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ON CALCULATION OF GENERALIZED DENSITIES
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(Communicated by Stanislav Jakubec)

ABSTRACT. In the paper continuous variants of densities of sets of positive
integers are introduced, some of their properties are studied and formula for their
calculation is proved.
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1. Introduction

Asymptotic and logarithmic densities are standard means used to evaluate
sizes of sets of positive integers. These concepts can be generalized to the
so called concept of weighted densities defined as follows. Denote R, N the
set of all nonnegative real numbers and positive integers respectively and let
w: N — R be a (weight) function with w(1) > 0 which satisfies

Z w(n) = o0 and lim ——— =0. (1)
n=1

For A C N we define the lower and upper densities of A with respect to the
weight function w, or w-density of A as follows.
L0 L0
d (A) = liminf “S2'=" d.(A) = li S A
di(4) =liminf —==—"rv,  duw(4) =limsup —==—"7
ieN,i<n ieN, i<n
To calculate densities of sets is a standard task occurring frequently in papers
on density theory, see e.g. ([1], [2], [3], [4], [5], [6], [7], [8]). Usually the sets in
question are written as infinite union of consecutive blocks of positive integers
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and there is no general formula for densities of such sets. The aim of the present
paper is to derive such a formula in the case when blocks and gaps of sets are
distributed in some sense regularly. In addition we will extend the whole theory
by considering the following continuous variants of the above concepts. Denote
by .Z the set of all functions f: Rf — R integrable in each bounded subinterval
of Ry and such that

x

o0 | f)de
/f(t) dt = o0 and lim x;li =0. (2)
0 B F{OLT

Similarly denote o7 the set of all functions a: Rf — [0, 1] integrable in each
bounded subinterval of R{. For f € . and a € &/ we define the lower and
upper densities of the function a with respect to f or shortly f-density of a as
follows:

J f(e)ate)at f rtyatt a
de(a) = liznii@gf 0 _ ) ds(a) = limsup Lo
E]ff(t) dt e E)[f(t) dt

In order to prevent from substantial dramatic changes in values of the weight
function f, in the first lemma we will assume that the set R{ can be written in

o0
the form of disjoint union of intervals — Ry = |J J, (where sup{z : z € J,,}
=1

=inf{z: = € Jp41} = jn) — for which inf{j, —_jn,l : n > 2} >0, such that
the following proposition holds:

de>0YneNVzed,—Q,: f(z)>csup{f(y): y€ J.} (3)

for €,, a subset of measure zero of J,, .

2. Results

The first lemma says that, under certain conditions on f, if a function a is
sufficiently close to the characteristic function y 4 of a set A then their f-densities
equal.

LEMMA 2.1. Suppose that for f € F both (2) and (3) hold. Let A = | (cpn,dy]

n=1

where 0 < ¢, < dy, < ¢py1 and min{d,, — ¢, Cpr1 —dn} > 6 hold for everyn € N
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and some constant 6 > 0. Let a € &/ satisfy a(t) =0 fort € R— | (c,,d,]
n=1

where
lim (|e, —c,| +|d), — dn]) =0 (4)
and
d,
lim /a(t) dt — (d, —¢,) | =0. (5)
Then

dp(a) =ds(xa)  and  dp(a) = dg(xa)

Proof. We will only prove that d¢(a) = d(xa). Similar steps lead to proving
the second equality. For n € N denote I,, = (¢, d,|U(c,,d], Kn = I, — (¢, dy)

and notice that by (4), I,, and I,,4; are disjoint intervals for all sufficiently large
values of n. First we will show that (5) implies

lim [ |a(t) — xa(t)|dt = 0. (6)
n—>ooIn
dp,
Denoting z,, = [ (a(t) — xa(t))dt and y, = [ (a(t) — xa(t)) dt we have for all
sufficiently largé( values of n -
d,
[atydt = (@~ c) = [ @®) - xa®)dt =, + v,
el I

dn

and
/ la(t) — xa(t)] dt = / (alt) — xa(t)) dt — / (alt) — xa(t)) dt =, — .
I, Ky

Cn

Notice that (4) implies lim z, =0 and (6) follows from the fact that

n—o0

lim z, +y,=0 and lim z,=0 implies  lim z, —y, =0.
n—oo n—oo n—oo

Realize that if we divide interval J, (see(3)) into finite number of disjoint
intervals, say R;, ¢ € {1,2,...,k}, then for every z € R; — §,, it holds that

f(x) > csup{f(y): y € R;)}. Thus

v = R
n=1
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where (for |R,| = [ 1dt) we have |R,| < (inf{c,41 —d, : n € N})/2 and
R

inf{|R,|: n € N} >0 (and (3) holds when writing R, instead of .J,,).
Now we will prove that, putting r,, = sup{z: z € R, },

J F(t)a(t)dt T fta(dt
lim inf &————— = lim inf *7———. (7)
e b[f(t)dt e Off(t)dt

[fawdt [ ftae) at
Let z € R,, and 2= <L

— . Then
{f(t) dt g f(#)dt

(J f0atar | fawar) frae = ot ar (J s e o ar)
_ 0 T 0 0 0 T
JF@)yde [ () dt
0 0
S f@wdt [ o —a@)dt [ r)a
<t <
Jf)yat [ f(t)de J f(t)dt
0 0 0
As the sequence (| R, )52, is bounded, we get (7) by the second equality in (2).
Tf F()a(t) dt T] F(t)xa(t)dt
Now we have to prove that liminf &——— = liminf *———. Let
n—oo g F(t)dt n—oo g f(t)dt

no € N be such that I,, is an interval and inf{z : = € I,;1} —sup{z: z € [,,} >
sup{|Ry|: n € N} holds for all n > ng. Due to the first equality in (2) we have
d¢(a) = dy(a*), where a* € &/ can differ from a on a bounded subinterval of
R{. Thus we can assume that a(t) = xa(t) for ¢t € [0,sup{z : = € I,,,}]. To
complete the proof, we shall show that

Zlf(t)(a(t) At dt
lim

. =0. (8)
b[ f(t)dt
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Denoting I, U I, N[0, r,] we have

]_

FECCCE LI ED SR BT EIE?
0 m: Ry,
Suppose that R,, N1, # (. Then we obtain

/ FOla(t) — xa(®)]dt < suplf(y) : y € R} / lalt) — xa(0)] dt
R,
Ssup{f tyEe R, }/|a (t)| dt

for such (uniquely determined) j € N for which R, N I; # (. Further

sup{f(y) : y € R }/Ia dt
< inf{f Y€ Ry — Q }— /|a ()| de
fla A(t)|dt
NE 1nf{f yER —Qm}
Ifla(t) — xa(t)|dt
<= e f(t)dt
We have
S la®)=xa)] dt
T F)at) —xA<t>>dt\ D R— T
lim 0 < lim m: Ry, NI, #0 R,,
n—00 " T n—oo t)dt
J r@)d m:R,,mZ[o,r,,#@ R{L 1)

0

and so (8) follows. Indeed — take into account the first equality in (2) and (6).
(]

The next lemma says that if f and g are close then f- and g-densities of a
are equal.
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[ 17 -g()] dt
LEMMA 2.2. Let f,g € F be such that lim *———— = 0. Then for every
T—00 J f(t)dt
0

a € o we get dg(a) =d,(a) and dg(a) = dg(a).

Proof. We will prove only the equality for the lower density (we would use
analogical steps when proving the second equality). First notice that

T a(t)dt o) — F@)at+ [ fr)at
lim (; = lim 2 = 0 =1.
“°°Off<t>dt o [ f(t)at

Now, taking into account

/ F(8) — g(t)] dt > / F(8) — g(B)]a(t) dt > / (F(t) — g(t))a(t)dt.
0 0 0

we have
[ f(t)a(t) at T g®a(t)dt + [(f(t) — g(®))alt) at
lirriinf 0 = = lirr_l)inf 0 Io
T @) at e [ f(t)at
0 0
[ g(t)a(t) dt Jg(t)a(t)dt [g(t)dt [ g(t)a(t) dt
= lirginf 0 — = lirginf 0 — (i, = liniinf 0 —
e b[f(t)dt e bfg(t)dt b[f(t)dt e bfg(t)dt

Let a weight function w: N — R with w(1) >
easily verify that the function f,, defined by f,,(0)
n € Nand t € (n— 1,n| belongs to .Z.

0 satisfy (1). Then one can
=w(1) and f,(t) = w(n) for

THEOREM 2.1. Let w: N — RE with w(1) > 0 satisfy (1) and g € .F be such
J1fu(h)—g(t)] dt -

that lim ———— =0. Let A= | (¢, dn]) NN where ¢, < d,, < cpy1 are
T—00 [ g(t)dt n=1

0
positive integers. Then for every a € o/ fulfilling the conditions of Lemma 2.1
we have d,,(A) = d,(a) and d,,(A) = dg(a).
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Proof. The proof follows from previous lemmas and the inequality for x > 0

x

T xat) fult) dt f a(t)g(t) dt

0

[ fult)dt [ g(t)dt
0 0

IN
o
|
o
+
|

The following theorem could be used in calculations in papers cited in Intro-
duction.

o

THEOREM 2.2. Let A = J (cn,dyn] for cn,dn € RE, ¢ < dy < cny1 and

n=0
lim ¢, = co. Let f € .F and assume that there exist proper limits
n—oo

Cn+1 dn
J f@)de [ f(t)de
b= lim 2’ , a = lim g
[ f(t)at J f(e)dt
0 0
and ab > 1. Then, for a(t) = xa(t), we obtain
a—1 - (a—1)b

df(Oé):ab—l’ dsla) = ab—1"

Proof. Let € be a positive real number such that (a —€)(b—¢€) > 1 and let for
all n € N greater than ng € N the following inequalities hold:

Cn+1 dy,
J ft)at J f)de
b—e< 2’ <b+e, a—e<gn <a+te. (9)
[ f@t)at gﬂﬂﬁ
0
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f f(t)dt
Put ;= 5= for m > i > ng. Observe that
I f(t)dt
Ci dm -1 Cm,
ff t)dt ff [ f@dt [ ft)dt
L =2 " 0
i,m d; Q+1 e .
[ [ f)at Of fat [ peyat
0 0 0

and so the following inequalities hold:

avlLe ((a+6)1(b+e))m_l <Jim < aie <(a_6)1(b_6)>m_i- (10)

Let now m be a positive integer which is greater than ng and for which the
following inequality holds:

dyn =4, + Eo, (11)
Of f(t)dt Of f(t)dt

where 0 < Ey < €. Further we can write

ff aydt f feaa 3 <7f )at— f 50 )

dn, Cng+1 i=ng+1 \ 0
o - e - o
bf f(t)dt bf f(t)dt Of f(t)dt
d; ci ci
m 0ff(lf)dtbff(t)chf m E)ff(lf)d?f
- Z c - Z d
i="o+1bff(t)dt [ fydt  =nott [f(e)dt
0 0
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for |E;| < € (see (9)). Combining (11) and above derived equalities, we obtain

dpm c c
J f)a(t)dt m [ f(t)dt m J f(t)dt
0 =(a—=1) Y - + Y Eig- + Ey
J f@)dt i=notl [ f(t)dt  =metl [ f(t)dt
0 0 0
E
and so, taking into account (10), we have
dm
J f)e(t)dt m m—i
X <0 Y o (amapmg) P @
[ rwa izt
0 S,
and
T fatt)a
t)a(t) dt m m—i
L I D ! LB ()
T rwar inor1 0T <(“+ )b+ 6>>
0 S

m m—i
As the function g, (z,y) = > % (L) is continuous at the point (a,b),

i=no+1 ry
we have
lim (51 — S2) = 0. (&)
Consider furthermore that
(a—1)gm(a,b) € (S2,51). ()

Now we will estimate the absolute value of the number F. The right inequality
in (10) yields

oo St (mna) )= (ara=i )

and so

lim | E| = 0. (@)
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When we take all (&), ({), (V) and (#) together and when we realize that

a-1 § (1)) = (el oot
a =6 ab ab—1 g

dm
ta(t) dt
N L
o) = l1m =
! m—oo  dp ab—1
J f(t)dt
0
Now let us prove that d,(a) = oL,
Cm dm—1 A —1
f(t)a(t)dt | f@®a@)dt [ f(t)de
d¢(a) = lim inf S —liminf 0
00 Cm M—00 Cm dm—1
J ft)at Jr@®dt @ de
0 0 o
- 1 a—1
= d o)— =
15 = =1
U
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