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STRONGLY ALMOST CONVERGENT
GENERALIZED DIFFERENCE SEQUENCES
ASSOCIATED WITH MULTIPLIER SEQUENCES

AvyHAN Esi* — BINOD CHANDRA TRIPATHY**

(Communicated by Pavel Kostyrko)

ABSTRACT. Let A = (\g) be a sequence of non-zero complex numbers. In this
paper we introduce the strongly almost convergent generalized difference sequence
spaces associated with multiplier sequences i.e. wo[A, A™ A, p|, wi[A,A™, A, p],
Woo[A, A™, A, p] and study their different properties. We also introduce A%*-stat-
istically convergent sequences and give some inclusion relations between
w1[A™, X, p] convergence and A{*-statistical convergence.

©2007
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1. Introduction

Throughout the article w, £, ¢, cg denote the spaces of all, bounded, conver-
gent and null sequences respectively. The studies on difference sequence space
was initiated by Kizmaz [8]. He studied the spaces

Z(A)={z = (zy) Ew: Az = (Azy) € Z},

for Z =, c and cg, where Axy = zp — xpy1, for all £ € N.
It was shown by him that these spaces are Banach spaces, normed by

z]la = |21 +Sgp\Axk\.
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Keywords: multiplier sequence, paranorm, regular matrix, difference sequence, statistical
convergence.
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The notion was further generalized by Et and Colak [1] as follows:
Let m > 0 be an integer, then

Z(A™) ={z = (z) Ew: A™x = (A"x;) € Z},

for Z = l4,c and cg, where A™xy, = A" oy, — A™ Ly, g, A2y = 2y, for all
ke N.
The generalized difference A™x;, has the following binomial representation

m if T
amay =31 (] o )
for all £ € N.

Later on the notion was further investigated by Tripathy ([19], [20]), Et
and Esi [2] and many others.

Let A = (ank) be an infinite matrix of complex numbers. Then A is said to
be regular if and only if it satisfies the following well-known Siverman-Toeplitz
conditions

oo
(i) sup > |ank| < 0.
n k=1

(ii) lim anr =0, for each k € N.

n—oo

o0
(i) lim Y apk = 1.

The scope for the studies on sequence spaces was extended by using the notion
of associated multiplier sequences. Goes and Goes [7] defined the differen-
tiated sequence space dE and the integrated sequence space [ E for a given
sequence space E, using the multiplier sequences (k=!) and (k) respectively.
Some other authors took some particular type of multiplier sequences for their
study. In this article we shall consider a general multiplier sequence A = (A\g)
of non-zero scalars.

Let A = (Ag) be a sequence of non-zero scalars. Then for F a sequence space,
the multiplier sequence space E(A), associated with the multiplier sequence A
is defined as

E(A) = {(xk) cw: ()\kxk) € E}

The notion of paranormed sequence space was studied at the initial stage by
Nakano [12] and Simons [17]. It was further investigated from sequence
space point of view and linked with summability theory by Maddox [10],
Lascarides [9], Nanda [13], Rath and Tripathy [14], Tripathy
and Sen [21], Tripathy [20] and many others.
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2. Definitions and preliminaries

Throughout A = (ayy) be an infinite regular matrix of non-negative complex
numbers and p = (pg) be a sequence of real numbers such that py > 0, for all
k € Nand H = suppr < co. Let m > 0 be an integer and A = (\g), be a

k

multiplier sequence. Then we define

wo[A, A™, A, p] = {x =(z) Ew: Hm Y anp|A\pA™zp|P* = 0}7

neo k=]

wy[4, A" A, p] :{x =(zx) Ew: lm Y ang|\cA™x — LP* =0,

n—oo k=1

for some L}

Woo[A, A™ A p] = {J; = (z) Ew: SUp Y, k| A\A" i |PF < oo},
n k=1
If () € wi[A, A™, A, p], then we write z, — L(w1[4, A™, A, p]).

We get the following particular cases of the above sequence spaces by restrict-
ing some of the parameters m, p, A = (anx) and A = (\g).

When A = (a,x) = (C, 1), Cesaro matrix, we mention the above mentioned
spaces by wo[A™, A, p], wi[A™, A, p] and we [A™, A, p]. For instance

wi[A™, A, p] = {37 = () €w: lim % 3 Ank| \AeA™xy — L|PF = 0,

for some L}.

When m =0and A =e=(1,1,1,...), we obtain the sequence spaces [A, p|o,
[A,ple and [A,p]1, introduced and studied by Maddox [10]. If z € [A,p,
we say that x is strongly A-summable to L.

When A = (C,1) ie. the Cesaro matrix, m = 0 and A = e, we obtain the
sequence spaces wo(p), Weo (p) and wy (p), introduced and studied by Maddox
[10]. If z € [A, p|1, we say that x is strongly p-Cesaro summable to L.

Let p = (px) be a bounded sequence of strictly positive real numbers. Let
H = suppy, and D = max(1,27~1). Then we have (see for instance Maddox

[11]),
lak + belP* < D(lag[PE + [br[P*). (2)
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3. Main results

The proof of the following result is obvious.
THEOREM 1. Let A = (ani) be a non-negative matriz and p = (px) be a bounded
sequence of positive real numbers. Then
(i) wolA, A™, A, p], w1[A, A™, A, p] and weo[A, A™, A, p| are linear spaces over
the field C.
(i) wi[A, A™ A, p] C weo[A, A™, A, p].
THEOREM 2. Let A = (ank) be a non-negative matriz and p = (pr) be a

bounded sequence of positive real numbers. Then the spaces wo[A, A™, A, p] and
wy[A, A™ A, p|] are complete linear topological spaces, paranormed by

0 1

(@) =3 [hi] + sup{kz1 ank|)\kAm;z:k\pk}M,
i=1 notk=

where M = max{l, suppk}.
k

Proof. Clearly g(0) =0, g(—z) = g(z) and by Minkowski’s inequality g(z + y)
< g(z)+g(y). We now show that the scalar multiplication is continuous. When-
ever £ — 0 and z — 6, imply g(£x) — 0. Also = — 6, we have g(éx) — 0. Now
we show that £ — 0 and zx fixed imply g(£z) — 0. Without loss of generality let
|€] < 1. Then the required proof follows from the following inequality.

m [e') ﬁ
oler) = 3 Il +sup{ S amlernaran ),
i=1 ol g=1

m o0 SV
< |§|Z [Nz +max{\§\, |§|%}sup{ ZankAkAmka)k} :

i=1 k=1
< max{|¢|, [€]%} - g(z) » 0, as |¢ — 0.

Let (%) be a Cauchy sequence in wo[A, A™, A,p]. Then g(z* — z') — 0, as
s,t — oo. For a given € > 0, let ng be such that

m 00 +
Z )\i(xf—:l;f)+sup{ Zank)\kAm(:vz—xfcﬂpk} < e, for all s,t > ng.
i=1 oL =1

(3)

m
Hence > | Nz — izl <, for all s,t > ny.
=1

= {\iz{} is a Cauchy sequence for each i = 1,2,...,m.
= {\x} converges in C for each i =1,2,...,m.
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Let lim M\;z] =v;, for each i =1,2,...,m. Let
S§— 00
lim z] = x;, say, where x; = yi)\f, foreach i =1,2,...,m. (4)
§— 00

1

From (3), we have Sup{ > ank| AeA™ (x5, — ab)|Pr }H < e, for all s,t > ng.
k=1

= [\ A™zf — N AMzl| <€, for all s,t > ng, since a,y, are strictly positive.
= {A\A™z}} is a Cauchy sequence in C for each k € N.
Hence {\;A™x}} converges for each k € N. Let ll)m A AT 2 = 2y, for each
keN. o
Let
lim A"z = yp = 2x )\, for each ke N. (5)

Hence from (1), (4) and (5) it follows that lim x ,, = 2, 4+1. Proceeding in

this way inductively, we have

lim x} =z, for each ke N.

§— 00

By (3) we have

m S ﬁ
. ) s __ b m(,.s _ .t\|Pk
fm | Rt =Dy el s <

for all s > ny.

{il& HSllp{ZankMkA( —xkn“}&}«,

k=1
for all s > ny.

= g(z® —x) <, for each s> nyg.
= (2° —x) € wo[4, A™, A, p].
Since wo[A, A™, A, p] is a linear space, so we have
x=2x°—(z° —x) € we[A,A™, A, p|.
This complete the proof. O

THEOREM 3. Let A = (ank) be a non-negative regular matriz, 0 < px < q and
(%) be bounded. Then wq[A, A™ A, q] C wi[A, A™, A, p].

Proof. Let x € w1[A,A™, A, q|. Define

Yk, foryy>1,
U =
0, foryp<l1
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and

0, forye=>1
v =
Yk, foryp <1,
where y, = [A\gA™xy — L|P*.
Therefore y, = ug + vi and y,tf = ufj + vZ’“, where t = g—’;.
Now it follows that uff <, < yi and v,tc’“ < v,g for0 < (<t <1.
Following Maddox [10], we have the following inequality

[e'e) o] oo ¢
St < Y anse+ (Y e ) 4]
k=1 k=1 k=1

Hence we have x € wy[A4, A™, A, ¢. O

THEOREM 4. Let A be a non-negative reqular matriz and p = (px) be such that
0< h=infp, <pr < H =suppg. Then

X(A™ A) C wao|A, A™, A, p], for X =l,c,co,
where X(A™, A) = {& = (z) : (MA™zi) € X }.

Proof. Let x € l5(A™,A). Then there exists K > 0, such that |A\yA™ x|
< K, for all £k € N. We have

o0 o0
Z k| M AT 2 [PF < max{ K", K7} Z Ak < 00.
k=1 k=1

Hence (oo (A™,A) C woo|A,A™, A, p]. The other cases can be established
similarly. 0
THEOREM 5.

(i) Let 0 <infpr < pr <1. Then wi[A, A", A, p| C wi[A,A™ A].

(i) Let 1 < pp < suppy < co. Then w[A, A™ A] C wi[A,A™, A, p].
(iii) Let my < mg. Then wy[A, A™2, A, p] C wi[A, A™ A, p).

Proof.

(i) Let 0 < infpp < pr <1 and (zy) € wi[A, A™, A, p]. Then there exists L
such that

o0 o0
Supz k| A\ A™x — L] < sup Z Ak |\ Az, — LIPE.

" k=1 " k=1

Hence (zx) € wq[A, A™, Al
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(i) Let 1 < pi, < suppi < oo, forall k € Nand (x) € wi[4, A™, A]. Then for

each 0 < e < 1, there exists a positive integer J such that Y api|A\gA™ 2 —L| <
k=1
€ < 1, for all n > J. This implies that

ZankP\kAmxk — L|pk < ZankMkAmxk — L‘ < €, forall n>J
k=1 k=1
Hence (zy) € wi[A, A™, A, pl.
(iii) The Proof is a routine verification. O

4. Statistical convergence

A complex number sequence x = (zy,) is said to be statistically convergent to
the number L if for every € > 0,

lim l|{If <n: |z —L| =€} =0,

n—oo N
where the vertical bars indicate the number of elements in the enclosed set. In
this case we write stat-lim x, = L.

The idea of statistical convergence for sequence of real numbers was studied by
Fast [4] and Schoenberg [16] at the initial stage. Later on it was studied
from sequence space point of view and linked with summability methods by
Salat [15], Fridy [5], Fridy and Orhan [6], Tripathy [18] and many
others.

A complex number sequence x = (zy) is said to be A -statistically convergent
to the number L if for every € > 0, and fixed m € N,

lim L|{k<n: MA™ax— L > e}| =0,

n—oo n
in this case we write A{’-stat-lim z;, = L and by S(A}Y') we denote the class of
all A'P’-statistically convergent sequences.

When m = 0 and A = e, the space S(A}') represents the ordinary statistical
convergence.

When A = e, the space S(A}'), becomes the generalized difference statisti-
cally convergent sequence space defined and studied by Et and Nuray [3].

Now, we shall give some inclusion relations between w; [A™, A, p]-convergence
and Al’-statistical convergence.
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THEOREM 6.
(i) zx — L(w[A™, A, p]), 0 < p < oo implies x, — L[S(A}Y)].
(ii) (k) € loo(A™,A) and xp — L[S(AY)] imply xp — L(wi[A™, A, p]),
0<p<oo.
(iii) S(AR) Nlog(A™, A) = w1 [A™, A, p] Nl (A™, A).

Proof.
(i) Let xx — L(wi[A™, A, p]), 0 < p < co and € > 0 be given, we can write
I 1 1
S ATz —LP == > NATm = LIP+ = Y A A™ay — L
"= = =
A A™Maz —L|>e AgAMz, —L|<e

> % |{k§n: |\ Ay, — L] > e}|ep.

Hence z), — L[S(AR)].
(ii) Suppose that (zx) € loo(A™,A) and (zy) € [S(AR)]. Let B = [A\gA™ x|
+|L| and € > 0 be given, let ng(€e) be such that

1
E‘{kgn: IAA™ g, — L] > (%)%H < 357

for all n > ng(e), let L, = {k; <n: |[MA™zp — L] > (

n > no(€), we have

)‘l} Now for all

£
2

1 & 1 1
— E ’)\kAm.’I}k — L|p = — E |)\kAm.’IJk - L‘p + — E |)\kAmxk — L’p
" k=1 n k€L, " kgL,

1/ ne 1 €
_ — Bp —nN— = €.
< n <2BP> * n'g €
Hence xp, — L(w1[A™, A, p]).
(iii) Follows from (i) and (ii). O
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