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ON ASYMPTOTIC LINEARITY OF L-ESTIMATES
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ABSTRACT. A theorem on asymptotic linearity of L-estimates is proved under
general set of regularity conditions, allowing the sampled distribution to be non-
integrable. The main result is the improvement in the order of the remainder
term in the formula for asymptotic linearity of L-statistic. It is shown that in the
case of the integral coefficients this term R, = ﬁp(i) and the case of functional
coefficients is also covered.
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1. Assumptions and main results

Suppose that Xi,..., X, is a random sample from the distribution of the
random variable X and X, @ << Xy () are the order Statistics The aim of the

paper is to prove the asymptotic linearity of the L-estimate ! Z J( nil VX' @ in a

way useful mainly in the case when X is not integrable. Before statlng a theorem
on this topic and discussing its relation with another results we present the
regularity conditions imposed on distribution of X and on the score function J.

(A1) The distribution function F(t) = P(X < t) is continuous and strictly
increasing on (d, D), where d = inf{t : F(t) > 0}, D =sup{t: F(t) < 1}.
(A2) The function J : (0,1) — E* possesses the derivative J’ on (0,1) and
1
p= [ J@F (W du = BO(F(X)2) W
0
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is a real number.
(A3) There exist real numbers v = 74 > —2, K > 0 such that for each u € (0, ;>

|J(u)] < Ku'™ ) |J(u)] < Ku”.
There exist real numbers v = vp > —2;, K > 0 such that for each u € <;, 1)
)] € K@ —u)*7, |7 w)] < K1 - ).
(A4) There exist real numbers kg < 74+ 1, kp < vp + 1 such that the integrals

1/2 m 1 [ee]
/u”d dF~(u) = / Frd(z)dx, /(1 — )P dF~ / )EP da
0 —o0 1/2 m

are real numbers (here m denotes the median of F').

(A5) For every real number z the integrals
+oo

/u Dldy, /H JaF@), [ IE@FL)

are real numbers and F(x)H (z) — 0 as |z| — +o0.

THEOREM 1. Suppose that (A1)—(A5) hold and put

+00 +o0
va) = [ IHE@IF@ -~ [ IF@)dy, 2)
(I) Let A
L, = Y i X Gy = J(u) du (3)
Then (cf. (1)) .
En_ﬂ+nz¢(xi)+ﬁP<l> (4)
(I1) Put )
= ; 1 i
Ln:;cmel)7 cm—n.]<n+1>. (5)

In addition to (A1)—(A5) suppose also that for some tq,tp € (d, D) and some
positive real numbers Bq, Bp the inequalities

Sup{|x|5dF(:z:) td<az<tg} <+oo,
sup{|z|’? (1 — F(z)): tp <2< D} < +oo

(6)
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hold. If
1 1
0 =24 vg — >0, d0=2+79p— >0, (7)
Ba Bp
then
1 n
Lk = X; R, 8
P, o + (5)
where

ﬁp(log“) . min{o, 0} =1,

n

ﬁp(n};* ) otherwise .
Here (cf. (7))
0" =min{l, é;,02} . (10)

Note that if d < D from (Al) are real numbers, then (6), (7) hold,
F(z)H(xz) — 0 as |x| — +o00 and (A3) implies that the integral (1) is finite.
Let the assumptions of the previous theorem be fulfiled. Then for the function

+0o0 oo
(2) the equality [ ¢(z)dF(z) = 0 holds and if V = [ ¢?(z)dF(z) < 400,

by means of the central limit theorem one obtains that /n(L, — i) — N(0, V)
in distribution as n tends to infinity. Moreover, if also for the remainder term
R, from (9) the equality R, = op(n~'/2) holds, then \/n(L% — u) — N(0,V)
in distribution.

A review of results on the asymptotic normality of L-estimates can be found
in the monograph of Serfling [7]. General results on this topic are proved
by Chernoff, Gastwirth and Johns [1] under set of conditions, which
are of general nature but may be not easy to verify. The asymptotic linearity
of L-estimates with the remainder term R,, = & p(}l), from which the asymp-
totic normality follows by CLT, has been proved in Section 4 of Jureckova
and Sen [3]. But for the L-statistics with the integral coefficients (3) and the
number 5 < 1 from (6) they assume in their Theorem 4.3.1 that the untrimmed
score function J fulfils the Lipschitz condition of the order » > 1, which in
typical cases is not fulfilled, and for the statistics with the functional coeffi-
cients (5) the exponent $ is in their Theorem 4.3.2 assumed to be greater than
1. Govindarajulu and Mason [2] proved the asymptotic linearity of the
L-statistics even in a setting allowing X not to be integrable, but in difference
from the previous theorem only with the remainder term R,, = 0p(\/1n). The
remainder term in this paper has better accuracy than this result both for the
L-statistics with integral coefficients and with functional scores as well, and the
conditions (A1)-(A5) can be applied also in cases not covered by the conditions
from Govindarajulu and Mason. Another results for strong represen-
tation of L-statistics were proved by Mason and Shorack [4] and [5], but
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again with R,, = OP(\/ln). Thus the main contribution of the previous theorem

is the improvement in remainder term in the formula for the asymptotic linearity
of the L-estimates in the case when 8 < 1, which occurs in the case when X is
not integrable.

2. Proofs

In accordance with the assumptions of Theorem 1 throughout this section we
assume that the assumptions (A1)-(A5) hold and we use the notation F~1(u) =
inf{z : F(x) > u}. Further, Uy,...,U, denotes a random sample from the
uniform distribution on (0, 1) and

1 n
Un(t) = n ZIX<O’t><Ui>
i=
its empirical distribution function. In the proofs we shall use the function
1

(b(s)——/J(u)du—i—/uJ(u)du, s€(0,1), (11)
0

S

and the fact, that under the validity of (A2) the equality ¢ (s) = J(s) holds.
The symbol K will denote the generic constant, i.e., it will not depend on n but
even though the symbol remains the same, it may denote various values.

Proof of Theorem 1(I). Since the condition (A4) holds, the integrals

j F(z) T2 dx, 70(1 — F(x))"?T2dx

are finite for every real number ¢ € (d, D). Thus for the empirical distribution
function

1 n
Fao) =, a0
]:

+oo
the integral [ (¢(F,(z)) — ¢(F(z))) dz is finite, and making use of the integra-

—00
tion by parts and proceeding similarly as described in [3, p. 144], one obtains
that

i=1

n 1
Eumn= ) o) = [Vl aris),
0
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where
V()| = [6(Un(s)) = d(s) — ¢'(5)(Un(s) — s)].

By [6, Theorem 2.11.10] given n € (0, }) there exists a constant C(n) such that
for every real number M > 0

VnlUn(s) —s
P(oiﬂgl ‘(5(1(_ s))1/22‘ ~ M) = ?\%

for all integers n > 1. Hence if ¢ > 0 and n € (0, 1/2) then there exists a
number M > 0 such that with probability at least 1 — ¢

’\/n<Un(s) - s)’
su <M. 12
0cerr (s(1—s))1/2mn = (12)
Further, employing the Daniels theorem from [8, p. 345], one obtains that
U, 1-U,
sup ) _ Op(1),  sup ) _
s€(0,1) S se(0,1) L1—s

the Wellner-Shorack inequality from [8, p. 415] implies that

sup{UnS(s) L Un(s) >0, s< 1} = 0p(1),

sup{1 _1 [;ns(s) Up(s) <1,s> O} =0p(1).

Hence given € > 0 there exist positive constants a1, as, b1, by such that for all n
with probability at least 1 — ¢

Un(s) >0, s€(0,1) = a1s <Upy(s) < azs, (13)
Un(s) <1, 5€(0,1) = b(1—5)<1—=U,(s) <by(1—35). (14)

Thus it is sufficient to prove that for a suitably chosen n € (0, é) under the
validity of (12), (13) and (14)

1
1
[malarte =a()). (15)
0
In proving this we shall utilize the fact, that for any 0 < a < 1 and positive real
numbers ¢, co the inequality

(ac1 + (1 —a)ex)? < +c5 (16)
holds.
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Let 0 < 6 < 1/2 be a fixed real number, s € (0,d) and v = 4. Assume that
Un(s) > 0. An application of Taylor theorem, (A3), (12), (13) and (16) yields
that
(Un(s) = s)°

2

g
< _ 2(1/2-n)
< (as—l— (1 a)Un(s)) s

Va(s) =

J’(as+ 1- a)Un(s))‘

< I; (57 + Un(s)“Y)sl*Q"

< szrl*?" .

n
Similarly if U,,(s) = 0, then

V()| = [6(0) — ¢(s) + ¢'(s)s]
< / |J(u)| du + Ks7+2
0
< K/1ﬂ+1 du+ K72 < K712
0

K
=Ks"(s —Upn(s))? < s7H720,
n

Thus owing to (A4)

0 )
K K
/|Vn(s) dF~1(s) < / T2 < .
n n
0 0
Since for s € (4,1) one can proceed similarly, (15) is proved. O

In the rest of the section we assume that in addition to (A1)—(A5) also the
inequalities (6), (7) hold for some positive real 54, fp and some tq4,tp € (d, D).

The proof of the assertion (IT) of the theorem from the previous section will
be based on the following auxiliary assertions.

LEMMA 1. Let Uy(Lj) denotes the jth order statistic from Uq,...,U,. Then for
every positive real number c

limP(U,(ll)<c):1—e’C, limP(U,(l”)>1—C):1—e’c.

n—00 n n—00 n

LEMMA 2. For each u € (0,1)
K K
-1
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LEMMA 3. Suppose that the number (cf. (7))

d = min{0y , 02} (17)
15 positive. For ¢ > 0 put
c c
hn - ; Hn =1-
()= (@=1-°
(I) The equality
hn(c) 1
_ _ 1
T (w) F~ Y (u)| du + / 1T (w) F~ Y (u)| du = ﬁ(n(S) (18)
0 Hy,(c)
holds.
(IT) Define the function J,(u) on (0,1) by the formula
1 1—1 7
' (u) = ' <" i=1,....n, 1
JIn(w) J(n+1> if " <u_n i n (19)
and put
1/2 H,(c)
RO = [ ln-IlF wlde, 8 = [ L) )] d.
hn(c) 1/2
(20)
Then with the notation from (7)
ﬁ( §I>,6{ —min{l, 8} 0 #1,
RV = " (21)
ﬁ<loin> 51 -1 ,
(%) 6 =minfl, 5} &#£1,
R® = " (22)
ﬁ(loin> 52 -1

Proof. The proof of (I) easily follows from (A3), (6) and (7). If A € (0,1),
then one can prove by means of (A3) and (16) that for each u € (¢, ) the
inequalities

() — J(u)| < f ((L’;“{LT)W +uw> < In{qnd, K=K(c)) (23)

hold (here |a] denotes the largest integer not exceeding a). Employing (6) and
(7) after some computation one obtains the formula (21), (22) can be proved
analogously. (|
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LEMMA 4. Suppose that I denotes for s € (0,1) the interval with the endpoints
s, Up(s), i.e., Is = (5,Upn(5)) if s < Up(s) and Iy = (U,(s), s) otherwise. Then
in the notation from the previous lemmas

o
/ </|Jn(u) - J(u)|du> dF~1(s) = ﬁp(i).
vt N

Proof. Lemma 1 implies that given € > 0 there exists a positive constant c
such that for all sample sizes n sufficiently large

1 c 1 c

Uty > Ul <1 - 24
with probability at least 1 — e. Therefore we may assume that the inequalities
(24), (13) and (14) are fulfilled. Further, according to the Glivenko-Cantelli
theorem we may assume that for all n > ng and s € (0, é} the inequalities
Un(s) < § 4+¢* <1 hold. Thus employing (24) and (13) we obtain the validity
of (23) on the interval I, for each s € (U,(,l), 1), and the repeated use of (13)
yields that

1/2 1/2
K 1
/ </|Jn(u)—J(u)]du> dF~1(s) < / S1H QR (5) = ﬁp( )
n n
g Mo o

where the last equality follows from (A4). Since the statement

U"(Ln,)
1
. -1 —
/ </|Jn(u) J(u)|du> dF~1(s) ﬁp(n)
1/2
can be verified similarly, the lemma is proved. O

Proof of Theorem 1(II). Let F,, denote the empirical distribution func-
tion of X1,...,X,, and (cf. (19))

1

bn(s) = —/Jn(u) du—i—/u.]n(u) du, se€(0,1).
0

s

Then for the statistic (5) the equality

“+o0

L = / ¢, (Fa(z)) (25)
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holds. Put U; = F(X;), i« = 1,...,n. As the set having the probability not
exceeding € can be neglected, according to Lemma 1 we may assume that for
properly chosen positive ¢; < ¢y

FA) <XV < F (), Fl1-2)< X <F11-9),

(26)
X;=FYF(Xy), i=1,...,n.
Put
ul™
= / Jn(w)F~ (u) du.
UM
By means of the continuity of F’
FHU™) FHU)
b= [ @@ = [ cde(F@),
F1(U) F1(U)
because for a < b
F(b) b
6u(F1) = 6n(F(@) = [ Ju(w)du= [ J,(F@) aF(@).
F(a) a

Since the product of right-continuous functions of bounded variation has also
this property, the function G(z) = z[¢,(Fn(x)) — ¢n(F(x))] induces a signed
measure vg. Thus making use of the integration by parts one obtains

Limin= [ 2d[6u(Fu@) - 0u(F@)] = ro((X, X)) - To,
(X, x M)
where the second term

x (™
T = [ [60(Fa(@) = 6u(F@)] dz
X
F(X{M)
= [ [0u(Bu(F(s)) = 6u(P(F1(5)))| dF1(s)
F(X)
U

n

= | [6a(Un(s) = 6u(s)] dF1(s).

Ul

Hence if we show that
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where ¢ is defined in (17), we obtain that

ulm
i =0r( )= [ (60ao) = o)) AP (9. (29)
Ul
But
1
GOX) = XP[0u(1) = 6a (P = PO [ Juw)du, (29
Ul
GXM)™ = lim 2[pn(0) = éu(F(2)] = XD [¢n(0) = on(F(XM))]
2/ Xy
vl
= —F YoM / Jp (u) du. (30)

0

Assume without the loss of generality that ¢, > 2. Then by (A3)

1 n

[ ) dus / a()ldus S j|Jn<u>|du

ol 1-°2 i=n—[cy] i1
K n 1 1+~p
<, X (-0
n n+1
i=n—[c2
K [c2]+1 7;1+’YD K
< .
- n n1+’YD - n2+'YD
=1

This together with (29), (26) and Lemma 2 means, that

1

G| < [FHUM)] / ()] du K ! K

(1 _ Ué{n)>31D n2+'YD S n2+7d71/6D '

AN

Ul

(31)
Further, since according to (26) the inequality U,gl) < % holds, by means of
(A2)

UM [ea]+1 (el 1
K 'S i N\t K
T (u)| du < T (u)| du < ( ) <
[ pmtans [miaes S 0) TS L
0 0 =
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Combining this with (30), (26) and Lemma 2 one obtains

UM
GXD)| < [FHUD) /un<u)|du< S N £
0

iy 1 — 1
(U pa m2H7E T 2=,

Obviously, (31) and (32) imply (27) Further, L,, = [ xd¢(F,(z)), where ¢ is
defined in (11). This together with (18), (26) and integration by parts similarly
as in (28) means that

U
Eun=0p( )~ [ [00n(s) = 0(s)] 4P s). (33
(A5

Taking into account (28), (33) and Lemma 4 one obtains that

1y U
ﬁp(n5)+ | [nyn(u)—J(u)mu} dF—1(s)

(L3, = pon) = (Ln = )| <
vl .
1
- ﬁP (TL&* ) )
(34)
where 6 is defined in (10). But by means of (26) and Lemma 3
U
1 1
_ _ -1 14 R(2)
=il < [ =3l 1P @l duro( ;) < RO +RE+0( ) (35)
UV

where R, R? are defined by (20) with ¢ = ¢, and (8)—(10) can be obtained
from (34), (35), (21), (22) and (4). O
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