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OSCILLATION OF HIGHER ORDER NEUTRAL
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ABSTRACT. Sufficient conditions are obtained so that every solution of the
neutral functional difference equation
A™(yn 7pnyf(n)) + qnG(ya(n)) - unH(ya(n)) = fn,
oscillates or tends to zero or 0o as n — 0o, where A is the forward difference
operator given by Az, = Tp+1 — Tn, Pn, ¢n, Un, fn are infinite sequences of
real numbers with ¢, > 0, up, > 0, G,H € C(R,R) and m > 2 is any positive
integer. Various ranges of {pn} are considered. The results hold for G(u) = u,
and f, = 0. This paper corrects, improves and generalizes some recent results.
©2010

Mathematical Institute
Slovak Academy of Sciences

1. Introduction

In this paper, sufficient conditions are obtained, so that every solution of

Am(yn - pny-r(n)) + QnG(ya(n)) - unH(ya(n)) = fns (1~1)
oscillates or tends to zero or oo as n — oo, where A is the forward difference
operator given by Az, = Tp11 — Tpn, Pn, Gn, Un and f, are infinite sequences of
real numbers with ¢, > 0, u,, > 0, G, H € C(R,R). Further, we assume {7(n)},
{o(n)}, and {a(n)} are monotonic increasing and unbounded sequences such
that 7(n) < n, o(n) <n and a(n) < n for every n. Different ranges of {p,} are
considered. The positive integer m > 2, can take both odd and even values.

If [z] denotes the greatest integer less than or equal to the real variable x then
for any positive integer n, 7(n) = [n/3] is an non-decreasing and unbounded
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sequence of integers less than n. In this case, note that, there does not exist
any positive integer k for which 7(n) = n — k. Hence our results generalize
the corresponding results done for (1.1) when 7(n) = n — k. Then think about
the inverse 771 of the function 7. Of course it always exists as a relation, but
not necessarily as a function, because it may not be single valued. Hence if we
define 7_1(n) = min{r~*(n)} then 7_; is a function such that 7(7_1)(n) = n.
However, 7_1(7(n)) # n for every n. Hence, whenever, we require this condition
we have to assume 7(n) is strictly increasing. Then of course 7~ would exist as
a function and 771(7(n)) = n. But in that case the utility of taking 7(n) in place
of n — k is reduced, because, it seems difficult to find an example of a strictly
increasing and unbounded function 7(n) other than of the form 7(n) =n —k
where, k is a positive integer.
In the sequel, we shall need the following conditions.

HO) G is non-decreasing and zG(z) > 0 for x # 0.
H1) liminfo(n)/n > 0.
n—0o0
H2) H is bounded.
H3) liminf 9" > § > 0.

|v] =00

(
(
(
(

(H4) >° n™2q, = oo for m > 2.
n=0

(H5) > n™ lu, < .

n=0
(H6) > n™ lq, = co.
n=0

(H7) There exists a bounded sequence {F,} such that A™F, = f,, and
lim F,, = 0.

n—o00

(H8) There exists a bounded sequence {F),} such that A™F,, = f,.

We assume that p, satisfies one of the following conditions in this paper.

_Oo<_b2§pn§0-
A7) 1< p, < by < 0.

Note that, the parameters b, by, b2 used in the conditions (A1)—(A7), are positive
constants. Further note that we do not need the condition “zH (z) > 0 for x # 0”
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in the proofs of our results, however, one may assume that for technical reasons,
to make (1.1), a neutral equation with positive and negative coefficients.

In recent years, several papers on oscillation of solutions of neutral delay
difference equations have appeared; (cf. [1, 2], [11]-[22]) and the references cited
therein. In literature we find that (1.1) is very rarely studied. We may note that
(1.1) is the discrete analogue of the equation

(y() = pBy(r ()™ +a(OG(y(g(1) —u® Hy(h() = f(B).  (1.2)

We feel, even (1.2) is not studied much for m > 2. The equation (1.1) reduces
to

A"™(Yn = Pn¥Yn—k) + @G (Yn—1) = unG(Yn—r) = fn, (1.3)
forr(n)=n—k,on)=n—1,a(n) =n—r.
Recently, in [14, 15] the authors obtained the oscillation and non-oscillation
criteria for oscillation of

A(WYn = Pr¥n—k) + @G WYn—1) — unG(Yn—r) = fn. (1.4)

The same equation (1.4) with several delay terms, under the restriction G(u) = u,
is studied in [16]. In [17] the authors have obtained oscillation and non-oscillation
results for (1.4) under restrictions G(u) = w and f, = 0. Sufficient conditions
for oscillation of

Am(yn - pnyn—k) + QnG(yn—l) = fu, (15)
are obtained in [19]. In that paper, p,, is confined to (A2) only and G is restricted

with a sublinear condition
+c
/ du
G(u)
0
In [21] the authors studied
A™(Yn = Pr¥Yn—1) + @nyn_1, = 0, (1.7)

where a < 1, is a quotient of odd integers and p,, satisfies (A1) or (A2). They
obtained the sufficient conditions of oscillation of (1.7) under the conditions

< 0. (1.6)

[oe]

3 guln— k) = o0 (1.8)
n=mno
and
Y an(t 4 pp) Y = o0, (1.9)
n=ngo

and presented the following results.
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THEOREM 1.1. ([21, Theorem 2.1])

(a) Let m be even. If —1 < p, <0 and (1.9) hold, then all solutions of (1.7)
are oscillatory.

(b) Letm be odd. If (A2) and (1.8) hold then every solution of (1.7) oscillates
or tends to zero as n — o0o.

THEOREM 1.2. ([21, Theorem 2.2]) If (A1) and (1.8) hold then every solution
of (1.7) oscillates or tends to zero as n — 0.

We may note that, for m > 2, (H4) implies (H6) and if v < 1 then (1.8) implies
(H4) for m > 2~%. Further, all the equations, (1.3)(1.5) and (1.7) are particular

cases of (1.1). The results in [19, 21] do not hold for a class of equations, where

G is either linear or super linear, i.e.; for example when G(u) = u or G(u) = u?.

Here in this paper an attempt is made to fill this existing gap in literature and
obtain sufficient conditions for oscillation of solutions of a more general equation
(1.1) under the weaker conditions (H4) or (H6). Moreover, we observe that the
existing papers in the literature do not have much to offer when p,, satisfies (A4),
(A6) or (AT7). In this direction we find that, the authors in [12] have obtained
sufficient conditions for the oscillation of solutions of the equation

A" (Yn — PrYn—k) + @nG(Yn—r) = 0, (1.10)
with (A4) or (A7) and have the following results.

THEOREM 1.3. ([12, Theorem 2.6]) Let p,, satisfy (A7). If the condition

> g =00, (1.11)

n=no
holds, then the following are valid statements.
(i) Every solution of (1.10) oscillates, if m is even.

(ii) Ewvery solution of (1.10) oscillates or liminfy,, = 0 if m is odd.
n—oo

THEOREM 1.4. ([12, Theorem 2.7]) Let p,, satisfy (A4). If (1.11) holds then
the following statements are true.

(i) Ewvery solution of (1.10) oscillates for m even.

(ii) FEwvery solution of (1.10) oscillates or tends to zero as n — oo if m is odd.
Unfortunately, the following example contradicts the above theorems of [12].

Ezxample 1.1. Consider the neutral equation
A™ (g~ Ago1) +473 g3y =0, (1.12)

where m may be any odd or even integer. Here, p, satisfies (A4) and (A7).
Clearly, (1.12) satisfies all the conditions of Theorems 1.3 and 1.4. But, (1.12)
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has an unbounded positive solution y, = 2" which tends to oo as n — co. Thus,
this example contradicts Theorems 1.3 and 1.4. Here, G(u) = u'/3, is sublinear.
This example further establishes that the results of [19, 21] do not hold when
pr is in (A4) or (AT).

The authors of the papers [12, 19, 21] have studied sub-linear equation, and
their results do not hold for linear or super linear equations (i.e. (1.5) satisfying
(H3) or (1.7) with @ > 1). In this paper we study (1.1) with p,, in all possible
ranges and the neutral equation (1.5), as a particular case of (1.1), could be
linear or super-linear. Our results hold good for G(u) = u, f, =0 and u,, = 0.
The last but not the least, this paper corrects, generalizes and improves some of
the results of [11, 12, 14, 16, 17, 19, 21].

Let N7 be a fixed nonnegative integer. Let Ny = min{7(N1),o(N1), a(N1)}.
By a solution of (1.1) we mean a real sequence {y,} which is defined for all
positive integer n > Ny and satisfies (1.1) for n > N;. Clearly, if the initial
condition

Yn = Gn for Ng <n < Ny, (1.13)
is given then the equation (1.1) has a unique solution satisfying the given initial
condition (1.13). A solution {y,} of (1.1) is said to be oscillatory if for every

positive integer ng > Ni, there exists n > ng such that y,y,+1 < 0, otherwise
{yn} is said to be non-oscillatory.

2. Some lemmas

In this section we present some lemmas that would be used for our results in
next section. The following lemma which can be easily proved, generalizes [11,
Lemma 2.1].

LEMMA 2.1. Let {f,}, {qn} and {p,} be sequences of real numbers defined for
n > Ng > 0 such that

fn:(Jn_anT(n)a n > Ny > Ny,

where T(n) < n, is member of a monotonic increasing unbounded sequence.
Suppose that p,, satisfies one of conditions (A2), (A3) or (A5). If g, > 0 for
n > Ny, liminfq, =0 and lim f, = L exists then L = 0.

n—oo n—oo

LEMMA 2.2. ([3, 12]) Let z, be a real valued function defined for n € N(ng) =
{no,no+1,...}, ng >0 and z, > 0 with A™z, of constant sign on N(ng) and
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not identically zero. Then there exists an integer p, 0 < p < m — 1, with m+p
odd for A™z, <0 and (m + p) even for A"z, > 0, such that

Alz, >0 for n>mng, 0<i<p,
and
(—1)PT Az, >0, for n>ng, p+1<i<m—1.
DEFINITION 2.1. Define the factorial function (cf. [8, page 20]) by
n® =nmn-1)...(n—k+1),
where k <n and n € Z and k € N. Note that n*) =0, if k > n.

Then we have
An®) = fpk=1) (2.1)

where n € Z, k € N and A is the forward difference operator. One can show, by
summing up (2.1) that

n—1

1
(k) _ B+ _ o (k1)
ICERNC ) 22
holds. Now set
1, k=0
b m) =4 S5 b (), keN. (2:3)

j=m

Here, we evaluate by by recursion. Clearly, for k = 1 in (2.3), we have

m)y=> by(nj)= 1=(n+1-m)=mn+1-m".
j=m j=m
By (2.2) and for k = 2 in (2.3), we get

bo (n,m) = Zbl(nj Z (n+1-— (1)
j=m j=m

n+l—m 1 1 1
= ; i(l)zz(n+2—m)(2)—21(2):2(n+2—m)(2).

Note that 1) = 0. By (2.2) and for k = 3 in (2.3), we get

b (n,m) sz n, j) Z (n+2- 5%
j:m

1 n+2—m 1 1
=, Z i(z):6 [(n+3—m)(3)—2(3)} = 4 (n+3-—m)® .
i=2 :
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Using a simple induction, we obtain

bi (n,m) = n+k— m)(k) . (2.4)

k! (
LEMMA 2.3. Let p € N and x(n) be a non oscillatory sequence which is positive
for large n. If there exists an integer po € {0,1,...,p — 1} such that APow (c0)
exits (finite) and Atw (o00) =0 for alli € {po+1,...,p—1}. Then

APw(n) = —z(n), (2.5)
implies

(_1)1?—;00—1 &

Dot —po—1=n)" (i)

APow(n) = APow (c0) +

(p—po— 1! &= ’
(2.6)
for all sufficiently large n.
Proof. Summing up (2.5) from n to oo, we get
APl (00) — AP hw(n) = =Y x (i),
or simply
APw(n) = x (i) =D b (i,n)z (i) (2.7)
Summing up (2.7) from n to oo, we get
0o oo oo J
AP Pw(n) = AP 2w (00) = Y bo (i) () = =D D bo (G.i) @ (j)
i=n j=t j=ni=n
==Y bimz() ==Y bi(n)z(). (2.8)
j=n i=n
Again summing up (2.8) from n to oo, we obtain
APPw(n) =) Y bi(i )z (D) =) ) bi(i.g)z (i)
Jj=mni=j i=n j=n
= by(i,n)z(i).
By the emerging pattern, we have
Aw(n) = (=173 byj1 (i,n)x (i), j€{po+1,...p—1}.
367
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Then by letting j = pg + 1, we get
APOFly(n) = (—=1)PP0—2 i by—po—2 (i,n) z (i) . (2.9)
Summing up (2.9) from n to co and arran;ing we get
APop(n) = APow (o0) 4 (=1)P P! i byp—py—1 (i,n) z (i) . (2.10)

From (2.4) and (2.10) it follows that

(_1)17*170*1 0

(p—Po—l)!Z@_"p—Po—l—n)

1=n

APow(n) = APow (00) + (P=po=1) 4 (4) .

Hence the Lemma is proved. O

LEMMA 2.4. If {w,} is a sequence of real numbers such that A*w, > 0 for
i=0,1,2,...p, and AP w, < 0, for n > ng, p > 1, then there exists a scalar
L > 0 and a positive integer ny such that n > ny implies w, > LnP~1.

Proof. From the given conditions, it is clear that, AP~ 1w, is increasing. Hence,
we can find n; > ng and a scalar A > 0 such that n > n; implies

APy, > A. (2.11)
Choose k > ny + 1. Then summing (2.11) from n = ny to k — 1, we obtain
APy, > A(k —ny),

for k > ny+1. First taking n > n,42 and then summing up the above inequality
from k =n; +1 ton — 1 we obtain

AP 3y > A(n — ”1)(2)
n 2 b

for n > n; +2. Continuing the above iteration p — 3 times more and using (2.2),
we easily find
A(n —nyp)®P—1

(-1t
for n > ny 4+p—1. Since n(") > (n—r+1)", it follows from the above inequality
that

Wy, >

Aln —ny — p—1
w, > (n—n1—p+2) 7
(p—1)!
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p—1

forn > ny+p—1. Clearly, lim (1— ("1+np_2) = 1. Hence for any 1 > ¢ > 0,

n—o0
we can find ny > n; + p — 1 such that n > ng implies

_9)\P!
1_E<<1_(n1+p )) <l+e.
n

Choose 0 < L < 1), = B such that £ 5 < 1—¢e. Hence, for n > ny we obtain
wy, > LnP~ 1. O
Remark 2.1. Suppose that {w,} is a real sequence and L is a positive scalar
and defined as in Lemma 2.4. If {z,} is a sequence, which satisfies the condition

that 2z, > w, —¢e for n > n3 > ng, where € > 0 is any preassigned arbitrary
positive number, then there exists a positive scalar C' < L and a positive integer

1
ng > max((Lfc)vfl,ng) such that n > ny implies z, > CnP~!.

LEMMA 2.5. ([9]) If > u, and > v, are two positive term series such that

lim (“”) —1,
n—oo \ Uy,

where | is a non-zero finite number, then the two series converge or diverge
together. If I = 0 then > v, is convergent implies the convergence of > uy. If
[ = oo then Y v, is divergent implies the divergence of > .

Remark 2.2. Since (n—7r+1)" < n("”) < n” for r < n, the following conclusions

follow directly from Lemma 2.5.

(i) (H4) holds if and only if > (n —mng+m —2)("™ g, = co

n=ngo

(ii) (H5) holds if and only if > (n —ng +m — 1) Dy, < oco.

n=no

(iii) (H6) holds if and only if . (n —mng+m — 1) Vg, = oo

n=no

Remark 2.3. If the condition ‘ Z nm1f, ’ < oo is satisfied, then (H7) holds.

Indeed, using Lemma 2.5 and Remark 2.2, we define

oo

(G—n4+m-1)mVf.

Then A™F,, = f, and hm F, = 0. We may observe that, (H7) implies (HS).
Further, (H7) implies and is 1mphed by the following condition

there exists a bounded sequence {F,,} such that
A™F, = fn,and lim F, =
n—oo
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In fact, the implies part is obvious. Conversely, if lim F,, = n # 0, then we
n—oo
may put L, = F,, —n. Then le L, =0and A™L,, = f,. Hence (H7) holds.

Before we state and prove our last lemma in this section we have to prepare
some ground work for the purpose. In order to move in that direction, let y = y,,
be an unbounded non-oscillatory solution of (1.1) for n > Nj. Define for n > ny,

Further, assuming that (H2) and (H5) hold, we define for n > ng
_ =y i(z —n+m—1)""VuH(y,m) (2.13)
n = (m_1)| : % Ya(i))- .
Then,
Aan = —unH(ya(n)). (2.14)
Set,
Wy, = zp + 1, — F,,. (2.15)

Now we state our lemma.

LEMMA 2.6. Suppose that p,, satisfies the condition (AT7). Assume that there
exists a positive integer k such that T(n) = n — k. Let (H0)-(H3), (H5)-(HT7)
hold. Then for every non-oscillatory solution y, of (1.1) with z,, T,, and
wy, defined as in (2.12), (2.13) and (2.15) respectively, either lim w, = 0 or

n—oo

lim w, = —oo.
n—oo

Proof. Let y, be an eventually positive solution of (1.1) for n > ng > Nj.
Then for n > ng, using (2.12)—(2.15) in (1.1), we obtain

A" w, = _QHG(yU(n)> <0. (2‘16)

Hence wy,, Aw,, A%w,, ..., A™ 1w, are monotonic for n > n; and of one sign.
From (2.13) it follows, due to (H2), (H5), Lemma 2.5 and Remark 2.2, that

T, —0 as m — 00. (2.17)
Consequently,
lim w, = lim z, = A, (2.18)
n—oo n—oo

where —oo < A < oo. By the method of contradiction, we show that A\ # oc.
Suppose that A = co. Then w,, > 0 and Aw,, > 0 for n > n;. Due to (2.16) and
Lemma 2.2, it follows that there exists ny > n; and an integer p, 0 < p < m —1,
m — p is odd, such that n > ns implies

Alw, >0  for i=0,1,2,...,p,

IOV . (2.19)
()™ A, >0 for i=p+1,p+2,...,m— 1
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Hence lim APw, =1, exists and lim Aw, =0fori=p+1,p+2,...m — 1.

n—oo n—oo

If p =0, then 0 < A < o0, a contradiction. Hence 1 < p < m — 1. Applying
Lemma 2.3 to (2.16), we obtain for n > ng

_1ym—p—1
((m1—> p_ 1y 2T m=p = DTG ). (2:20)

1=n

APw, =1+

This implies

Z(z —n+m-—p-— 1)(m*p*1)in(yU(i)) < 00, for n > no. (2.21)

i=n

In view of Lemma 2.5 and Remark 2.2, we have

> i PTG (Yos)) < 00 (2.22)
i:ng
From this, it follows, due to (H6), that liminf(G(y,(n))/n?) = 0. Hence
n—0o0
lim inf(y,(ny/nP) = 0, by (HO) and (H3). As ILm o(n) = oo and by (H1),
n—oo n oo
o(n) > n for large n, we obtain liminf(y, /n”) = 0. Due to Lemma 2.4, we
n—oo

can find My > 0 such that w, > MnP~! for n > ng > ny. For any 0 < ¢, from
(2.15) it follows due to (H7) and (2.17) that z,, > w,, — ¢ for large n. From this,
it follows, again by Remark 2.1 that there exists M;, with 0 < M; < My, and
Yn — Pn¥r(n) > MinP~! for n > ny > ng. That is

Yn > Yr(ny + MinP~1, >y, (2.23)
due to (A7). Let,

(p—2)k

Ny > max{ 3

,n4}, M = min{y, : No <n < N+ k}

and

0 < B < mi M M,
min .
(No + k)p’ ka’

Define, for n > Ny,

p . . .
(My = ppk)nP~" + 8 3 (=1) (B)k'nP ™", p>2
=2
My — ,Bk’, p=1.

A(n) =
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If p is odd, then we may write

ii(—l) ( )k’np i [@) K2nP-? (1;) kgnp_g}
[ )er]
el 1))

to obtain

because

p kinP~—i > p Litl,p—i—1

) 141 ’

nonf P p :(p‘—l)k
1+ 1 1+ 1

fori=2,4,...,p— 1. Further, n > Ny implies that

=2k _(p—4k Kk
3 5} P

if and only if

n > Ny >

If p is even then we put the terms in pair as above with the last single positive
term (—1)1’(2)1513. Thus A(n) > 0 for n > Ny. Since y,, > M for Ny < n < No+k
and B(Ng + k)P < M, then y,, > BnP for Ny <n < Ny + k. Since 7(n) =n — k,
then No + k < n < Ny + 2k implies Ny < 7(n) < Ny + k. Using (2.23), we
obtain, for Ng + k <n < Ny + 2k,
Yn > Yr(n) + MinP~! > B(7(n))P + MyinP~!
> B(n — k)? + Myn?~ > g,

because, for p > 2,

BnP < A(n) + BnP = (My — pBk)nP~" + B[(n — k)P — n? + pkn?~'] 4 BnP
= Min"~' 4 B(n — k)?,

and for p = 1, fn < A(n) + Bn = My + B(n — k). Proceeding as above we
have y, > fnP for n > Ny. Hence lirginf[yn/np] > B > 0, a contradiction.

Thus, A # oo. If A # —oco then A is finite. This implies (—1)™T*Aw, < 0
372
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fori=1,2,...,m—1, and lim A'w, =0,i=1,2,...,m — 1. Then applying

n—oo
Lemma 2.3 to (2.16), we obtain
(D" (m—1)
W, =\ + (m 1) d(i—n+m-1) 4G (Yo(i))s (2.24)

for n > ny, where ny is some large positive integer. Thus,
1 . _
(m —1)! Z(z —n+m— 1)(m 1)q¢G(ya(i)) < 0, n>ni. (2.25)
=n

Using Lemma 2.5 and Remark 2.2 in the above inequality, we obtain
o0
Zim_lin(yU(i)) < 00, n>ni. (2.26)
i=n

From this, it follows, due to (H6), that lilg inf G(y,)= 0, and hence lilg inf y,= 0,
by (HO). Then application of Lemma 2.1 yields lim z, = 0. Thus lim w, =0,

n—oo n—oo

by (2.18). Hence the lemma is proved. The proof for the case when y, < 0
eventually, is similar. O

3. Sufficient conditions

In this section, we present the results to find sufficient conditions so that
every solution of (1.1) oscillates or tends to zero as n — co.

THEOREM 3.1. Let m > 2. Suppose that, p, satisfies one of the conditions (A1)
or (A2). If (HO)—(H5) and (H8) hold, then every unbounded solution of (1.1)
oscillates.

Proof. Let y = y, be an unbounded non-oscillatory solution of (1.1) for
n > Ny. Then y, > 0 or y, < 0. Suppose y, > 0 eventually. There exits
a positive integer ng, and y, > 0, yr(n) > 0, Yon) > 0 and yq() > 0 for
n > ng > Ni. Using the assumptions (H2) and (H5), for n > ng, we set zj,,
T,, and w,, as in (2.12), (2.13), and (2.15) to obtain (2.14) and (2.16). Hence
Wn, Awy,, ... A™ 1w, are monotonic and of one sign for n > n; > ng. Then
lim w, = A\, where —oo < A < 4o00. From (2.13) it follows, due to (H2), (H5),

n—0o0

Lemma 2.5 and Remark 2.2, that (2.17) holds. Since y,, is unbounded, there
exists a subsequence {y,, } such that

Yn,, — 00 as k — oo,

and
y(ni) = max{y, : n1 <n < nit. (3.1)
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We may choose ny, large enough so that 7(ny) > ny, o(ng) > n1 and a(ng) > n;.
Then from (2.17) and (H8) it follows that, for 0 < &, we can find a positive integer
ny such that k > ny > ny implies |T),, | < € and |F,, | < 7, for some constant
~v > 0. Hence for k > ng, if (A1) holds, then we have

Wy, > yﬂk(l _p) —&€—-7-
Similarly, if (A2) holds, then for k > no, we have

Wny, Zynk,_g_’)/-

Taking £k — oo, we find lim w, = oo, because of the monotonic nature of
n—oo

wy,. Hence w, > 0, Aw, > 0 for n > ny > ny. Since A™w, # 0 and is in
negative, it follows from Lemma 2.2 that there exists a positive integer p such
that m —p is odd and for n > ng > ny, we have AJw,, > 0 for j =0,1,...,p and
Aw, AT, <0for j =p,p+1,...,m—2. Then lirr;O APw,, = [ (finite) exists.

n—
Hence p > 1. Applying Lemma 2.3 to (2.16), we obtain (2.20). Consequently
(2.21) and then (2.22) follows due to Lemma 2.5 and Remark 2.2. Because of
(H4), the inequality (2.22) yields

G g(n
lim inf (v ( )>

n—o00 np—1

:O’

for n > n3. Then we claim lim inf i’;(,f = (. Otherwise, there exists ng > ns

n—o0
and v > 0 such that n > ny implies Yy () > ynP~t. By (HO) and (H3), we
obtain Ggp",“f)) > ~v6 > 0, for n > ny, a contradiction. Hence our claim holds.

Next, we assert

liminf 7" =o0.
n—oo MP—1

Otherwise, there exists ny > n3 and v > 0 such that n > n4 implies ny” > > 0.

p—1
As lim o(n) = oo, we can find ns > ny such that o(n) > ny for n > ns. Then
n—oo

(f")(;fll > «y for n > nz. Due to (H1), we find ng and a positive scalar p such

that n > ng > ns implies o(n) > un. Consequently, for n > ng, we have

Yo(n) > v(un)P~1. Hence ?;’l‘;(,"f > ypP~1 > 0, for n > ng, a contradiction. Thus

our assertion that liminf Y, = 0, holds. Since p > 1, due to Lemma 2.4, we
n—oo

can choose B > 0, such that
w,, > BnP~! for n>ng>ng+p—1.
Thus,
liminf /" = 0. (3.2)

n—oo Wy,
Set, for n > ny,
* wT(n)

Pp = DPn W
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It is clear from (H8), (2.17) and lim w, = oo, that
n—0o0

Fn_Tn
lim( )

n—o00 Wn,

=0.

Then we have

. [Wnp
1= lim }
n—oo LW,

i [Yn — PnYr(n) — (Fn - Tn):|
= lm

n—00 | W, (3 3)
— lim Yn . PrYr(n) o (Fn - Tn):|

n—=00 | Wp wT(n) W,
~ i [Y7 p;’lyn}
= lim — .

n—oo Lwy, W,

W (n,

Since {w,} is a increasing sequence, then wn) < 1. If p, is defined as in
(A1) then 0 < p! < p, < b < 1. However, if p,, is defined as in (A2) then
0 > p¥ > p, > —b > —1. Hence it is clear that if p,, satisfies (A1) or (A2) then
p; also satisfies (A1) or (A2) accordingly. Hence use of Lemma 2.1 yields, due

0 (3.2), that

lim {yn — p;yT(n)} =0,

n=00 | Wny, Wr(n)
a contradiction to (3.3). Hence the unbounded solution {y,} cannot be eventu-
ally positive. Next, if y,, is an eventually negative solution of (1.1) for large n

then we set z,, = —y, to obtain z,, > 0 and then (1.1) reduces to
A™ (xn — pnibT(n)) + qné(x,,(n)) — unﬁ(:z;a(n)) = fn, (3.4)
where
fo=—fn, G)=-G(—v) and H(v)=—H(-v). (3.5)
Further,
F,=-F, implies A™(E,) = fp. (3.6)

In view of the above facts, it can be easily verified that the following conditions
hold.

(HO) G is non-decreasing and xG/(x) > 0 for = # 0.
(H2) H is bounded.
(F3) liminf ¢ > 5> 0,

|[v| =00
(H8) There exists a bounded sequence {F,} such that A™(F,) = f,.

Proceeding as in the proof for the case y,, > 0, we obtain a contradiction. Hence
Yn is oscillatory and the proof is complete. O

The following example illustrates the above theorem.

375

Unauthenticated
Download Date | 2/3/17 9:25 PM



R. N. RATH — B. L. S. BARIK — S. K. RATH

Example 3.1. The neutral equation

1
A (yn = 1) + 13502 =0 (3.7)

satisfies all the conditions of Theorem 3.1. Hence, all the unbounded solutions
are oscillatory. As such, y, = (—2)", is an unbounded solution, which oscillates.
But the results of [19, 21] cannot be applied to this equation, because G(u) = u
is linear.

THEOREM 3.2. Let m > 2. Suppose that, p, satisfies one of the conditions
(A1)—(A4). If (HO) and (H5)—(H7) hold, then every bounded solution of (1.1)
oscillates or tends to zero as n — 00.

Proof. Let y = y, be a bounded solution of (1.1) for n > Nj. If it oscillates
then there is nothing to prove. If it does not oscillate then y, > 0 or y, < 0
eventually. Suppose y,, > 0 for large n. There exists a positive integer ng and
Yn >0, Yrtn) > 0, Yon) > 0 and yony > 0 for n > ng > Ny. Set z,,T,, and
wy, as in (2.12), (2.13) and (2.15) respectively, to obtain (2.14) and (2.16). Note
that 7;, is well defined due to the boundedness of y,, and satisfies (2.17). Then
Wp, Awy, ..., A™ 1w, are monotonic and of one sign for n > n; > ng. Since y,
is bounded, z, and w,, are bounded. Using (2.17), (H7) and monotonic nature
of wy, we obtain lim z, = lim w, = A, which exists finitely. Then applying

Lemma 2.3 to (2.1%)70\;/(3 obta;;(o2024). Consequently (2.25) and (2.26) hold. The
inequality (2.26), due to (H6) yields linnigf G(Yo(n)) = 0. Since nl;rrgo o(n) = oo,
it can be easily shown that liminf G(y,) = 0. This implies due to (HO) that
liminf gy, = 0. From Lemma gjfoit follows that lim z, = 0. If p, is in (A1)
then "

0= lim z, = limsup(yn — PnYr(n))

n—00 n—00
> lim sup y,, + lim inf(—=p,y;(n))
n—00 n—00
> (1 —b)limsupy,.

n—oo

This implies limsupy, = 0. Hence y,, — 0 as n — oco. If p,, is in (A2) or (A3)

n—oo

then, since y, < z,, it follows that y, — 0 as n — oco. If p,, satisfies (A4), then
Zn < Yn — bayr(n). Hence, it follows that
0 = liminf 2, < lim infly, — bay(n)]
n—oo n—oo

< limsup y,, + Hm inf[—bay/r ()]
n—oo

n—o00

= (1 — by) imsup yy,.

n—oo
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Then limsupy, = 0. Thus, lim y, = 0. If y,, is eventually negative for large
n—o0o n—00
n, then we may proceed with x,, = —y,, as in the proof of the Theorem 3.1 and

note that, x, is a positive solution of (3.4) with (3.5) and (3.6). Moreover, the
condition (HO) along with the following one holds.

(H7) There exists a bounded sequence F,, such that
A™F, = f, and lim F, =0.
n—oo
Then proceeding as above, we prove le Yyn = 0. Thus the theorem is proved.
n oo

0

Remark 3.1. The above theorem holds when G is linear, super linear, or sub-
linear.

Next, we give few examples to establish the significance of our results.

Ezxample 3.2. Consider the neutral equation
1
A™ <yn o 2yn—1> 4 nfmy,(f,g _ n7m204(277’b)’ (38)

where m > 2, « is a positive rational, being the quotient of two odd integers.
Here, p, = ;, satisfies (A1) and g, = n~™, f, = n~™2°C=")_ Tt is clear that

oo
Z ™, < co.

n=no

Hence by Remark 2.3, it follows that
g D7 i(ﬂ' Cn ot — 1)) jmmga(e—)
" (m=1)! =

Obviously, |F,| < co. Hence the equation (3.8) satisfies all the conditions of
Theorem 3.2. Hence every bounded non-oscillatory solution tends to zero as
n — oo. In particular y, = 27" is a solution of (3.8), which tends to zero as
n — oo. If @ > 1, then (3.8) does not come under the purview of the results in
[19, 21], hence those results fail to deliver any conclusion. Further, even if o < 1
then m > 2 implies m — am + « > 1. This further implies (1.8) does not hold.
Hence Theorem 1.2 cannot be applied to (3.8). Thus Theorem 3.2 along with
Theorem 3.1 of this paper improves and generalizes Theorem 1.2.

Ezxample 3.3. Consider the neutral equation

1
o (yn+ y> ey, = (<) g pmmgeen) (3)

2
where m > 2, « is a positive rational, which is the quotient of two odd inte-
gers. Here, p, = —), satisfies (A2) and ¢, = n™™, f,, = (-1)m2 "™+ 4
377
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n~m20(2=n)  Fasily, we can verify that, > n™ 'f, < oo and the equa-
n=ng

tion (3.9) satisfies all the conditions of Theorem 3.2 for (A2). Hence y,, =2 " is a
solution of (3.9), which tends to zero as n — oo. If &« > 1, then results of [19, 21]
cannot be applied to (3.9). Further, if & < 1 then neither Theorem 1.1(b) nor
[19, Corollary 3] can be applied, because (1.8) does not hold. Thus Theorem 3.2
along with Theorem 3.1 of this paper improves and generalizes Theorem 1.1(b)
and [19, Corollary 3].

Example 3.4. Consider the equation

1 « —n—
A4(yn> + 7’L4 Yn—1 = 2 ! + ) (310)

where « is a positive rational, being the quotient of two odd integers. Here,
pn = 0, satisfies (A1) and (A2) and g, = %, fn =274+ 2o

i nd - It is easy

to verify that > n3f, < oo and equation (3.10) satisfies all the conditions
n=ngo

of Theorem 3.2 for (A2). Hence y,, = 27" is a solution of (3.10), which tends

to zero as n — oo. If a > 1, then the results of the papers [19, 21] cannot be

applied to (3.10). Further, even if & < 1 then Theorem 1.1(a) cannot be applied,

because (1.9) doesnot hold. Thus Theorem 3.2 along with Theorem 3.1 of this

paper improves and generalizes Theorem 1.1(a) and [19, Corollary 3].

THEOREM 3.3. Suppose that m > 2, and that (A6) holds. Assume that
lim inf T(;)> 0 and o(t(n)) = 7(c(n)). Let (HO)—(H3), (H5) and (H7) hold.

ﬁzﬁ"%er assume that
(H9) G(—u) = —G(u).
(H10) For w > 0, v > 0, there exists a scalar B > 0 such that
G(u)G(v) > G(uv) and G(u) + G(v) > G (u + v).

(H11) > n™ 2¢} = oo, where g}, = min|gn, ¢r(n)]-

no

Then every solution of (1.1) oscillates or tends to zero as n — oc.

Proof. Let y = {y,} be an eventually positive solution of (1.1) for n > ng
> N;. Then set z,, T, and w, as in (2.12), (2.13) and (2.15) respectively to
get (2.16) for n > ny > ng. Hence w,,, Aw,, A%w,, ..., A™ 1w, are monotonic
and of one sign for n > ny. As (2.17) holds, from (H7), it follows that (2.18)
holds i.e.;

lim w, = lim z, = A, where — oo <\ < oo.
n—oo n—oo

If A < 0, then z, < 0, for large n, a contradiction. If A = 0, then y,, < z,, implies
lim y, = 0. If A\ > 0, then w,, > 0 for n > ny. Then from Lemma 2.2, it follows

n—o00
378
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that, there exists an integer p, 0 < p < m — 1, such that m — p is odd, and for

n > nz > ng, we have Adw, > 0 for j = 0,1,...,p and (=1)™" "t Adw, > 0

forj=p+1,p+2,...,m—1. Hence lim APw, =1 exists and lim A*w, =0
— 00

ey
fori =p+1,p+2,....m— 1. Notg tfloat, 0 <)< o implﬂas p = 0, but
A = oo implies p > 0 such that m — p is odd. Applying Lemma 2.3 to (2.16),
we obtain(2.20) and consequently (2.21) follows. In view of Lemma 2.5 and
Remark 2.2, we obtain for Ny > ngs,

i gG (Yo ) < o0 (3.11)

=N

Note that, since 7(n) is monotonic increasing, its inverse function 771(n) exists,
such that 7(771(n)) = n. Since ¢; > 4y-1(;)> 1t follows that

Z PG (5 GYos)) < 00

=Ny

Then replacing ¢ by 7(i) in the above inequality and multiplying by the scalar
G(b2), we obtain

o0

G(b2) Y (@)™ i Glyoriiy) <

i=Nj
where N3 > 771(N,). Since liminf7(n)/n > 0 implies 7(n)/n > a > 0 for
n—oo
n > Ny > N3, and p,, > —bs, then due to (HO), we obtain

Z TP ! * po(z)>G(yo‘(~r(i))) <0

’LN4

This with the use of (H10) yields
> TG bt <
i=Ny
Since o(7(i)) = 7(0(4)), the above inequality takes the form
> PTG G (= po(iyYr (o)) < 00 (3.12)
i=Ny
From (3.11) and the fact that ¢, > ¢;, we obtain
D i Gy, () < oo (3.13)
i=Ny
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Further, using (H10), (3.12) and (3.13), one may get

B8 Z imTPT @ G(20(iy) < 0. (3.14)

i=Ny
If p = 0 then (H11) and (3.14) implies linrgicgf nG(25(n)) = 0. Applying the
assumption nh_)rrolo o(n) = oo and (HO), we obtain nh_)rrolo zn = 0, a contradiction.
If p > 0 then by Lemma 2.4, there exists A > 0 such that w, > AnP~! for

n > N > Ny. For any € > 0, using (H7) and (2.17), we obtain z,, > w,, —¢, for
n > Ng > N5. Thus, due to Remark 2.1, we can find 0 < B < A such that

2z, > BnP~! for n > N7 > Ng. (3.15)

By (H1), we have o(n)/n > b > 0 for n > Ng > N;. Then further use of (3.15)
and (H3) yields

szpl za()>B522mp1* z))pf1

i=Ng i=Ng

> 5Bt Z i 2qr = o0,
i=Ng
by (H11), a contradiction due to (3.14). Hence the proof for the case y,, > 0 is
complete. If y,, < 0, eventually for large n, then we may proceed with x,, = —y,,
as in the proof of the Theorem 3.1 and note that, x,, is a positive solution of
(3.4) with (3.5) and (3.6). Further, we note that, (H9) implies G = G. In view
of this, it is easy to verify that the conditions (HO) and (H3) hold along with
the the following two conditions.
(H9) G(—u) = =G (u).
(H10) For u > 0,v > 0, there exists a scalar # > 0 such that
G(u)G(v) > G(uwv) and G(u) + G(v) > BG(u + v).

Also, it is not difficult to see that (H2) and (H7) hold. Then proceeding as

above, in the proof for the case y, > 0, we prove that lim ¥, = 0 and complete
n—oo

the proof of the theorem. O

Remark 3.2. The prototype of the function G satisfying (HO0), (H3), (H9) and
(H10) is G(u) = (B + |u|*)|u|* sgnu, where A >0, >0, \+p > 1, 8> 1. For
verification we may take help of the well known inequality (see [7, p. 292])

uP P > (u+v)P, 0<p<l1,
2t P(u+v)P, p>1.

For our next result we need the following hypothesis.
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(H12) Suppose that for every sub-sequence {q,,} of {¢,}, we have
oo
S 0™, = o
3=0

THEOREM 3.4. Suppose that p, satisfies the condition (AT7). Further assume
that there exists a positive integer k such that T(n) = n — k. Let (HO)—(H3),
(H5), (H7) and (H12) hold. Then

(i) every bounded solution of (1.1) oscillates or tends to zero as n — oo.
(ii) every unbounded solution of (1.1) oscillates or tends to 00 asn — co.
Proof. Clearly (H12) implies (H6). Now, let us prove (i) and assume y = {y,}

be any non-oscillatory positive solution of (1.1) which is bounded. We have to
prove lim y, = 0. Set z,, T, and w,, as in (2.12), (2.13), (2.15) respectively to
n—oo

get (2.16). Since (H12) implies (H6), we apply Lemma 2.6 to get le wy, =0or

lim w, = —o0. Since ¥, is bounded, w,, is bounded, and hence lim w, = —o0
n—oo n—oo
is not possible. Thus lim w, = 0. Then we apply Lemma 2.3 to (2.16) to

o0

n—
get (2.24). Consequently (2.25) and (2.26) follows. Then we apply (H6) to get
lim inf G(Y5(ny) = 0. This implies liminfy,) = 0, because of (HO0). Then
n—oo n—oo

applying the condition, lim o(n) = oo, we obtain liminfy, = 0. Suppose
n—oo n—oo
limsupy, = w > 0. Then we can find a subsequence such that y,(,,) >n >0,

for 7 > ny. Hence

Z (nj)n_l%j G(yT(nJ)) > G(n) Z (nj)"_lqnj = 00,
j=n1 j=n1

a contradiction to (2.26). The proof for the case y,, < 0 for large n is similar.
Next, let us prove (ii) and assume y = {y,, } be an unbounded positive solution
of (1.1). Then we procced as in case (i) above, apply Lemma 2.6 to obtain

lim w, =0 or lim w, = —oo. In this case we claim lim w, = 0 cannot hold.
n—oo n—oo n—oo

Otherwise, as in the proof for the case (i) we prove (2.26) holds. Since y,, is
unbounded then we can find a subsequence such that y, ;) > ¢ > 0, for j > n;.

Hence
oo oo

Z (nj)n_l(Jan(yT(nj)) > G(C) Z (nj)n_l%’bj = 00,

Jj=ni Jj=n1
a contradiction to (2.26). Thus le wy, = —oo. We observe that (2.18) holds
because of (H7) and (2.17). Hence lim z, = —oo. From (A7) and (2.12) it
n—oo
follows that, y,(,) > 7,2». This implies lim y, = +o00. The proof for the case,
2 n—o0o

Yn < 0 for large n, is similar. O
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Remark 3.3. For m > 2, the condition

S g = oo (3.16)

n=N;

implies (H11). Further the condition (3.16) implies (1.11). However, if g, is

monotonic then both (3.16) and (1.11) are equivalent. Indeed, if g, is decreasing

then ¢ = ¢,,. Hence the equivalence of (3.16) and (1.11) is immediate. On the

other hand if g, is increasing then assume that (1.11) holds. Then g}, = g(n).
o0

o0

Hence > ¢ = Qrn)y = >, qr = oo. Thus, (3.16) and (1.11) are
n:N1 n:N1 k:T(Nl)

equivalent, when ¢, is monotonic. Now we quote a result from [12], which uses
the condition (3.16).

THEOREM 3.5. ([12, Theorem 2.10]) Let p,, be in (A5) and r > k. If (1.6) and
(3.16) hold then every solution of (1.10) oscillates.

Remark 3.4. First of all, we note that the above theorem holds for sublinear
equations. It does not hold for linear or super linear equations. However, Theo-
rem 3.4 holds for linear and super linear equations, to complement Theorem 3.5.
It is important to note that our Example 1.1 contradicts the above theorem,
because, from the neutral equation (1.12), we find ¢,, = 4*+1/3 which is mono-
tonic. Clearly, (1.11) holds, which is equivalent to (3.16). Thus the neutral
equation (1.12) satisfies all the conditions of the Theorem 3.5, but it has a so-
lution y,, = 2", which does not oscillate. Thus the Theorem 3.5 is contradicted.
Hence one may find a result similar to Theorem 3.5 for sublinear equations.

Remark 3.5. Using [5, Krasnoselskii’s Fixed Point Theorem] and proceeding
as in the proofs of the results of [15], one may easily establish that under the
conditions (H5), (H8) and with any one of the conditions (A1l)-(A4), if every
solution of (1.1) oscillates or tends to zero as n — oo then (H6) holds. This result
would obviously hold, even if ¢,, changes sign. In that case we have to replace ¢,
by |gn| in (H6). Further, this result would improve [12, Theorems 4.1, 4.2], where
there are restrictions on m and on the bounds of F},. Further it would generalize
and extend the necessary part of [11, Theorem 2.3], and [14, Theorem 2.4]. In
all these results of [11, 12, 14] the authors require (HO) and the condition that
G is Lispchitzian in intervals of the form [a, b].

We conclude this paper with two open problems which may be helpful for
further research.

PrROBLEM 3.1. Can we do the Theorem 3.3 under a condition weaker than
(H11)?

382

Unauthenticated
Download Date | 2/3/17 9:25 PM



OSCILLATION OF HIGHER ORDER NEUTRAL EQUATIONS

PrOBLEM 3.2. Can we do Theorem 3.4 with the assumption (H6) in place of
(H12)?
Or with any other condition weaker than (H12)?

Acknowledgement. The authors are thankful and obliged to the referee for
his or her various suggestions to improve the presentation of this paper.
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