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OSCILLATION OF NEUTRAL DELAY
DIFFERENCE EQUATIONS OF SECOND ORDER
WITH POSITIVE AND NEGATIVE COEFFICIENTS

SESHADEV PADHI* ** — CHUANXI QIAN**

(Communicated by Michal Feckan)

ABSTRACT. This paper is concerned with a class of neutral difference equations
of second order with positive and negative coefficients of the forms
AQ(QCn +enTn_r)+PnTn_5 — nTn—o =0

where 7, § and o are nonnegative integers and {pn}, {gn} and {c,} are non-
negative real sequences. Sufficient conditions for oscillation of the equations are
obtained.
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1. Introduction

In this paper, we consider the oscillation and asymptotic property of nonoscil-
latory solutions of the second order linear neutral delay difference equations of
the forms

(El) Az(xn + Cnxn—f) + PnTn—5 — qnTpn—0o = 0

and

(EQ) A2($n - Cnxn—f) + PnTn—5 — qnTpn—0o = 0

where n > ng > 0, 7, 6 and o are nonnegative integers such that § > o + 1,
{pn}, {qn} and {c,} are nonnegative real sequences for n > ng.

By a solution of (E) (or (E3)), we mean a real sequence {z,, } which is defined
for n > ng—p and satisfy (E4) (or (Ez)) where u = max{d, 7}. A solution {z,,} of
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SESHADEV PADHI — CHUANXI QIAN

(E1) (or (E9)) is said to be nonoscillatory if it is eventually positive or eventually
negative; otherwise it is called oscillatory.

Sufficient conditions for oscillation of solutions of first order neutral difference
equations with positive and negative coefficients have been investigated by many
authors, see ([5], [11], [13], [10]) and the references cited therein. Although many
authors (see [3], [9], [12]) studied oscillation and nonoscillation of second and
higher order neutral difference equations of the forms

Am(xn + CnxnfT) + PrnZn-—s =0, m > 2,

it seems that no work has been done on the oscillation and asymptotic behaviour
of nonoscillatory solutions of second order neutral difference equations of the
forms (Ej) (or (E2)). In this paper, an attempt has been made to study the
behaviour of solutions of (E;) (or (Es)).

This work is organized as follows: Section 1 is introductory where as sufficient
conditions for oscillation of (E7) (or (Es)) is studied in Section 2. Section 3 deals
with the oscillation of (E;) (or (E2)) with forcing terms.

2. Oscillatory behaviour of solutions of (E;) and (E2)

In this section, we obtain the following oscillation criteria of (E;) and (Es).
Examples are given to illustrate the results.
THEOREM 2.1. Assume that
(Hl) Pn — Qn—é+0 2k>07 77/25_0'
(Hy) 0<¢, <c, cisa constant.
hold. If

00 i—1
(H3) > > ¢ <1,
i=ng j=i—6+o

then every solution of (Ey) is oscillatory.
Proof. Suppose that {z,} is a nonoscillatory solution of (E;). Without any
loss of generality, we may assume that x,, is eventually positive. Let ny > ng+p

be such that z,, > 0 for n > n,. Hence z,_, > 0,2,_5 > 0 and z,,_, > 0 for
some n > ng > ny. Define

n—1 i—1
Zn = Ty + CnTp—r — Z Z ¢Tj—c- (2.1)

i=ng j=i—d+o
Then (Ey) gives, using (H;)
A%z, < —kxzp_s, n > ns. (2.2)
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OSCILLATION OF NEUTRAL DELAY DIFFERENCE EQUATIONS OF SECOND ORDER

Hence Az, is eventually nondecreasing. Then we have that Az, > 0 or Az, <0
for n > ng > no.
Let Az, < 0 for n > n3. Then the inequality Az, < Az,, implies that z,, <0

for large n and lim z, = —oco. We claim that z,, is bounded from above. If
n—oo
not, then there exists a ny > ng such that z,, <0 and max =z, = x,,. Then
ny<n<ng

from (2.1), we obtain for n = ny

TL41

0>2zp, = Tn,+CnTng—7— Z Z 4jTj—o

i=ng j=i—d+o

[1—%3 Z q]]xm

i=ng j=i—d+o

&) i—1
> -2 Y wfozo

a contradiction. Hence z,, must be bounded from above. So there exists a
constant L > 0 such that z,, < L for n > ng. Accordingly, we have

n—1 i—1

i=ng j=i—0+o0

00 i—1
> LY Y g

i=ng j=i—0+o0
Z —L> —00, n 2 ns,

Y

which contradicts the fact that z,, — —o00 as n — oco. We therefore have Az, > 0
for n > n3. Now, the summation of (2.2) from ns to n — 1 gives

n—1
00 > Azp, > —Azp, +Azp, > k Z Tj_s
J=ns
and therefore
Z x; < 00. (2.3)
Jj=ns3
If we set
Yn = Ty + CnTpn_r (2.4)
then from (2.3) and (Hs), it follows that

Z y; < 00. (2.5)
Jj=no
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On the other hand, from (2.1) we have
n—1
Ay, = Az, + Z qjTj—g =0, n > ns
j=n—6+o

so that y, is a nondecreasing sequence. Therefore 3, > 0 for n > nz and

Yn = Yn, for n > ng implies that f: y; = 0o, a contradiction to (2.5). Hence
every solution of (E;) oscillates. ’Izlzizocompletes the proof of the theorem. [
Ezxample 2.2. Consider

A2z, + 22, 1]+ (4 2)2p 3 —e "z, 1 =0, n > 3. (2.6)
All the conditions of Theorem?2.1 are satisfied. Hence every solution of (2.6)
oscillates.

THEOREM 2.3. Let (Hy) and
(Hy) 0<c¢,<ec<1
hold. If
n—1 i—1
(Hs) c+ 22 2 4 <1,
i=ng j=i—0+o0
then every solution of (E2) is oscillatory or tend to zero as n — co.

Proof. Let x, be a nonoscillatory solution of (F3) such that =, > 0 and
Tp—py > 0 for n > ny > ng + p. Setting

n—1 i—1
Wp = Tp — CpTn—17 — Z Z qiTj—c, (27)

i=ng j=i—0+0

we obtain, from (Fs) using (H;)

A%w, < —kx,_s, n>ni. (2.8)

Hence Aw,, > 0 or Aw, < 0 for n > no > ny. First suppose that Aw, < 0

for n > ng. Then w, < 0 for large n and lim w, = —oco. We claim that x,, is
n—oo

bounded from above. If it is not the case, there exists a number ng > ny such

that wy,, < 0and max =z, = x,, and we have
na<n<ngs

Tbgfl

1—1
0>wp, = Tp; — CngTng—7 — E g q4iTj—o

i=ng j=i—0+o0

{1—0— i S qj]xn3

i=ng j=i—0+0

%

%

0.
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This contradiction shows that x,, is bounded from above. Thus, there exists a
constant L > 0 such that x,, < L for n > ny. Then it follows from (2.7) that

00 i—1

Wy, > —L{c+ Z Z q]} >—L > —o0,

i=ng j=i—d+o
which contradicts the fact that w,, — —oo as n — oo. Hence Aw,, > 0 for

n > ny. Now summing (2.8) from ny to n and letting n — oo, we obtain (2.3).
Then z,, — 0 as n — co. The proof of the theorem is complete. O

We have the following corollary from Theorem 2.3:
COROLLARY 2.4. Let p, > k > 0 forn > ng. Then every solution of
A2z, — 2y 7] + prp_s =0, n > ng (2.9)
oscillates or tend to zero as n — 0.

Example 2.5. By Theorem 2.3, every solution of
1
A? [ibn - ex”_l} +(n+2)xp_3—e "xp_1 =0, n>3 (2.10)
oscillates or tend to zero as n — oc.

Remark 2.6. Parhi and Tripathy [9] proved that if

(Hﬁ) § Pn = OO

n=no
holds, then every solution of (2.9) oscillates (see [9, Theorems 2.6, 2.7]). How-
ever, (Hg) cannot be regarded as a sufficient condition for the oscillation of (2.9).
This is evident from the following example.

Ezxample 2.7. Consider

3
A?[z, — Ty o] + g2 =0 n=2 (2.11)

Clearly, =, = 2171 is a nonoscillatory solution of (2.11) which tends to zero as
n — oo, although (Hpg) is satisfied. By Corollary 2.4 we come to the right
conclusion.

Remark 2.8. One may observe from the proof of [9, Theorems 2.6, 2.7] that
the authors have proved lim y(n) = 0 when z(n) < 0 and m is even. The same
n—0o0

has also been proved in the theorem when z(n) > 0 and m is even.
Thus the statement of [9, Theorems 2.6, 2.7] should be stated as:
THEOREM 2.9. Let —o0 < ¢1 < ¢, < —1. If (Hg) holds, then every solution of
A%z, — cnpr] + Ppn_5 =0

oscillates or tends to zero as n — oo.
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THEOREM 2.10. Let —a < ¢1 < ¢, < c3 < —1. If (Hg) holds, then the conclu-
sion of Theorem 2.9 holds.

THEOREM 2.11. Let
(H7> hn =Pn —A4n—-6+c Z 0; n Z no
and
o) i—1

(Hs) c+ > > ¢ <1

i=ng j=i—0+o0
hold. Set

P, =nh,. (2.12)

Assume that P, < 2 forn >ny > ng and

i) & mmed o

n=ng _HI(Q—PJ)
j=
holds, then every solution of (Fs) is either oscillatory or tend to zero asn — 0o.

Proof. Let z, be a nonoscillatory solution of (Es). Assume that z, > 0 for
n > ny > ng. Then there exist a no > n; such that x,_, > 0 for n > ns.
Setting w,, as in (2.7), we obtain

A%w, + hypan_s =0, n > no. (2.13)

Thus w,, > 0 or w,, < 0 for some n > n3 > no. Let w, < 0 for n > n3. Then
since (Hg) holds, then z,, is bounded. Indeed, if, z,, is unbounded, then there
exists a sequence { N, }, Ny > ng, for each «, such that N, — oo as @ — oo and

max @, =z, and lim zy, = co. Then from (2.7) we obtain
nz3<n<Ng, a—00

a—1 i—1

0>wn, = &N, = CN, TN ,—r — E E 4jTj—o

i=ng j=i—0+0o

e8] i—1
> 1—0—2 Z qj | TNy = X

i=ng j=i—0+o0

as a — 00, a contradiction to the fact that w, < 0 for n > nz. Hence x,, is
bounded. Suppose that limsup x,, = L > 0. Then there exist a sequence {N¢},

n—oo

N¢ > ng, for each &, such that N¢ — oo as ¢ — oo and limsup z,, = hm a:N5 L.

n—oo
Since limsup zy, . < L, then w, <0 for n > ng3 yields that

£—o00
N, —1 i—1
0> w,, >L{1_CN_Z 3 q]}>o
i=ng j=i—0+0o
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OSCILLATION OF NEUTRAL DELAY DIFFERENCE EQUATIONS OF SECOND ORDER

a contradiction. Hence lim sup x,, = 0. This in turn implies that lim =z, = 0.
n—00 n—oo

Next, suppose that w, > 0 for n > n3. Thus there exists a ny > ngz such
that Aw,, > 0 for n > ny. Then multiplying (2.13) by n and summing obtained
equation from n4 to n we conclude that there exists a ns > ny such that

W > ZAwn_g, 4> ns. (2.14)

From (2.7), it follows that z, — ¢,2,—r > w, which using the nondecreasing
nature of w,, yields that there exists a real § > 0 such that x,, > f¢,, +w,. Thus
there exists a ng > ns such that

Ty > 0cp_5+ wp_g. (2.15)
Hence from (2.13), (2.14) and (2.15), we obtain

hn,
A?w,, + n2 Aw,_s + Ohnpc,_s <0, n > ng. (2.16)
Letr, =, , 1 .- Multiplying (2.16) by 7,11, we obtain by using the decreas-
o)
ing nature of Aw,
2"y Cp
A(rnAwn)+9{ " ¢ 5} <0, n > ng.
[12-P)
=1

Summing the above difference inequality from ng to n and letting n — oo we

obtain
| 2hy,
> { e 5} < 00,
Sl ie-p)
j=1
a contradiction to (Hg). Thus the theorem is proved. O

We note that (H7) is weaker than (Hy). When P, > 2, where P, is defined
in (2.12), we have the following result:

THEOREM 2.12. Assume that P, > 2. Let (H7) and (Hg) hold. If

(H10) Z 2”hncn,5 = 00,

n=ngo

then the conclusion of Theorem 2.11 holds.

Proof. Let x, be a positive nonoscillatory solution of (Fs). Then proceeding

as in the proof of Theorem 2.11, one may show that lim xz,, = 0 when w, <0
n—oo

for large n. Next, suppose that w, > 0 for large n, say for n > n3. Then

461

Unauthenticated
Download Date | 2/3/17 10:44 AM



SESHADEV PADHI — CHUANXI QIAN

Aw,, > 0 for some n > ny > n3. Then from (2.16), P, > 2 and the decreasing
nature of Aw,,, we get

1
A%w,, + 2Awn + Oh,cn_s <0, n>ng > ns.

The above inequality can be written in the form
AR Aw,) + 02" hpcp_s <0, n > ng.

Summing the above inequality from ng to n — 1 and letting n — oo, we obtain
a contradiction. Thus the theorem is proved. O

The following lemma due to Gyori and Ladas [4, pp. 183] is needed for
our use in the sequel.

LemmA 2.13. If
n—1
lim inf R; > (k/k + 1)*1
n—oo
i=n—k
then Auy, + Rpun—x < 0 has no eventually positive solution and A, + Ryt g
> 0 has no eventually negative solution.

Using Lemma 2.13 we have the following theorem.

THEOREM 2.14. Let (H7) and (Hg) hold.If
n—1
o A 541
llnrr_1>1oréf E P >2(0/0+1)°"", (2.17)

i=n—2a

holds, then the conclusion of Theorem 2.11 hold, where P, is defined as in (2.12).

Proof. Let x, be an eventually nonoscillatory solution of (E3). One may
proceed as in the proof of Theorem 2.11 to show that x,, — 0 as n — oo when
Aw, < 0 for large n. Next suppose that Aw, > 0 for large n. As in the proof
of Theorem 2.11 it is easy to obtain (2.16) from which we see that Aw, is a
positive solution of

P
Aan + 271 Awy,_5 <0
for large n which is again a contradiction due to Lemma 2.13. Hence the theorem

is proved. O

From the proof of the above theorems, it seems that the assumption § > o+1
leads to the conclusion that: every solution of (E3) oscillates or tend to zero as
n — oo. Thus in our next theorem, we make the assumption that ¢ > 6 + 1
which will lead us to the conclusion that every solution of (E3) oscillates.
THEOREM 2.15. Leto >d+1,>7+1 and

(Hll) 0<e¢, <1.
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Further suppose that (Hg) and p, > 2Gn—s+o hold for n > ng. If

n—1

n—1
imsup Y. Y PTG o (2.18)

Cj_
oo i=n—0+71—1 j=i j=oto

then every solution of (E2) is oscillatory.

Proof. Let x, be a nonoscillatory solution of (F3) such that =, > 0 and
Tp—p > 0 for some n > ny > ng. Setting

n—1i—0+o—1

Yn = Tpn — CpTn—r + Z Z qiTj—c, (219)

i=no  j=i
we see from (E») that

A2yn + (pn - Qn7(5+a>xn7(5 =0. (220)

Then A2y, < 0 for n > ny. This in turn implies that y,, > 0 or y,, < 0 for some
n > ng > ny. First suppose that y, < 0 for n > ny. If Ay, < 0 for large n, then
Yn < —A for some n > N > ng and A > 0. Since xny < yy + cNTN_+, then

INyr < YN4r+ N < —At+zN (2.21)
and therefore,
N < A+ axTN_r. (2.22)
By combining (2.21) and (2.22) we get
TNyr < =22 +2xN_7, (2.23)
and if we continue with this procedure we can prove that
IN4mr < —(m+DA+2zn_7 (2.24)

for any integer m > 1. If we let m — oo in (2.24) we come to a contradiction.
Hence Ay, > 0 for large n, say for n > ng > ny. Then we have from z,,_s >
—Yn=0%7 and (2.20) implies

Cn—5+0

Pn — Qn—s+
A2yn - nc :+ Uyn75+T <0
n—4—+T1

for n > ng. Summing the above inequality from s to n — 1, we have

n—1
Z Pi — Qi—s+o

_Ays < Yi—5+1
i—s Ci—6+1
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Again summing the above inequality from n —d +7 — 1 to n — 1, we have
n—1 nflp q
i — Qj—o+
Yn—b47—1 < Z Z J . I in75+r
i=n—6+471—1 j=i J=0+T
n—1 n—lp q
i — Q-5+
ST SHD D s
j=n—btr—1j—=i J70FT
n—1 n—-1_
Consequently, we have that > > Pt <1, a contradiction to the
i=n—oqr—1 j=i 0T
assumption of the theorem.
Hence y,, > 0 for n > ns. In this case Ay, > 0 for large n, say for n > ng> no.
First, notice from (2.19) we have

n—1i—6+o—1

Tp > Yp — Z Z GjTj—q- (2.25)
j=i

i=’rl0

Moreover, using pjys—o — q; > ¢;, j > no, we get

n—1i—6+o—1 n—1i—5+o0—1 q

J 2
Yo i < =y >, U Ay,
i—no  j—i imno  j=i Pité—o T4

n—1i—d+o—1

< - Z Z A%yiis—o
i—no  j—i
< yn—k,

that is,
n—1i—6+o0—1

Z Z GTi—o < Yn — k, (2.26)

i=ng  j=i
where k = yp,+5—o. By combining (2.25) and (2.26) it follows that x,, > k for

n > ny. Hence z,_5 > k for n > ns > ny. Then summing (2.20) from ns to
n —1, we get

oo
Z Qk—5+0 < OO,

k:n5
contradicting (Hg). Hence every solution of (F5) oscillates. This completes the
proof of the theorem. O

For ¢, = 0 and ¢, = 1, we have the following corollary from Theorem 2.15:

COROLLARY 2.16. Let 0 > 7,(Hg) and

n—1 n—1
lim sup Z ij >1
MO0 bt —1 j=i
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then every solution of (2.9) is oscillatory.

3. Oscillatory behaviour of solutions
of equations (E;) and (E.) with forcing terms

This section deals with the oscillation and asymptotic behavior of nonoscilla-
tory solutions of

(E3) A2(xn +CnTn_r) F PnTn-s — GnTn-o = [n
and
(Ey) AQ(xn — CnTn—r) + PnTn-5 — GnTn-o = fn

where n > ng > 0, 7, § and o are defined as before and {f,} is a real sequence
defined for n > ng.

THEOREM 3.1. Let (Hy), (Hz) and (Hs) hold. Further, assume that
(H11) There ezists a sequence {F,}3,, such that A*F, = f,, and lim F, = 0.
n—oo

Then every solution of (E3) is oscillatory or tend to zero as n — 0.

Proof. Let {z,} be a nonoscillatory solution of (Es3) such that x, > 0 and
ZTp—py > 0 for n > ny > ng. Define

Uy, = 2 — Iy, (3.1)
where z, is defined by (2.1). Then from (F3) and (H;) we obtain
A%y, < —kxp,_s, n>n. (3.2)

Thus Au, is eventually a nonincreasing function and Awu, > 0 or Awu, < 0 for
some n > ng > np. First suppose that Awu, < 0 for n > ny. Then u, < 0

for some n > n3 > ny and lim wu,, = —o0o. We claim that z,, is bounded from
n—oo

above. If not, then there exists a sequence {N,}22 ,, N, > ng, such that

lim Ny =00, lim uy, = —oo, lim Fy,6 =0, lim 2y, = —o0
a—r 00 a—r 00 a—r 00 a—r 00

and max x, = xy,. Then, we have from (3.1)
n3<n<Nq

No—1 i-1
0>un, = N, +CN,TN,—7 — E E qjrj—o — Fn,

i=ng j=i—d+o

oo i—1
1-— Z Z Qj .’L’NQ—FNQ.

i=ng j=i—6+o

Y
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Taking limit as o« — 0o, we see that

o i—1
li > - BT _
Jmow, = {1230 5 ) i v, =
i=ng j=i—6+o
a contradiction. Hence x,, is bounded from above. Thus there exists a constant
L > 0 such that x,, < L for n > n3. Hence from (3.1)

n—1 i—1 o) i—1
unZ—LZ Z qu—LZ Z q; > —1 > —o0,

i=ng j=i—d+o i=ng j=i—6+o
a contradiction.

Therefore, Au,, > 0 for n > ny. Then summing (3.2) from ng to co, we obtain
(2.3). This proves that x,, — 0 as n — co.Thus the theorem is proved. O

Example 3.2. By Theorem 3.1, every solution of
1
A? [xn + 2;1:,1,1} +2x, 3—¢e a1 =(—1)"e"", n >3, (3.3)
is oscillatory or tends to zero as m — oo. In particular, z, = (—1)" is an

oscillatory solution of the equation (3.3). In this case, F, = (zllj)L?'ie);"L

n — oo and A%F,, = f, = (=1)"e™™.

— 0 as

One may proceed as in the proof of Theorem 3.1 to prove the following result.

THEOREM 3.3. Let (Hy), (Hy), (Hs) and (Hq1) hold. Then every solution of
(E4) is oscillatory or tends to zero as n — oo.

Ezxample 3.4. Consider

2 1

3
e Ty = (1+ ) e "(=1)", n > 3.
e
(3.4)
All the conditions of Theorem 3.3 are satisfied. =, = (—1)", n > 3, is an
oscillatory solution of (3.4). In this case, F}, = (1+1/e)e "(—1)" and A%F,, = f,
and lim Fj, =0.

n—0o0

1 1
A2z, —e "x, 1] 4+4a, 53— (1+ )
e e

Remark 3.5. From Theorem 3.1 and Theorem 3.3, it seems that the behaviour
of F,, forces all nonoscillatory solutions of (E3) and (Ej,) tend to zero as n — oo.
In the following, we do not insist that F,, — 0 as n — oco. Instead, we assume
that F,, changes sign with A%F, = f,. This enables us to show that every
solution of (Es5) and (F4) oscillates. However, these results do not hold good for
the corresponding unforced equations (E7) and (Es) respectively.

The following conditions are needed for our use in the sequel.

(H12) There exists a real valued function F,,, n > ng, which changes sign and
A?F, = f,.
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(Hiz) Y. hiFE 5 = oo where Ff = max{F,,0} and F; = max{—F,,0},
n=no+p

and h) = min{hy,, hy—}.
(Hy4) —oo < liminf F,, < 0 < limsup F), < 0.

n—0o0 n—00
(His) liminf f» = —o00 and limsup ©» = cc.
n—oo M n—oo

THEOREM 3.6. Let (Hs), (Hy), (H12) and (His) hold and ¢, > 0. Then every
solution of (E3) oscillates.

Proof. Let x, be a nonoscillatory solution of (Fj5) such that =, > 0 and
Tp—p > 0 for n > ny > ng + p. Setting z, as in (2.1) and w, as in (3.1), we
obtain
A%uy, + hyp_s =0, n>nj. (3.5)
Then for n > ny > nyq,
Auy, < Auy,.
This in turn implies that

Zn < Fy 4 Uy, + (0 —ng)Auy,.

Hence P
z U n
n < no Un +{1_ 2}Aun2.
n n n n
Taking limit as n — oo both sides in the above inequality, we obtain lim inf *»
n—oo
= —o00. This in turn implies that liminf z,, = —oc and
n—oo
1 n—1 i—1
lim su g g iTi_y = 00
n—>oop n Ui=e

i=ng j=i—d+o
and hence lim x, = co. Thus there exists an increasing sequence {N,}22 ;,

n— oo

N, > ng and N, — 00 as @ — oo such that lim zy, = —co, max z, =z,
a—00 na<n<Ng )

and lim zxn, = oo. Then from (2.1)

a—00
Nqo—1 i—1
ZN, > IN, — E E qiTj—o

i=ng j=i—d0+0o

[ee] i—1
> {1—2 Z qj}xNa.
i=ng j=i—6+o

Now, taking lim inf both sides in the above inequality, we see that
—r 00
0 i—1
—00 = hnn_1>1£fzn > {1 — Z Z qj}lgrilo%ijva >0,
i=ng j=i—d0+o
467

Unauthenticated
Download Date | 2/3/17 10:44 AM



SESHADEV PADHI — CHUANXI QIAN

a contradiction. Hence every solution of (Es) is oscillatory. This completes the
proof of the theorem. O

Proceeding as in the lines of proof of Theorem 3.6, one may obtain the fol-
lowing theorem.

THEOREM 3.7. Let (Hs), (Hs), (H12) and (Hys) hold. Then every solution of
(Ey4) oscillates.

THEOREM 3.8. Let (H7), (Hi2), (Hi3) and (Hy4) hold. Then every solution of
(E3) oscillates provided that (Hyo) and linrr_1>i£f E,; =0 hold.

Proof. Let x, be a nonoscillatory solution of (Fj5) such that =, > 0 and
Zp—py > 0 for n > ny > ng + p. Setting z, as in (2.1) and w, as in (3.1), we
obtain (3.5). Hence A%u,, < 0 for n > ny > ny. Thus there exists a n3 > no
such that u,, > 0 or u,, < 0 for n > n3. Let u,, > 0 for n > n3. Then Au,, >0
for n > n4 > ng. Further, u, > 0 for n > nz and 0 < ¢, < 1 implies that
Ty + Tp_r > FF for n > ng. From (3.5) we obtain

0

A2un + hnxn—é + A2un—‘r + hn—Txn—(S—‘r
A2un + A2un—‘r + h;kl [xn—(s + xn—&—f]
A%u, + A%u,_ o + hEFT

>
2 ntn—3§7
that is,

0> A?%u, + A%u, . + hEET (3.6)

n-n—4§°

Summing the above inequality from n4 to n — 1 and letting n — oo, we obtain

oo
> W <o,

n=nay

a contradiction to (Hi3). Hence u, < 0 for n > nz. There are two cases in
hand, Au,, > 0 and Au, < 0 for some n > ns > n3. First suppose that
Au, < 0 for n > ns > ns. Then u,, — —oco0 as n — oo. If z,, is bounded
from above, then from (Hi4) and (3.1) it follows that w, is bounded, a con-
tradiction. Hence x, must be unbounded. Thus there exists an increasing
sequence { Ny}, N, > ns, and N, — 0o as a — oo such that uy, — —oo as

o — 00, max T, =2xn, and lim xy, = oco. Hence
ns<n<Ng, a—00 °

No—1

i—1
un, = TN, +ON TN, — D e > gjzj— — Fn,,
j=i—0+o

00 i—1
1-— Z Z Qj .’IZNQ—FNQ.

i=ng j=i—d+o

Y
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Letting @ — oo, we obtain a contradiction. Next, suppose that Au, > 0 for
n > ns. Then from (3.6) we have

i Ry (zn + 2p—r) < 00.

i:ng
Using (Hy3) we obtain
limint 7 T T . (3.7)
n—o00 ané
Set
Up = Ty + CpTp—r — Fp. (3.8)
n—1
Then Av, = Au, + >,  ¢;jzj—s > 0 and v, > 0 for n > ng > ny. Hence
j=n—06+o

lim v, = 3, 0 < f < oco. From (3.7), there exists an increasing sequence
n—oo

{Na}221, Ny > ng, and a real A € (0, 1) such that
TN, + N, -7 < )‘FIQQﬂS'

Thus using (3.8) we see that

UN, = ZN, tCN,TN,-r— Fn,
< zn, toNn,-r — I,
< )\F]; 5= Fy

< Q.

[e%

Hence 0 < 8 < o0, that is v,, is bounded. Clearly x,, is bounded, because u,, < 0.
Then from (3.7), liminf z,, = 0. Thus
n—oo

0< B =liminfv, < liminflz,+ x,—,+ F, ]
n—oo

n—oo

< liminf F, =0,

- n— o0

a contradiction. Hence every solution of (FEs) oscillates. The proof is complete.
d

Let ¢, = 0,n > ng. Then it is easy to prove the following result:
THEOREM 3.9. Let (H7), (Hyo), (Hi2) and (Hy3) hold. Then every solution of
A2[z, — CaZn_r] + PnTn_s = fn (3.9)
oscillates.

From Theorems 3.8 and 3.9, it seems that the presence of ¢, in (E3) forces
us to assume some additional conditions in Theorem 3.8, these are (Hy4) and

lim inf F;; = 0. Hence an improvement of Theorem 3.8 is necessary.
n—oo
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