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NON-OSCILLATORY CRITERIA FOR A CLASS
OF SECOND ORDER NON-LINEAR FORCED
NEUTRAL-DELAY DIFFERENTIAL EQUATIONS

R. N. RatH* — N. MISRA** — P. P. MISHRA***

(Communicated by Peter Takac)

ABSTRACT. In this paper, sufficient conditions are obtained, so that the second
order neutral delay differential equation
(r(®) (y(t) = p()y(t — 7)) + a(t)G (y(h(t)) = £(t)
has a positive and bounded solution, where q,h, f € C([0,00),R) such that
q(t) > 0, but # 0, h(t) < t, h(t) — o0 as t — oo, r € C1) ([0, 0), (0,00)),
p € C? ([0,00),R), G € C(R,R) and 7 € RT. In our work r(t) = 1 is admissible
and neither we assume G is non-decreasing, G(z) > 0 for z # 0, nor we take G
is Lipschitzian. Hence the results of this paper improve many recent results.
©2009

Mathematical Institute
Slovak Academy of Sciences

1. Introduction

In this paper we find sufficient conditions for the neutral delay differential
equation (NDDE in short) of second order

(r(t) (y(t) — p()y(t — 7)) + a()G (y(h(t)) = f(1) (E)
to have a bounded positive solution which does not tend to zero as t — oo,
where ¢, h, f € C ([0,00),R) such that ¢(t) > 0, but Z 0, h(t) < t, h(t) — oo as
t — o0, r € CM (]0,00), (0,00)), p € C?([0,00),R), G € C(R,R) and 7 € R.
We need some of the following assumptions in the sequel.
(Hy) There exists a bounded function F'(t) such that F’(t) = f(t).

() [ a(t)dt < .
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(Hg) r(g) = Q.
to
(H4) f T(%lf) < 0.

to

(Hs) f(r(lt) :foq(s) ds> dt < .

0
Remark 1. Since r(t) > 0, therefore:

(i) either (Hg) or (Hy4) holds exclusively.

(ii) If (H3) holds then (Hs) implies (Hz) but not conversely.
(iii) If (H4) holds then (Hs) implies (Hs) but not conversely.

In recent years there have been increasing interest among many authors all
over the world to study oscillation and non-oscillation properties of neutral de-
lay differential equations. We observe that the even order neutral differential
equations are not so often studied as the odd order neutral differential equations
have been. The authors have proved the existence of a bounded positive solution
of neutral delay differential equations of various order in [1], [2], [5], [6], [7], [8],
[9]. For that the authors assume the following hypothesis.

(Hg) There exists a function F(t) such that F'(t) — 0 ast — oo and F'(t) = f(t).

(H7) < 0.

f £t dt

(Hs) G is Lipschitzian in every interval of the form [a, b], with 0 < a < b.
(Hg) zG(x) > 0 for z # 0, and G is non-decreasing.

It is obvious that (Hg) <= (H7) and (Hy) is weaker than both (Hg) and
(H7). In this paper since we formulate our results with (H;) and do not assume
either (Hg) or (Hy) therefore our work improve some of the results of [1], [5],
[6], [7], [8], [9]. Further one may observe an important point that the authors
have found positive solutions of neutral delay differential equation

(w(®) = p(B)(t =)™ + 4G (y(t ~ 0)) = (1) (L1)
for n > 2, in different ranges of p(t). But for p(t) = —1 there is no result in
these papers. However, in this work we consider p(t) in different ranges including
p(t) = £1. Further the equation we consider i.e (E) is more general than (1.1)
for n = 2.

Let T, > 0 and Ty = min{h(T,),T, — 7}. Suppose ¢ € C ([ToTy],R). By a
solution of (E). We mean a real valued continuous function y € C? ([T}, 00), R)
such that y(t) = ¢(t) for Ty <t < T, and (y(t) — p(t)y(t — 7)) is differentiable,
r(t) (y(t) — p(t)y(t — 7))’ is again differentiable and then (E) is satisfied. Such
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a solution is said to be oscillatory if it has arbitrarily large zeros, otherwise it is
called non-oscillatory.

2. Main results

In this section we assume p(t) to satisfy one of the following conditions.
(A1) 0<p@t)<p<l
) —1<-p<p(t)<0.
(A3) —d<p(t) < —c<—L
) 1<e<p(t)<d.
For our work we need the following lemma from [3].

LEmMA 2.1 (Krasnoselskiis Fixed point Theorem). ([3]) Let X be a Banach
space. Let Q be a bounded closed conver subset of X and let S1, Sy be maps of
into X such that Siz + Soy € Q for every pair x,y € Q0. If S1 is a contraction
and Sy is completely continuous, then the equation

Six+ Sex =x
has a solution in 2.
THEOREM 2.2. Let (A1), (H1), (Ha) and (Hs) hold. Then there exists a bounded

solution of (E) which is bounded below by a positive constant i.e there exists a
solution of (E) which neither oscillates nor tends to zero as t — 0o.

Proof. From (H;) since F(t) is bounded, we find a > 0 and ¢; > 0 such that

F(t) <« for t>1,. (2.1)
Since G € C(R,R), then let
p=max{G(z): 3(1-p) <z <1}, (2.2)
Then using (2.1) and (Hy) we find ¢2 such that ¢ > t5 implies
T F(s) 1—p
d . 2.
/ r(s) 7 < 20 (23)
t
From (Hs) we find t3 such that ¢t > t3 implies
T (7 1—p
du | d . 2.4
u/r(s) /q(U)u s< g (2.4)
t s
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Let T'= max{ty, t2, t3} and Ty = min{T — 7, h(T)}. Then for ¢t > T, (2.1), (2.3)
and (2.4) hold. Let X = C ([T, ), R) be the set of all continuous functions

with norm ||z|| = sup |z(¢)| < co. Clearly X is a Banach space. Let
t>T,
S ={ue BC([Ty,),R): 3(1—p) <u(t) <1} (2.5)

with supremum norm |Ju|| = sup{|u(t)| : ¢ > Ty}. Clearly S is a closed, bounded
and convex subset of C ([Tp, 00), R).
Define two maps A and B: S — X as follows. For x € S define

Aalt) = {;1(9;)(5();_ )+ 0, Z igO’T] (2.6)
Bax(T), for t € [Ty, T

paty = 4§ o (Jawctnan) as .
- jfoli((s)) ds, for t > T.

First we show that if z,y € S then Az + By € S.
In fact, for every x,y € S and t > T, we get

10
91—-p) 1-p K

<

ST Y

<1

(Az)(t) + (By)(t) < p(t)a(t —7) + "L P / F(s)

On the other hand for t > T

(o) + e = - ( [ aw6nw) du

9o0-p 1 [T T F(s)
10 _Nt/r(s) (Zq(u)du) ds—/ r(s) ds
>9(1—p) 1-p 1—-p 3

_ _ = (1—p).
= 10 10 00 — 40P

N——

o,

V)

|
\8
= M4
» %

o,

Va)

Y

Hence
i(1 ) < (AR + (By)(H) <1 for t>T.
So that Az + By € S for all z,y € S.
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Next we show that A is a contraction in S. In fact, for z,y € S and t > T,
we have

[(Az)(t) = (Ay)(O)] < [p(E){a(t —7) —y(t = 7)}]
< |p@)fx(t = 7) —y(t —7)]
< pllz =yl

Since 0 < p < 1 we conclude that A is a contraction mapping on S.

We now show that B is completely continuous. First, we shall show that B
is continuous. Let z = x(f) € S be such that sup |z (t) — z(t)| — 0 as k — oo.
t>T

Because S is closed, x = z(t) € S. For t > T, we have

(B )(t) — (Bx)(t)]

(o] (o]

< / ! / 9(w)|G (2 (h(w))) — Glan(h(w)))| du | ds.

t s

Since for all t > T, xi(t), k = 1,2,..., tend uniformly to z(t) as k — oo,
it follows that for t > T', G(xx(h(t))) tend uniformly to G(z(h(t))) as k — oo.
Hence klim |(Bxy)(t) — (Bx)(t)| = 0 for t > T. This means that B is continuous.
—00

Next, we show that BS is relatively compact. It suffices to show that the
family of functions {Bz : x € S} is uniformly bounded and equicontinuous on
[Ty, 00). The uniform boundedness is obvious. For the equicontinuity, according
to Levitan’s result we only need to show that, for any given € > 0, [Ty, o) can
be decomposed into finite subintervals in such a way that on each subinterval
all functions of the family have change of amplitude less than e. From (Hs) and
(Hy) it follows that for any e > 0, we can find T large enough so that for any
T* > T implies

o0 1 oo
'u/r(s) /q(u)du ds <
T* s
and
a7 ds - €
r(s) 4
T*

475

Unauthenticated
Download Date | 2/3/17 10:44 AM



R. N. RATH — N. MISRA — P. P. MISHRA

Then for x € S and to > t1 > T,

|(Bz)(t2) — (Bx)(t1)| = ‘—/ T(ls) (/q(u)G(x(h(u)))du> ds — / 1:((;‘)) ds

/(/

Forre Sand T <t; <ty <T*,

|(Bz)(t2) — (Bx)(t1)] < M/ r(ls) (/(J(U) d“) ds + a/ r(ls) as

o0

L a
= TEs<r- (r(s) /q(u) du) + r(s) (f2 = t).

s

Thus there exists a § > 0 such that
|(Bzx)(t2) — (Bx)(t1)| < e if 0<|ta—1t1] <.
For any z € S, Ty < t1 <ty <T, it is easy to see that
[(Bx)(t2) — (Bz)(t1)] = 0 <e.

Therefore {Bx : = € S} is uniformly bounded and equicontinuous on [T}, c0)
and hence BS is relatively compact. By Lemma 2.1, there is an xp € S such
that Axg + Bxg = xo. It is easy to see that xo(t) is the required non oscillatory

solution of the equation (E), which is bounded below by the positive constant
3(1—p) 0
M

COROLLARY 2.3. Let (A1), (Hi), (H2) and (Hy) hold. Then there exists a
bounded solution of (E) which is bounded below by a positive constant.

Proof. By Remark 1(iii), (H2) and (H4) imply (Hs). Hence the proof follows
from the proof of the above theorem. O
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THEOREM 2.4. Let (A1), (H3) and (Hs) hold. Suppose there exists o > 0 such
that for large t

r(t) > ; (2.8)
and
/ Fl)dt| < oo with F'(t) = f(2). (2.9)
0

Then there exists a bounded solution of (E) which is bounded below by a positive
constant.

Proof. Using (2.8) and (2.9) we can get (2.3). Rest of the proof is similar to
that of the Theorem?2.2. O

Remark 2. (2.9) implies (H;).

COROLLARY 2.5. Let (A1), (Hs), (2.8), (2.9) hold. Then there exists a bounded
solution of (E) which is bounded below by a positive constant.

Proof. By Remark 1(i) we have either (H3) holds or (Hy4) holds. If (H3) holds
we proceed as in the proof of Theorem 2.4 and if (H4) holds then since (2.9)
gives (H;) we use Theorem 2.2, and get the result. O

Remark 3. If in (H5) we take r(¢) = 1 then it reduces to

77q(s) ds dt < oc. (2.10)

The above condition is required for our next result which follows from Corol-
lary 2.5 when r(t) = 1.

COROLLARY 2.6. Inequality (2.10) is a sufficient condition for the second order
NDDE

(y(t) = p(&)y(t = 7)" + a(t)G (y(t — 0)) = f(1) (2.11)
to have a solution bounded below by a positive constant under the assumptions
(A1), (2.8) and (2.9).

Remark 4. Corollary 2.6 improves [1, Theorem 1] and [5, Theorem 4.3] for
n = 2 because the authors assumed G to be Lipschizian and satisfies (Hy).

THEOREM 2.7. Let (As), (H1), (Hy) and (Hy) hold. Then there exists a bounded
solution of (E) which is bounded below by a positive constant.
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Proof. We proceed as in the proof of the Theorem 2.2 with the following
changes:

= max {|G(z)| : 12_0” <z <1},
By (Hi), (H4) and (Hs), we find T such that for t > T

(o] (o]

ut/ T(ls)s/q(u)du ds < 11—0p
and
t/l:((j)) ds < at/r((ij) < 12_0]9.

Let S = {y € X: 11_0p <yt) <1, t> TO}. Define the mappings

(Ay)(t) = {4?1 +p()y(t —7), fort=>T

Ay(T), for Ty <t <T.

By(T), for To <t<T
B0 =1 (b Jaweem)an) as

— TF(S) ds, for t > T.

) r(s)

Then as in Theorem 2.2 we prove
(i) Az+ By € S,
(ii) A is a contraction,

and finally

(iii) B is completely continuous.

Then by Lemma 2.1 there is a fixed point x in S such that Azg + Bzg = xg
which is required solution bounded below by a positive constant. 0

Remark 5. The above theorem substantially improves [9, Theorem 3.1] where

the authors obtained a positive bounded solution of (E) with assumptions (As),
(HQ)v (H4)7 (Hﬁ)a (Hg) and (Hg)

THEOREM 2.8. Let (Az), (Hs), (Hs), (2.8) and (2.9) hold. Then there ezists a
bounded solution of (E) which is bounded below by a positive constant.

Proof. The proof of the above Theorem is similar to that of Theorem 2.7. [

THEOREM 2.9. Suppose that (A3) holds, such that d < c®. Let (H;), (H4) and
(Hs) hold. Then there exists a bounded solution of (E) which is bounded below
by a positive constant.
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Proof. Suppose h be any small positive constant. Choose two more scalars H
and A such that.

H=h(2d+2c+cd)/(c* —d), and \=cH — 2h.

Then H > h > 0. Set p = max{|G(z)|: h <z < H}. From (Hy4) and (Hs) one
can find 7" > 0 such that ¢ > T implies

o0

/ FG) s <
r(s)
t
and
/ ! / (u)d ds < h
w)du | ds .
SOV
t s
Let
S={y(t)e X: h<y(t)<H, t>Tp}.
Define
Ax(T), if t € [Ty, T)
At = {m(tJrT) - ift>T
p(t+7) p(t+7)° = L.
Ba(T), if t € [Ty, T
Bzx(t) = P(t}lﬂ') tJT r(ls) ([ G(y(h(u)))du) ds
1 T OF(s) .
+p(t+7) t«}fT (s) ds, ift>1T.

Then proceeding as in the proof of Theorem 2.2, one may complete the proof. [J

THEOREM 2.10. Let (A4s), (Hs), (Hs), (2.8), (2.9) hold. Then there exists a
bounded solution of (E) which is bounded below by a positive constant.

Proof. The proof is similar to that of the above theorem. O

COROLLARY 2.11. Let (A3), (Hs), (2.8), (2.9) hold. Then there exists a bounded
solution of (E) which is bounded below by a positive constant.

Proof. In view of Remark 1(i) the proof follows lines similar to those in The-
orems 2.9 and 2.10.
The results for the range (A4) are similar to those under condition (Ag). O

Hence we skip all proofs except the following one.

THEOREM 2.12. Let (A4), (H1), (Hys), (Hs) hold. Then there exists a bounded
solution of (E) which is bounded below by a positive constant.

479

Unauthenticated
Download Date | 2/3/17 10:44 AM



R. N. RATH — N. MISRA — P. P. MISHRA

Proof. We proceed as in the proof of the Theorem 2.7 with the following
changes. Choose

uzm&x{G(mﬂ:Zﬁxﬁ 03_01}.

s={yex: i<y< 2}
From (Hy4) and (Hs) we can find 7" > 0 such that ¢ > T implies

/ (8)d5<0_1 and M/ /q(u)duds<c—1.
r(s) r(s)
¢ p S
Define
A.’IZ(T), for TO S t S T
Ax(t) = {ww) L2 ST
p(t+7) p(t+71)° ort=A.
By(T), for Ty <t <T
By(t) = { ssn) ] oy S A@G(h(w) duds
1 i F(s)
* p(t+r) t«}ff (s) ds, for t>1T.
Rest of the proof is similar to that of the Theorem 2.2. O

3. Positive solution for p(t) = +1

In this section we find sufficient condition for the NDDE
(r(®)(y(t) +yt — 7)) + q(t)G(y(h(t)) = f(t) (3.1)

(r(t)(y(t) —y(t = 7)) + a(®)G(y(h(t))) = f(1) (3.2)
to have a bounded positive solution.

The results with NDDE (3.1) are rare in the literature. We don’t find such a
result in [1], [2] or [5]-[9]. To achieve our result we need the following Lemma.

LEMMA 3.1 (Schauder’s Fixed Point Theorem). ([3]) Let  be a closed
convex and nonempty subset of a Banach space X. Let S:  — Q be a continuous
mapping such that S() is a relatively compact subset of X. Then S has at least
one fized point in Q). That is there exists an x € §) such that Sz = x.
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THEOREM 3.2. Suppose (Hy), (Hy) and (Hs) hold. Then there ezists a solution
of (3.1) which is bounded below by a positive constant, that is, it neither oscillates
nor tends to zero as t tends to oo.

Proof. We proceed as in the proof of Theorem 2.2 with the following changes.
Let

p=max{|G(z)]: 1<z <4}.
From (Hy), (H4) and (Hj) there exists T > 0 such that ¢ > T implies

fr(ls) 7(](U)G(h(u))du ds| <1
and t S
71:((58)) ds| < 1.
Define

S={yeX:1<y(t)<4, t>T}
and define the mapping B: S — X as

By(T), for To <t<T
00 t—iflf L jo
3o (240 Jatwon) au) as
By(t) = I=1t4(20-1)7 2 s
[e'e) t+20T
F(s
- 121 i (T((S))) ds, for t > T.
=lt+(21-1)7

Then as in Theorem 2.2 we prove
(i) Bye Sforye S,
(ii) BS is relatively compact.

Then by Lemma 3.1 there is a fixed point yg in S such that Byy = yo. Hence
the theorem is proved. O

COROLLARY 3.3. If (H1), (H2), (Ha4) hold, then there exists a positive solution
of (3.1) which is bounded below by a positive constant.

Proof. The proof follows from Remark 1 and above Theorem. O

THEOREM 3.4. Let (Hs), (Hs), (2.8) and (2.9) hold. Then there exists a positive
solution of (3.1) which is bounded below by a positive constant that is, it neither
oscillates nor tends to zero as t tends to co.

Proof. The proof is similar to that of Theorem 3.2. (]

481

Unauthenticated
Download Date | 2/3/17 10:44 AM



R. N. RATH — N. MISRA — P. P. MISHRA

THEOREM 3.5. Suppose (Hy) hold. Assume

i /T(ls) /q(U)du ds < o0 (3.3)

Z / ds < oo. (3.4)

- t+n7’

Then (3.2) has a solution bounded below by a positive constant.

Proof. We proceed as in the proof of Theorem 3.2 with the following changes.

Let
p=max{|G(z)| : 2 <z <5}

Then from (H;), (3.3) and (3.4), there exists 7' > 0 such that for t > T

Z / / u)du | ds < 1

n= 1t+n7’
and
oo o0 F
Z / (s) ds < 1.
r(s)
n=1y
Let
S={yeX: 2<y<5, t>Ty}.
Then define
By(T), for t € [Ty, T
343 ! Gly(h(w))) du ) d
min- {50 (4o Tawet) av) as
+ > f 1:((;) ds, for t > T.
n=1t+nt

Then as in Theorem 2.2 we prove

(i) By € S fory e S, and
(ii) BS is relatively compact.
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Then by Lemma 3.1 there exists a fixed point yo € S such that Byy = o,
Putting yo = y(t), we get

=33 [ |0 [awcumuan) o
n:1t+nT s
= [ F()
+Z / r(s) ds.

=1

3

Then for t > T,

We may differentiate the above and then multiply by 7(¢) and then again dif-
ferentiate to arrive at (3.2). This solution is bounded below by a positive con-
stant. O

Remark 6. All results of this paper hold for the homogeneous equation corre-
sponding to (E).

Before we close this article we present an interesting example which illustrates
all the results of this paper.

Ezxample 1. Consider NDDE

(r(®)(y(t) —py(t = 7)) +a(OG(y(h(1))) =0 for t >t (3.5)

Here let us assume p to be any constant, r(t) is a continuous function satisfying
either (Hs) or (Hy) or (3.4). q(t) satisfies (Hs), (Hs) or (3.3). G(u) =1 —u™,
with m any positive odd integer, is decreasing. The equation (3.5) has a positive
solution y(t) = 1.

Hence this example illustrates all the results of this paper. However since G
is decreasing the existing results of [1], [2], [5], [6], [7], [8], [9] are not applicable
to this NDDE (3.5).

Acknowledgement. The authors are thankful to the anonymous referee for
his or her helpful comments to improve the presentation of the paper.
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