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ON AUTOMORPHISMS
OF FINITE ABELIAN p-GROUPS
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ABSTRACT. Let A be a finitely generated abelian group. We describe the
automorphism group Aut(A) using the rank of A and its torsion part p-part A,.

For a finite abelian p-group A of type (ki,...,kn), simple necessary and suf-
ficient conditions for an m X m-matrix over integers to be associated with an
automorphism of A are presented. Then, the automorphism group Aut(A) for a
finite p-group A of type (k1, k2) is analyzed.
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Introduction

Certainly, automorphisms of any finite abelian group A are determined by
automorphisms of its p-primary components for any prime p. Furthermore, the
automorphism group Aut(A) of any finite abelian p-group A of type (k1,...,ky)
have been described in [5, Satz 112-114] up to some extension. Namely, a normal
series of Aut(A) such that its quotient groups are completely determined in terms
of well known groups has been constructed.

The purpose of this note is to complete those results and present (Theorem 1)
simple necessary and sufficient conditions for an n x nm-matrix over integers to
be associated with an automorphism of A. Then, the automorphism group
Aut(A) is analyzed for finite p-group A of type (k1,k2). We point out that
automorphisms of split metacyclic groups have been fully described in [4].
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At the end, given a finitely generated abelian group A, the group Aut(A) is
determined by means of automorphisms of its free and torsion parts.

Main result

Let A be a finite multiplicative abelian group and A = @ A, its primary
P

decomposition. Given an endomorphism ¢: A — A, we get ¢(A,) C A, for any
prime p. Henceforth, unless explicitly stated otherwise, in the rest of the paper
we assume that A is a finite abelian p-group for some prime p. Write e for its
unit element, o(a) for the order of a € A and let

A’={a€A: o(a)=p or o(a) =1}.
We start with the following useful lemma:

LEMMA 1. Let ¢: A — A be an endomorphism of A. Then ¢ is an automor-
phism if and only if gp’Ao : A° — A® is an automorphism of A°.

Proof. Certainly, (p‘ 40 is an automorphism of A°, provided that ¢ is an auto-
morphism of A.

Conversely, suppose that (p‘ 40: A% — AV is an automorphism of A° and let
¢(a) = e for some a € A with a # e. Then, a?" € A° and a?" # e,
where p" = o(a). On the other hand, p(a?” ') = e and so a?" = e. This
contradiction shows that ¢ is an automorphism of A. O

Fix an isomorphism
A2Z/p" @@ Z/ph

with 1 <k; <--. <k, and let Z/pki = <ai> fori =1,...,n, where Z/k denotes
the cyclic group of order k. We also write Z/k for the ring of integers (mod k)
and (Z/k)* for its group of invertible elements.

Given an endomorphism ¢: A — A we get (up to the isomorphism above)
o(a;) = ai™ ---ap™ for some integers 0 < ay; < p¥ with i,j = 1,...,n.
k;
Observe that the relation a} " = e yields a;; =0 (mod p* ki) for j <.

Let now
tim

ty
A GBZ/;[)Z1 B P @Z/pl’"
i=1

i=1
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with some positive integers 1 < [l; < --- < [,. Then, any endomorphism
@: A — A (up to that isomorphism) is represented by a square matrix
My *x % .- *
* My x - *
* x % .-+ M,
where M is a square ts X tg-matrix over integers for s =1,...,m.
Note that

i1 tm
AO [ @<a€l1—l> B @<a€:n,71>.
i=1 i=1

Hence, the endomorphism <p| a0: AY — AY is represented by the matrix

My 0 0 --- 0
¥ My 0 -+ 0
¥ % % -+ My
where a “bar” signifies that entries are considered (mod p) for s =1,...,m. The

discussion above and Lemma 1 lead to the following result.

THEOREM 2. Let A be a finite abelian p-group.

(1) If A is of type (k1,...,kn) with 1 < ky < --- <k, then the square matriz
[a;;] over integers represents an endomorphism of A if and only if 0 <
aij < p* and a;; =0 (mod p*i=ki) for j <.

(2) If A is of type (l1,..., 11, ., lmy ..., I ) with some positive integers 1 <
N—— ——
tl tm
1 <+ <l then the matriz
M, x % *
x My *
[vig] = : S .
where M is a square ts Xts-matrix over integers for s = 1,...,m represents

an automorphism of A if and only if:
(1) 0 < aij < p* and a;; =0 (mod p*i=%3) for j <i;
(ii) det My ---det M,, # 0.

We apply the above to the group A = Z/p™ x Z/p™. If n = m then certainly
Aut(A) = GLy(p™), the group of invertible 2 x 2-matrices over the ring Z/p™
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of integers (mod p™). Then, the epimorphism GLz(p™) — G Lz(p) given by the
assignment M — M for M € G Ly (p™) leads to the short exact sequence

e = GLy(p™) — GL2(p™) — GLa2(p) — e

Note that GLy(p™) = {E2 +pM : M € My(p™)}, where E; is the unit
2 x 2-matrix and My (p™) the ring of all 2 x 2-matrices over Z/m. Furthermore,
by [2, Chapter 7], the group G L2(p) has the presentation

GLy(p) = (Q.8,T; Q"' =e,Q'SQ = 5", Q'TSQ =TS '/°TS '/°T,
SP = e, T? = (ST)® = (S*TSPHV/2T)%),

where « is a cyclic generator of the group (Z/p)*.
For m < n, we derive:

COROLLARY 3. Let A X Z/p™ x Z/p™ with m < n. Then, the matriz (; Z)

represents:

(1) an endomorphism of A if and only if: ¢ € Z/p™, j = 0 (mod p"~™)
r € Z/p" and s € Z/p™;

(2) an automorphism of A if and only if: i € (Z/p™)*, 7 = 0 (mod p"~™)
reZ/p” and s € (Z/p")*.

)

7

Note that elements of a matrix associated to an endomorphism of the group
AXZ/p™ x Z/p™ are in different rings. Nevertheless, the product of two such
matrices is well defined as result of the congruence j = 0 (mod p”~™). The
composition of two endomorphisms of the group A = Z/p™ x Z/p™ is sent to
the product of associated matrices.

Furthermore, for an odd prime p or ¢ < 2 by means of [8, Chapter IV] it holds
that (Z/p')* 2 Z/p—1xZ/pt~!. Let now i = i'u fori’ € Z/p™ ', ueZ/p—1

and s = s'v for s € Z/p"—l7 v € Z/p — 1. Then, given a matrix (; Z)

associated to an automorphism of A = Z/p™ x Z/p", we deduce that (; Z) =

-/ /
(;,, ;,) (g 2) for 7/ = vw'j and ' = v~!r. Observe that automorphisms

u

-/ /
corresponding to the matrices (;, ;,) and (0

of Aut(A) with:
(a) S, NN = E, the trivial subgroup of Aut(A);
(b) SpN = Aut(A);
(c) Sp < Aut(A), i.e., Sy, is a normal subgroup of Aut(A).

2) form subgroups S, and N
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The properties (a) and (b) are clear. Because the order O(Aut(A)) =
(p — 1)2p?(m+7=1) we see that S, <I Aut(A) as the unique Sylow p-subgroup
of Aut(A) and (c) follows. Hence, Aut(A) = S, x N, the semi-direct product of

Sp and N, where the action of N on ), is given by conjugation. More precisely,
-/ /

given a matrix (;, Z,) in S, with i = (1 +p)k, § = bp"™, ' € Z/p" and
s = (1+p)forsome0 <k <p" L, 0<b<pmand0<1<p' ! by

. . . . (u 0\ . . (14 p)* uv™ !
conjugation with the matrix (0 v) in N, we obtain (u’lvbp”’m (1+p)
for any u,v € Z/p — 1. Furthermore, there is an isomorphism of the groups
N=Z/p—1xZJ/p—1.

Let now move to p = 2. Then, again by [8, Chapter IV], we get (Z/2")* =
Z)2 x 7/2t=2 provided t > 3. Let i = i'u for i’ € Z/2™ 72, u € Z/2 and s = s'v

for s’ € Z/2"', v € Z/2. Hence, given the matrix (; ;) associated to an

J s 0
r. One can easily check that automorphisms corresponding
to matrices (;, Z,) and (u 3) form subgroups Sz and N of Aut(A) with:

automorphism of Aut(A), we deduce that (; Z) = (i, T,) (u g) for j' =

u™ljand ' = vt

0

(a) S2 NN = E;
(b) SN = Aut(A);
(C) Sy < Aut(A)

Hence, Aut(A) = Sy x N. Furthermore, the order O(Aut(A)) = 22(m+n=1)
and N 2 7Z/2 x Z/2 provided m > 3. However, N 2 7Z/2 form =2 and N =F
form=1and n =2.

Now, we aim to describe the structure of the subgroup S, < Aut(A). Let
(a) =Z/p™ — (Z/p™)* and (B) = Z/p"~* — (Z/p™)* for p > 2. Further,
(a) =Z/2m72 — (Z/2™)* and (3) = Z/2""? < (Z/2™)* provided 2 < m < n.
Then, consider the following cyclic subgroups of S, for any prime p:

m=((5 ) m= (0 D) ={G ) =G )

It is easy to see that T, = (H2, H}) = H2 x H3, where the action of H3 on

5. . . a 0 1 0 1 0
H is determined by the assignment ((O 1) , (p"‘m 1)) — (a‘lpn_m Nk

Further, the subgroup Tg = <HI},H§> & H; X Hg. The action of Hg on H;
-1
is determined by the assignment (((1) 2) , ((1) 1)) — ((1) ﬂl >
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Now, by the order argument, we derive S, = TI}TIf = TﬁTpl.

Note that any matrix from Hg and H;f, conjugated by the matrix (g (1))

or ((1) 2), is sent to itself for any u,v € Z/p — 1. The matrix ((1) 1), by

. . . u 0 1 0),. : L u 1ot
conjugation with (O 1) (resp. (0 U)) is sent into (0 1) (resp. (0 1 ))»

. 1 0 . . . u 0 1 0 . .
the matrix (p"*m 1) by conjugation with (O 1) (resp. (0 U)) is sent into

1 0 1 0
( m 1) (resp. (vp”_m 1)) for any u,v € Z/p — 1.

u—lpn—
But H; =~ Z/p", Hg >~ Z/p™ for any prime p and Hg =~ 7/pn 1, Hg‘ =
Z/p™~! for p > 2. Whereas, H3 = Z/2""2 and Hj = Z/2™~2. Therefore, we
can summarize the discussion above as follows:

PROPOSITION 4. [f A X Z/p™@Z/p"™ with m < n then there is an isomorphism:

(1) Aut(A) = S, x (Z/p — 1@ Z/p — 1), where S, is the unique Sylow
p-subgroup of Aut(Z/p™ & Z/p™) provided p is an odd prime. Further, S, =
T;Tg = TI?TI} is the product of two subgroups, where TI} = Z/p™ % Z/p"t and
T2 =Z/p" x L/p" .

The action of Z/p"~' on Z/p™ is given by the composite of the injection
Z)p"1 — (Z/p™)* = Aut(Z/p"™) and then taking the restriction to Z/p™ —
Z/p". Whereas the action of Z/p™ ™! on Z/p" is given by the composite of the
injections Z/p™ L — (Z/p™)* — (Z/p™)* = Aut(Z/p™) with the automorphism
of Z/p™ which sends an element to its inverse.

In particular, Aut(Z/p™ S Z/p) = (Z/p" L/ pBZ/p) x (Z/p—1BZ/p—1);

(2) Aut(A) = Sy x (Z/2®Z/2). Further, Sy = TaTs = T§Ty is the product
of two subgroups, where T} =2 7,/2™ x 7,/2"~2 and T3 = 7,/2" x 7 /2™ 2.

The action of Z/2""2 on Z/2™ is given by the composite of the injection
72772 — (Z/2™)* = Aut(Z/2™) and then taking the restriction to Z/2™ —
7)2™. Whereas the action of Z/2™~2 on Z/2" is given by the composite of the
injections Z,/2M 72 — (Z/2™)* — (Z/2")* = Aut(Z/2") with the automorphism
of Z)2"™ which sends an element to its inverse.

In particular, Aut(Z/2™ @ Z/2) = (/2" 2 ®Z/2 D Z/2) x (Z/2) for m > 2.

To get the next conclusion, we recall that for an extension e — G; — G —
G2 — e of groups, Wells [7] and then Buckley [1] construct an exact
sequence with the group Aut(G,G;) of automorphisms G which map G; into
itself. We have interpreted in [3] that result for semi-direct products of two
groups as follows.
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Given an action 7: Gy — Aut(G1) write Der, (G2, G1) for the set of crossed
homomorphisms. For an extension e — G; — G — G5 — e there is an obvious
Gay-action 7: Gy — Aut(Z°(G1)) on the center Z(G1) of the subgroup G; and
the map ng: Aut(G,G1) — Aut(G1) x Aut(Gs).

PROPOSITION 5. For any Ga-action 7: G2 — Aut(G1) on an abelian group G
there is a short split exact sequence

0— DerT(Gg, Gl) — Aut(G1 X, Ga, Gl) — Imng, «.q, — 0.

Let now A be a finitely generated abelian group and T'(A) its torsion part.
Then, T'(A) is a finite abelian group, invariant with respect to any automorphism
of A and A = T(A) & F(A), where F(A) is an abelian free group of finite
rank rk(F'(A)). Hence, by means of Proposition 5 we obtain a short split exact
sequence

0 — Hom(F(A),T(A)) — Aut(A) — Aut(T'(A)) x Aut(F(A)) — 0.
We close this paper with:

COROLLARY 6. Let A be a finitely generated abelian group and F(A), T(A) its
free and torsion parts, respectively. Then, there is an isomorphism

Aut(4) = T(APFD) 5 (Aut(T(A)) x Loy ().

where the semi-direct product is determined by the action (p,1)*0 = pofo) for
(¢,1) € Aut(T(A)) X GLy(r(a))(Z) and 6 € T(A)™FA) = Hom(F(A),T(A)).
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