)max =
Gi(go Ng1,90 vV ¢1,V) and Gy # g;, then there exists a V1 € Fy such that
G1=Gi(go N 91,90V g1, V1).

Proof. We only prove (2) since the proof of (1) is similar. Define V; = {y € Y :

go(y) < gl(y)} and Y; = {y €Y : goly) > gl(y)}. Clearly, Y7 and Y3 are
disjoint sets that are open in Y because of the continuity of gg and g;; but also
Y1UY; =Y by Lemma 3.8.
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Let G = Gi(go A g1,90 V g1, V). We show that V; = Y, € Z3. Suppose, by
way of contradiction, that there exists a yo € Y, such that (yo, g1—:(yo)) ¢ G1.
Since G; C G, we know that yo € V. We may assume that yo € Y7 since the
other case that yo € Y3 is similar. Because Y7 N Yg, is a neighborhood of ¥
by Lemma 3.10, the continuity of g; ensures that there exists a neighborhood
Vo of yo contained in Y; N Yy, and a neighborhood Oy of g1-;(yo) such that
giNVy x O = 0.

Now G1 = (G1)max, 50 that (y0,91-i(%0)) € (G1)max- Then (yo,91-i(vo)) is
not an almost Isc point of G, so there exists a neighborhood O of g1—;(y) con-
tained in Og such that for every neighborhood V' of yq there exists a nonempty
open subset V" of V' with G1(y) N O =0 for all y € V".

Since yo € V', we have (yo, g1—i(y0)) € G = (G1UG2)max, 0 that there exists a
neighborhood V'of 4 contained in V4 such that for every nonempty open subset
V" of V', (G1NG2)(y) UO # B for some y € V”. From the previous paragraph,
there exists a nonempty open subset V' of V'’ such that G1(y) N O = () for all
y € V" Let y € V" with (G1 N Ga)(y) NO # 0.

Now G1 NGz = g; and g; N V" x O = 0, so that there exists a t € G2(y) N O.
Then ¢ # g¢;(y), and since y € Yg,, there exists an s € G1(y) such that s is
between g;(y) and t. Since G1NGy = g;, we have s ¢ Ga(y). But g;(y),t € Ga(y),
which contradicts the connectedness of Ga(y).

Therefore, for every y € Yo, (y,91-i(y)) € G1. Now define V; = Y, . Since
go N g1 < goV g1, we have G1 = G;(go N 91,90 V 91, V1). Then by Lemma 3.9, it
follows that V7 € . O

LEMMA 3.12. Let fo, fr € C(X), let go = M(fo), let 1 = M(f1), and let
1€ {O, 1}. Then the following are true.

(1) If fo < f1, then for each U € Jx, there exists a V; € Fy such that
M(Fi(fo, f1,U)) = Gi(go A g1,90 V 91, Vi).

(2) If fo < fi, then for each V. € D5, there exists a U; € Tx such that
M(Fi(fo, f1,Ui)) = Gi(go A g1,90 V g1, V).

(3) If go < g1, then for each U € Jx, there exists a V; € Jy such that
M(F;(fo A f1, foV f1,U)) = Gi(go, 91, Vi)

(4) If go < g1, then for each V. € D, there exists a U; € Tx such that
M(Fi(fo A f1, foV f1,Ui)) = Gi(g0, 91, V).

Proof. To prove statement (1), let U € Jx, let Fy = F;(fo, f1,U), and let
Gy = M(Fy). Since Fy C F(fo, f1), we have G1 € G(go N 91,90 V g1) by
Lemma 3.8. Define V = Yg, and G’ = Gi(g90 A 91,90 V ¢1,V), and let F' =
M~1(G"). Then G; C G', so that Fy C F’. Define F, = F'N (X \U) x RU f;,
and let Go = M (F3). Observe that Fy N Fy = f;, so that by Lemma 3.7,
GlmGg :M(Fl)ﬂM(Fg):M(FlmFg) :M(fl) = g;-
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To show that (F} U Fy)max = F, first note that Fy U F C F’, which implies
that (Fy U Fo)max C F'. Let {x,t) € F'. To show that (x,t) € (F1 U F2)max, We
need to show that (z, t) is an almost lsc point of F};y UF5. Let O be a neighborhood
of t. Since F’ is Isc at (x,t), there exists a neighborhood U of = such that for
all 2/ e U, F'(z/)N O # 0. Let U’ be a nonempty open subset of U. Now U’ is
not contained in the boundary of Xp,, so either U' N Xp, # 0 or U' N Xg, # 0.
If ' € U'NXp orif 2/ € U' N Xg,, then in either case, (F1 U Fy)(z') N O =
F'() N O # . This finishes the argument that (z,¢) is an almost lsc point of
Fy U F,. Therefore, F' C (F1 U F3)max, so that (Fy U Fo)max = F'.

Now by Lemma 3.7, (G1UG2)max = (M (F1) UM (F2))max = M ((F1UF2)max)
= M(F') = G’. Then since G’ # g;, statement (2) of Lemma 3.11 says that
G1 = Gi(go N 91,90 V 91, V;) for some V; € Z3. This finishes the proof of
statement (1) of this lemma. Statement (2) of this lemma can be proved in
a similar way, except statement (1) of Lemma 3.11 must be used instead of
statement (2). Statements (3) and (4) also have similar proofs. d

For each t € R, let f! = X x {t} be the constant ¢ function on X, and let
g' = M(f"). Lemma 3.12 allows us to define for each U € Ix a 19(U) € Fy
such that M (Fo(f°, f1,U)) = Go(g° A g*,g° V g*, 70(U)) and for each V € % a
75 1 (V) € x such that M (Fo(f°, 1,751 (V))) = Go(g° A g', g° Vv g', V). Since
M is a bijection, we see that 7, ' (7o(U)) = U and 79(75 *(V))) = V. Therefore,
this defines a bijection 79: Ix — J5. Observe that the ordered property of M
ensures that 7o is ordered in the sense that if Uy, Us € Ix with U; C Us then
70(U1) C 7o(Uz), and if Vi,Va € G with Vi C Vi then 75 (V1) C 75t (V).
Also if .7 is a subfamily of Jx that has the finite intersection property, then
{T()(U ): Ue T } has the finite intersection property.

In a similar way Lemma 3.12 allows us to define an ordered bijection
11: Ix — Fy such that for each U € Ix, M(Fi(f~1, f°,U)) = Gi(g~ ' A g°,
g~V ¢° 1 (U)) and for each V € i, M(Fy(f~, 2,771 (V))) = G1(97 ' A ¢°,
g 'V g% V). Now 7 has the same properties as those given above for 7.

LEMMA 3.13. Let anfl S C(X), let go = M(fo), let g1 = M(f1>, let U € gx,
and let v € {O, 1}. Then the following are true.

(1) If fo < f1, then M(Fi(fo, f1,U)) = Gi(go A g1,90 V g1, 7:(U)).
(2) If go < g1, then M(Fi(fo A f1, foV f1,U)) = Gi(go0, g1, 7:(U)).

Proof. The proofs of these two statements are similar, so we only give the
proof of (1). Also, for convenience, we only show this for i = 0 since the proof
for i = 1 is similar. Let F' = Fy(fo, f1,U) and G = M(F'). We first prove this
for the case that fo < fi. Let fi = foAfOand f] = f1V f1, and let gj = M(f})
and g1 = M(f{). Note that f} < f1.
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First let us show that M(Fy(fl, f1,U)) = Golgy N 91,96 V 91, 70(U)). By
Lemma 3.12, there exists a V' € % such that M (Fy(f}, f1,U)) = Go(g) N g5,
goVgi, V). Since Fy(fO, f1,U) C Fo(fh, f1,U), we have Go(g°Agt, g°Vgt, 70(U))
C Golgy N g1, 90V g1, V), so that 7o(U) € V. Also by Lemma 3.12, there ex-
ists a U’ € Ix such that M (Fo(f, f1,U")) = Golgo A 91,96 V 91, 70(U)). Since
Golgo A 91590 V 91,70(U)) S Golgo A 91,90 V 91, V), we have Fo(fo, f1,U") C
Fo(fy, f1,U), so that U’ C U. But also Go(g° A g', g° vV gt, 70(U)) C Go(gh A g5,
aoV g1, 70(U)), so that Fy(f0, f1,U) C Fo(fh, f1,U’), which implies that U C U’.
Then U’ = U, and hence Go(gy N 91,90 V 91, V) = M(Eo(fh, f1,U0)) =
M(Fo(fo, f1,U")) = Go(go A 91590 V 91, 70(U)), showing that V' = 7o(U).

Now we can use this argument in reverse to show that M (Fy(fo, f1,U)) =
Gol(go N 91,90 V g1,70(U)). By Lemma 3.12, there exists a V € % such
that G = Go(go A 91,90 V g1,V). Since F C Fo(fh, f1,U), we have G C
Go(gh N 91,90 V g1, 70(U)), so that V. C 79(U). Also by Lemma 3.12, there
exists a U’ € Jx such that M (Fy(fo, f1,U")) = Golgo N 91,90 V g1,70(U)).
Since G € Go(go A 91,90 V g1, 70(U)), it follows that F' C Fy(fo, f1,U’), so that
U C U'. But also Go(go A 91,90 V 91,70(U)) € Golgy A 91,96 V 91, 70(U)), so
that Fo(fo, f1,U’) C Fo(fh, f1,U), and hence U" C U. Then U’ = U, and thus
G = M(Fy(fo, f1,U)) = M(Fo(fo, f1,U")) = Go(g0 A g1, 90 V 91, 70(U)), showing
that V' = 79(U). This finishes the argument that G = Go(go A g1, 90 V 91, 70(U))
when fo < f1~

We now give an argument for the general case that fy < fi;. Let # be the
family of open subset of X x R containing fy, where # is directed downward
by inclusion. For each W € #/, let f¥V € C(X) with f}V C W and f}V < fo,
and let gV = M(f}V). Also for each W € ¥, define Fy = Fo(f, f1,U),
and let Gy = M(Fw). Since fIV < fi, by our argument above, each Gy =
Go(gl N g1,9Y V g1,70(U)). Now it is evident that the net (Fyy)y converges
to F'in L= (X). So by the continuity of M, the net (Gw )y converges to G in
L=(Y). For each W, F C Fyy, so that G C Gy . Also, since (f}V)y converges
to fo in L™(X), we see that (g}V )y converges to gy in L= (Y). From this it
follows that G = Go(g0 A 91, 90 V 91, T0(U)). O

LEMMA 3.14. If % is a subfamily of Tx having the finite intersection property,
then {ro(U): Ue%}U{n(U): U %} has the finite intersection property.
Also if ¥V is a subfamily of Jy having the finite intersection property, then
{7'0_1(V) :Veviu {Tl_l(V) : V€ ¥} has the finite intersection property.

Proof. First let us show that for each U € Ix, 70(U) N7 (U) # 0. From
this it easily follows that {ro(U) : U € #} U {n(U) : U € %} has the
finite intersection property. Suppose, by way of contradiction, that there exists
alU € Ix with 1o(U) N7 (U) = (. Let Vo € F3 be such that Vi C 79(U), and
let Uy = 75 * (Vo). Then 7 (Up) C 11(U), so that 7o(Up) N 71 (Up) = 0.
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C G(g7' A gtyg7t v gb) such that

Now there exists a g € C(Y) with ¢
and
1

9(y) = (g7 ' vg')(y) for ally € 7(Up) a 9( ) = (97" Ag")(y) for all y € 71(Up).
Let f = M~1(g), so that f C F(f ,fY. From Lemma 3.13, we see that
- i

M(Fo(f~1, f1,Uo)) = Golg~ ' Ng',g 1\/9 70(Uo)) and M (Fy(f~*, f*,Up)) =
Gilg~ Aglig Vg ma(Up)). Let fo= M~(g~ Ag')and fi = M~1(g L vg").

We have M(F(fo A f1, foV f1)) = G(g‘1 Ngtgtvgl) = M(F(f f1Y).
Therefore, F(fo A f1,foV fi) = F(f~1, f!), and it follows that fo A fi = f~!
and fo V fi = f. From this we see that for any x € X, either fy(z) = —1 and
fi(z) =1, or fo(r) =1 and fi(z) = —1. Now Go(g L Agl,g7t Vgl 70(Us)) C
G(g7t Ngl,g), so that Fo(f~L, f1,Uo) C F(fo A f, foV f) by Lemma 3.8. Then
for any x € Uy, either fo(x) = —1 and f(z) =1, or fo(z) =1 and f(x) = —1.
Also G1(g ' Agt,g7t v gl, 71 (Up)) € G(g,97 1V g), so that Fy(f~1, f1,Up) C
F(f A f1,fV f1) by Lemma 3.8. Then for any = € Uy, either fi(z) = —1 and
fx) =1, or fi(x) =1 and f(x) = —1. But for z € Uy, these three either/or
values for fo(z), fi(x) and f(x) cannot all hold. Since Uy is nonempty, this gives
us our contradiction.

Let us show that for each V€ %, 751 (V) N7 H(V) # 0. Although this ar-
gument is similar to that of the first part, there are enough differences that
we give the details. Suppose, by way of contradiction, that there exists a
V€ Py with 751 (V) N1 (V) = 0. Let Uy € x be such that Uy C 75 1(V),
and let Vo = 79(Up). Then 7, (Vo) € 77 1(V), so that 75 (Vo) N7 * (Vo)
=0. Let go = g ' Agh let g1 = gt Vgl let fo = M~1(go), and let f; =
M~Y(g1). Since f=! < f1, we have gy < g1 by Lemma 3.8. As we saw earlier,
M(F(fo A fr, foV 1) = Glgo,g1) = M(F(f7, /).

Now there exists an f € C(X) with f C F(fo A f1, fo V f1) such that f(z) =
(foV f1)(z) for all z € 75 (Vo) and f(z) = (fo A f1)(x) for all z € ;1 (Vp). Let
g = M(f), so that ¢ € G(go,g1). Then by Lemma 3.13, M (Fo(fo A f1, fo V f1,
75 ' (Vo)) = Gol(go, 91, Vo) and M(F1(fo A f1, fo V f1, 77 (Vo)) = Gi(g0, 91, Vo).
Define gy = M (fo A f1) and g1 = M(fo V f1).

We have G(g{ A g1,90 V 91) = M(F(fo A f1, foV f1)) = G(g0,91). It follows
that g{ A g1 = go and g, V g} = g1, so that for any y € Y, either g{(y) = go(v)
and g1(y) = g1(y), or g5(y) = g1(y) and g1(y) = go(y). Now Fo(fo A f1, fo V f1,

(Vo)) € F(foA fi, f), so that Go(go, g1, Vo) € G(ghAg, ghV g) by Lemma 3.8.
Then for any y € V), either gj(y) = go(y) and g(y) = 91(y), or gy(y) = g1(y)
and g(y) = go(y). Also Fi(fo A fi,foV fi, 77 (Vo)) € F(f, fo V f1), so that
G1(90,91,Vo) € G(g A gi,9 V g1) by Lemma 3.8. Then for any y € Vp, either
91(y) = g9o(y) and g(y) = g1(y), or gi(y) = g1(y) and g(y) = go(y). Since
90(y) < g1(y), these three either/or values for ¢{(y), ¢} (y) and ¢g(y), when y € Vj,
cannot all hold. Since Vj is nonempty, this gives the desired contradiction. [

LEMMA 3.15. The ordered bijections 79: Ix — F and 11: Ix — Ty are
equal.
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Proof. Suppose there exists a U € Jx such that 70(U) # m(U), say
70(U) \ 11 (U) # 0. Since 71(U) is regular open, we have 7o(U) \ 7 (U) # 0.
Let V € 3 be nonempty with V' C 79(U) \ 7 (U). Now V C 74(U), so that
751 (V) C U. Also since V N7 (U) = 0, we have 7, *(V) N U = (). But then
7o (V)N Y (V) = 0, which contradicts Lemma 3.14. O

We now define 7: Ix — J3 to be 791 Ix — Fy (and also 11: Ix — Fy).
To show that 7 € ROC(X,Y’), we need the following lemma.

LEMMA 3.16. For every Uy, Uy € Tx, Uy NUs # 0 if and only if 7(Uy) N
T(U2)# 0.

Proof. Suppose that Uy N Uz # () while 7(Uy) N 7(Uz) = (). Let V4 and V; be
disjoint elements of Z with 7(U;) C Vi and 7(Us) C V. Let g1,92 € C(Y)
be contained in G(g° A g',¢° V g') such that ¢g1(y) = g'(y) for y € 7(U1),
91(y) = ¢°y) for y € Y\ Vi, g2(y) = g'(y) for y € 7(Uz), and g2(y) = ¢°(y)
for y € Y\ Vo. Let fi = M~1(g1) and fo = M~'(go). Note that f© < f; and
o< foo Let G =G(9°A g1, 6"V g1), G2 = G(g° N g2, g° V g2), Fi = M~(Gy),
and F» = M~(G3). Then by Lemma 3.8, F} = F(f°, f1) and Fy = F(fY, f2).
Now G1 C Go(g° A gt,g° v gl, Vi) and Go C Go(g° A gt,¢° V g1, V2), so that
Fy C Fo(fO fL,771 (V1)) and Fy C Fo(f°, f1,771(Va)). Since V1 N Va = 0, we
have 771(V1) N 77 1(V,) = 0. But then fi A fo = f9. Also we have Go(g" A g*,
g* Vgl 7(U1)) € Gy and Go(g° A gt,g° V gt, 7(Us)) C Ga, so that Fy(f0, f1,Uy)
C Fy and Fy(f°, f*,Uy) C Fy. Then for every x € Uy, fi(x) =1, and for every
x € Us, fo(x) = 1. But there exists an x € U;NUs. For this z, fi(z) = 1 = fa(z),
so that f; A fo # f°. This contradiction shows that if U; N Us # 0, then
7(Uy) N 7(Us) # 0. The converse is proved in a similar way. O

This shows that 7 € ROC(X,Y), so that we have extensions 7X and 7Y of
X and Y defined, and we have the homeomorphism e,: 7X — 7Y. To show
that 7 € LROC(X,Y’), we need the next lemma.

LEMMA 3.17. Every element of C(X) can be extended to an element of C(1X),
and every element of C(Y') can be extended to an element of C(7Y).

Proof. Let f € C(X), and let [7] € X*. In order to extend f to X U {[7]},
we want to show that for each n € N, there exists a U € Jx such that [T] € U*
and such that for every x1,29 € U, |f(z1) — f(z2)|] < 1/n. Suppose, by way
of contradiction, that there exists an n € N such that for every U € Jx with
[7] € U*, there are x1,z2 € U so that |f(x1) — f(z2)| > 1/n. Define % =
{Ue Ix: [7]eU*}. Now N7(7) = {y} for some y € Y, and for this y, we
have y € 7(U) for all U € % .

Observe that inf{sup{f(z): z€U}: U € %} —sup{inf{f(z): €U} :
U€%} >1/n. Then let a,b € R with sup{inf{f(z): 2 €U}: Ue %} <
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a < b < inf{sup{f(z) : 2 € U} : U € %}. For each U € %, by the
continuity of f, there exist U,,U, € Jx that are contained in U, and are such
that f(U,) C (—o0,a] and f(Up) C [b,00). Let U, be the interior of the closure
ofU{U : U e %} in X, so that U, € 9x. Note that U, C U, forall U € % .
It is evident that for each U € %, Uy N U,. = 0.

Define F = Fo(f A f* f Vv f* U,), which is an element of L™ (X). Also let
go=M(fAF*), go = M(fV f*), and G = M(F) = Go(ga A gb, ga V g, 7(Us)).
Now for every U 6 02/ 7(Uq) € 7(Uy) and T(Ub) N 7'( «) = 0. Also for each
Ueu, Fo(f, f°,U,) Q F, so that Go(g® Ag?, gV ¢°,7(U,)) C G. Since every
neighborhood of y contains 7(U,) for some U € %, it follows that inf G(y) <
g Ag°(y) < g*Vg(y) < sup G(y). Now for each U € %, Fo(f?, f°,Uy)NEF = f2,
so that Go(g® A g%, g%V ¢°, 7(Up)) N G = g°.

Let t € R be such that g% A ¢°(y) <t < g* V ¢°(y) and t # ¢g®(y). Note that
(y,t) € G. Let O7 and Oy be disjoint open intervals contained in the interval
(9°Ag®(y), g*Vg®(y)) such that t € Oy and g%(y) € Os. Let V, be a neighborhood
of y with g*(V) C Os. Now for each neighborhood V of y contained in Vjy, there
isa U € % such that 7(U) C V, and hence U, x O; NG = (). But then G is not
Isc at (y,t), which is a contradiction.

This shows that for each n € N, there exists a U(n) € Jx such that [T] €
U(n)* and such that for every z1,z2 € U(n), |f(x1) — f(z2)] < 1/n. Since
y € 7(U(n)) for each n, {7(U(n)) : n € N} has the finite intersection property,
and hence {U (n): n € N} has the finite intersection property. So we may
assume that each U(n+1) C U(n). Now for each n, choose an z,, € U(n). Then
if m,n € Nwith m < n, we have | f(x,,)— f(x,)| < 1/m. Therefore, the sequence
(f(x,)) is a Cauchy sequence and thus has a limit, that we denote by f([.7]).
Now by letting f(z) = f(z) for all # € X, we have defined f: X U {71} = R
that is an extension of f.

To show that f is continuous at [Z], let n € N. Since (f(x,,)) converges to
f([7]), there exists an m > 2n such that |f(zm) — f(Z)] < 1/(2n). Let

< |f(

z € U2n). Then |f(z) - f([7])] = |f(x) — f([T)) z) = flzm)| +
|f @)= F([Z])] < 1/(2n)+1/(2n) = 1/n. So f(U2n)U{[T]}) C (F([T)~1/n,
f([Z]) + 1/n), showing that f is continuous at [7].

We have shown that we can extend f continuously to X* one point at a time.
Then by the regularity of R, f can be extended continuously to all of X*, giving
us an element of C'(7.X) that extends f. A similar proof shows that each element
of C(Y') can be extended to an element of C(7Y). O

Therefore, 7 € LROC(X,Y ), so that 7 induces an ordered homeomorphism
T L(X) = L™ (Y).

Our final goal is to define a ¢ € FH(X) such that M = 7*¢*. Consider the
ordered homeomorphism (7*)™*M: L™ (X) — L™ (X). To simplify notation, we
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denote (7*)"'M by N. Also for each ¢t € R, denote N(f*) by h'. Observe that
Lemmas 3.7 through 3.12 are true for any ordered homeomorphism, so that they
apply to N. Now define ¢: X x R — X x R by ¢((z,t)) = (z,h'(x)) for each
(x,t) € X xR.

LEMMA 3.18. Let fo,fl € C(X), let §70 = eyM(f()), let §71 = eyM(fl), let
z € X, and let § = e-(x). Then fo(x) = fi(x) if and only if Go(9) = §1(7)-

Proof. Both directions have similar proofs, so we only argue the implication
in one direction. Suppose, by way of contradiction, that fo(x) = fi(x) but
9o(9) # 91(9)- Let go = M(fo), let g1 = M(f1), let f2 = foAf1,let fs = foV fi,
let go = M(f2), let g3 = M(f3), let g2 = ey (g2), and let g5 = ey (g3). Finally,
define F'(fa, f3) and G = M(F) = G(g2 N g3,92 V g3).

Let .7 € T* contain {U € Jx : z € U}, so that (1.7 = {z}. For each
UeZ. Let Fy = Fo(fQ,f?,,U) and Gy = M(FU> = Go(gg N g3, 9o V g3,T(U)).
We can think of 7 as a directed set, directed downward by inclusion. So
(Fu)ves and (Gy)ues are nets in L~ (X) and L~ (Y'). We will obtain our con-
tradiction by showing that (Fy)yeo converges to fo in L™ (X) while (Gu)ues
does not converge to any element of C(Y) in L™ (Y); then because M maps
C(X) onto C(Y), this would contradict the continuity of M.

To show that (Fy)yes converges to fo in L™ (X), let W be an open subset
of X x R with fo € W. Then there exist a Uy € .7 and an open interval O
containing fo(x) such that Uy x O C W. Since fy and f3 are continuous and
fa(x) = f3(x), there is a U; € 7 with U; C Up such that fo(U;) € O and
f3(U1) CO. Then Fyy, CU; x OU fo CW. So for all U € 7 with U C Uy, we
have Fy C Fy, C W; showing that (Fyy)yes converges to fa in L™ (X).

To show that (Gy)yes does not converge to any element of C(Y) in L= (Y),
let us start by observing that fo, fi € F, so that gg,g1 € G. That means
goANg3 < go<gaVgsand goAgs < g1 < g2V gz Since Y is dense in 7Y, we
have g2 A g3 < go < g2V g3 and g2 A gz < g1 < g2 V g3. Now go() # 91(9), so
that g2(7) # G(3); say 42(7) < 95(9). Let a,b € R with ga() < a < b < gs(9),
and let I be the closed interval [a, b]. By the continuity of g and g3, there exists
a Vo € % with gy € VoU V] such that g2(VoU V) C (—o0,a) and g3(VoU V) C
(b,00). Now Vy € 7(7), so that Uy € T where Uy = 771(Vp). Note that if
U € J with U C Uy, then for each y € 7(U), I C Gy(y). Let g be any element
of C(Y),lete = (b—a)/2,and let W = {(y,t) € Y xR : g(y)—e <t < g(y)+¢},
which is open in Y x R. Then for every y € Y, I € W(y). That means for each
Ue Z withU C Uy, Gy € W. Since g C W, we see that (Gy)yes does not
converge to g in L~ (Y'). O

LEMMA 3.19. Lets,t € R withs < t, andleti € {0, 1}. Then for each U € Tx,
N(F,(f5, f,U)) = F;(h® AR, h* Vv B8 U).
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Proof. We only prove this for ¢ = 0 since the proof of the other case is similar.
By Lemma 3.12, there exists a Uy € Tx such that N (Fy(f%, ft,U)) = Fo(h®Aht,
h*\V ht,Uy). Since U and Uy are regular open sets, we will know that Uy = U if
we show that Uy = U. Suppose, by way of contradiction, that Uy # U.

First suppose that U\ Uy # (). Then there exists an x € U\ Uy. Let f € C(X)
with f C Fo(f*, ft,U) such that f(z) =t and f(2’) = s forall 2’ € X \U. Then
by Lemma 318, N(f)(x) = ey M(f)(e-(2)) # ey M(F*)(er(x)) = N(f*)(a).
But N(f), N(f*) C Fo(h® A h*,h® V h',Up) and Fy(h® A h*,h® V b, Up)(x) =
{h* Ah'(z)}, a singleton set; which is a contradiction.

Now suppose that Uy \ U # ). Then there exists an x € Uy \U. Let h € C(X)
with h C Fy(h® A ht,h® V R, Upy) such that h(z) = h® V hi(x) and h(z') =
h® A Rt (2") for all 2’ € X \ Up. Let f = N=(h) and f' = N=*(h® A h'). The
e M(f)(ex(x) = N(F)(x) = hlw) # h* A h(z) = N(')(z) = ey M(f")(e, ()
Now Lemma 3.18 implies that f(z) # f'(x). But f,f C Fo(f*, f*,U) an
Fo(fs, f1,U0)(x) = {s}, a singleton; which is a contradiction.

=

~—

Oa

LEMMA 3.20. For each x € X, either h'(x) increases as t increases in R, or
ht(z) decreases as t increases in R.

Proof. Let us fix x € X. This argument makes repeated use of Lemma 3.8 as
applied to N, rather than M. Since f < f!, it follows that either h?(z) < h'(z)
or h(x) > h'(z); say the former. Let s,t € R with s < t. We assume that 1 < s,
since the other cases have similar arguments. Since F(f°, f1) C F(f°, f%) C
F(f9 ), we have F(h° ARY, ROV RY) C F(RO ARS, ROV R®) C F(hO ARt ROV AY).
From the first containment, we see that h!(x) is between h°(z) and h*(x). Now
hO(z) < hY(x), so that h'(z) < h*(x). The second containment gives us h®(z)
between h°(z) and h'(x), and hence h®(z) < hf(x). But f° < f!, so that
h*(x) < h*(z). Thus h'(x) is increasing for this fixed z as ¢ increases in R. [

LEMMA 3.21. Letx € X, letr,t € R withr < t, and let ¢ € F(h" AR, A"V h!)(z).
Then there exists an s € [r,t] such that h*(x) = q.

Proof. Suppose, by way of contradiction, that for every s € [r,t], h®(x) # q.
By Lemma 3.20, we may assume that h®(z) is increasing as s increases in [r, t],
since the other case that h®(x) is decreasing has a similar argument. Let A =
{s€[rt]: h*(z) <q} andlet B= {s € [r,t]: h*(z) >q}. Clearly ANB =10
and AU B = [r,t]. Since h®(z) is increasing, h"(z) < h'(z), so that r € A
and t € B. Also since h®(z) is increasing, every element of A is less than each
element of B. Therefore, A and B are intervals, and there exists an s € (r,t)
such that either A = [r,s] and B = (s,t], or A = [r,s) and B = [s,t]. Let us
suppose that A = [r, s] and B = (s, t]. In this case we need to use i = 0, whereas
in the other case we would need to use ¢ = 1.
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Now h¥(z) < g < h'(x), so by the continuity of h* and h’, there exists an open
neighborhood Uy of z in Jx such that h®(x’) < ¢ < ht(z’) for all 2’ € Uy. Let %
be the set of U € Ix with x € U C Uy; so % is a base for x. For each U € %,
define Fiy = F(h* ARE RSV RY) MU x (=00, gl Uh®, and let F};, = N1 (Fy). This
defines nets (Fyr)o, and (F};)9 in L™ (X) over the set % directed downward by
inclusion. Since {x} x [h*(z), q] C Fy for every U € %, we see that (Fy)o, does
not converge to h® in L~ (X).

If we can show that (F7};)7 converges to f° in L™(X), then we have a con-
tradiction to the fact that N is continuous. Since f* € C(X), it does not
matter whether L~ (X) has the Vietoris topology or the upper Vietoris topo-
logy. Let W be an open subset of X x R with f* € W*. Then there exist
a Uy € % and an open interval (a,b) that contains s and is contained in [r, ]
such that U; x [a,b] € W. Now ¢ < h®(z), so by the continuity of h’, =
has a neighborhood U, € Jx contained in U; such that ¢ < h®(z’) for all
2’ € Uy. Then N(Fo(f*, f°,Us)) = Fo(h® ARY, h* v h?, Us) by Lemma 3.19. Now
Fy, C Fo(h® AR, h* VR, Us), so that FY, C Fo(f*, f°,Uz) C Uax[s,b]Uf* CW.
Then for every U € % that is contained in Uy, we have Fy; C Fy, C W, showing
that (F};)% converges to f* in L™ (X). O

LEMMA 3.22. The function ¢: X x R - X X R is a bijection.

Proof. Lemma 3.8 ensures that for each s,t € R with s # ¢, h®(x) # h'(x) for
all x € X. Therefore, ¢ is one-to-one.

For each x € X, define R(x) = |J F(h™™ AR™,h~™ V h™)(z), which is a
n=1

connected subset of R. Now Lemma 3.21 implies that ¢({z} x R) = {z} x R(x).
So it remains to show that each R(z) = R.

Suppose, by way of contradiction, that for some x € X, there exists a b € R
such that ¢ < b for all ¢ € R(z). The argument for the case that all ¢ > b is
similar, but uses ¢ = 1 instead of ¢ = 0. From Lemma 3.20, we may assume that
h'(z) is increasing as t increases in R, because if h'(z) is decreasing, the proof
is similar. Then h%(z) < b; define ¢ = b — h%(z). Let h € C(X) be defined by
h(x") = h%(2") +c for all 2’ € X. Since for each n € N, h"(z) < b = h(x), by the
continuity of A" and h, x has a neighborhood U,, € Jx such that h™(z’) < h(z')
for all ' € U,. We may choose these U, such that each U1 C U,. Observe
that for each n, Fo(h° AR™, hOVh™, U,,) C Fo(h° Ah,h°Vh,U,) € L~ (X). Define

F = U Fo(h® A h™,h° v k™, U,,), which is thus an element of L~(X). Note
n=1

that for each n, N(Fo(f°, f*,U,)) = Fo(h° A R™, h° v h™ U,) by Lemma 3.19.

Then if F/ = N~Y(F), we have for each n, Fy(f°, f*,U,) C F'. But each

Fo(f°, f*,U,)(x) = [0,n], which implies that [0,00) C F'(x), contradicting the

local boundedness of F”. O
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LEMMA 3.23. The bijection ¢: X x R — X x R is a fiber homeomorphism.

Proof. Toshow that ¢ is continuous, let (x, s) € X xR, let U be a neighborhood
of z, and let (a,b) be an open interval containing h*(z). By Lemma 3.20, we
may assume that h'(z) increases as t increases in R, because if h(x) decreases,
the proof is similar. Let p,q € R be such that a < p < h¥(z) < ¢ < b. By
Lemma 3.21, there exist r,t € R with »r < s < t such that h"(z) = p and
ht(z) = q. Since a < h"(z) and h'(x) < b, by the continuity of A" and h', x
has a neighborhood Uy contained in U such that h"(Uy) C (a,00) and ht(Upy) C
(—00,b). Now let (z/,s') € Uy x (r,t). Then a < h"(z') < h¥ (z') < h'(2’) < b,
so that h*' (') € (a,b). Therefore, Uy x (r,t) is a neighborhood of (z,s) and
¢(Uy x (r,t)) CU x (a,b). This shows the continuity of ¢.

To show that ¢! is continuous, let (z,s) € X x R, let U be a neighborhood
of x, and let (a,b) be an open interval containing s. Again, we may assume
that h'(z) increases as t increases in R. Let p,q € R be such that h®(x) <
p < h*(z) < ¢ < h®(x). By the continuity of h* and h®, x has a neighborhood
Up contained in U such that h%(U) C (—oo,p) and h®(Uy) C (g,00). Now let
(x',s") € Uy X (p,q). By Lemma 3.21, there exits a ¢ € R such that ht(z') = s'.
Then h%(2') < p < hi(z') < ¢ < h®(2’), which implies that @ < t < b, and
hence (z',t) € U x (a,b). Therefore, Uy X (p, q) is a neighborhood of (z, h*(x))
and ¢~ 1(Uy x (p,q)) € U x (a,b). This shows the continuity of ¢~*. Now it is
evident that ¢ is a fiber homeomorphism. O

Now since ¢ € FH(X), we know from Proposition 3.2 that ¢ induces an
ordered homeomorphism ¢*: L~ (X) — L™ (X).

LEMMA 3.24. The ordered homeomorphism ¢* is equal to the ordered homeo-
morphism N.

Proof. The Extension Theorem 1.5.1 implies that two ordered homeomor-
phisms from L~ (X) onto L™ (X) are equal if they agree on C(X). So let
fe€C(X) and let z € X. Then ¢*(f) = ¢(f), where the second f is equal to its
graph in X xR. Now ¢(f)(x) = h/®(z) = N(F7)) () = (%)~ M(f/@))(z) =
ey M (f7®)(e,(z)). But since f/®)(z) = f(x), we have Lemma 3.18 implying
that ey M(f/"))(er(x)) = ey M(f)(er(2)) = (r*) ' M(f)(z) = N(f)(x), show-
ing that ¢* = N. O

So Lemma 3.24 gives us our factorization M = 7*¢*. For the uniqueness of
this factorization, we have the following.
LEmMMA 3.25. If y,» € LROC(X,Y) and ¢1,¢92 € FH(X) are such that
T Q1 = Ty 3, then 1 = 75 and ¢7 = ¢;5.

Proof. Now 77¢} = 75¢5 implies that (75)~ 11 = ¢5(¢F) " = ¢5(p;1)* =
(p27')*. Let t be any element of R. Then 75 (f!) = #1(f!) = ey érex(f?).
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Since f! is the constant ¢ function on X, ex(f*) is the constant ¢ function on
7X. Also é.ex(f*) is the constant ¢ function on 7Y, and hence 77 (f*) is the
constant ¢ function on Y’; call this last function g;. Now (75)71(g;) = f! by the
same reasoning. Therefore, for each t € R, (¢op7)*(f!) = f*, which says that
p2¢7 " is the identity map on X x R. Thus ¢5(¢5) ™" = (pag; 1)* is the identity
map on L~ (X). Therefore, ¢ = ¢3, and it follows that 71 = 7. O

This shows that M can be uniquely factored as M = 7*¢* where 7 €
LROC(X,Y) and ¢ € FH(X). Similar arguments also show that M can be
uniquely factored as M = ¢*7* where 7 € LROC(X,Y) and ¢ € FH(Y).
These lemmas now complete the proof of the Factorization Theorem 3.3.

We end by considering some questions that we frame in terms of three open
ended problems.

ProBLEM 1. To what extent can these results for L~ (X) be generalized to
spaces of lower semicontinuous set-valued maps with nonempty compact convex
images in a separable Banach space?

PROBLEM 2. Can one characterize various topological properties of L~ (X) in
terms of properties of X? For example, it is known that L(X) is metrizable if
and only if X is compact and metrizable ([11]). Is the same true for L™ (X)?

PrROBLEM 3. We have a characterization of the bimonotone homeomorphisms
between C'(X) and C(Y). Can one understand the general homeomorphisms
between C'(X) and C(Y), and is this somehow related to homeomorphisms be-
tween L~ (X) and L™ (Y)?
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