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MULTIVARIATE REGRESSION MODEL
WITH CONSTRAINTS

LuBoMiR KUBACEK

(Communicated by Gejza Wimmer)

ABSTRACT. The aim of the paper is to present explicit formulae for parameter
estimators and confidence regions in multivariate regression model with different
kind of constraints and to give some comments to it. The covariance matrix of
observation is either totally known, or some unknown parameters of it must be
estimated, or the covariance matrix is totally unknown.
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1. Introduction

A multivariate regression model is considered in the form ([1])

where Y is n x m random matrix (observation matrix), Y = (Y1,..., Yn),
Yi ~n (xﬁivai,iln,n)a 1= 1a cee,Mm, B = (1617 .. ‘algm)v COV(Yia Yj) - Ui,jln,na

0-1,17 01,27 ctty Ul,m
J92.1 g9 .92 (o)

»— , 1 ;2 9 ,m 7
Om,15, Om,2, -+, Omm

XB is the mean value of the observation matrix E(Y) = XB, X is an n X k given

matrix and B is a k X m matrix of unknown parameters. X ® | is the covariance

matrix of the observation vector vec(Y) = (Y7, Ys, ..., Y/, ) and the constraints

can be given in different forms, e.g. GBH+ Gy =0, GB+ Gy, =0, BH+ Gy = 0,
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LUBOMIR KUBACEK

Tr(G;B) +¢;, = 0,7 = 1,...,q, etc. Here the matrices G,H, Gy, G; are known
and also the vector g = (g1, 92,...,94)" is known.

The constraints of the type GB+ Gy = 0 is considered mainly in the literature
(e.g. cf. [18]). In the case of modelling deformation measurement this kind of
constraints is typical. Let a triangle network covering a part of the Earth surface
characterize a state of the investigated area at some time. Measurement of
distances and angles in his network is realized at the times t; < --- < t,,. From
the obtained results a geophysical research of the area (recent crustal movement)
can be made. However measured distances 31, B2, 83 and angles (4, 05, B¢ in a
plane triangle must satisfy constraints

Bs+ Bs + B =7/2, [isinfs = Bzsinfy, [B2sinfy = PBosin Fs.

After a linearization of the constraints and some technical adaptation we obtain
constraints of the type GB+ Gy = 0. Constraints GBH+ Gy = 0 are a moderate
generalization useful in other structures of multivariate models, e.g. in growth
curve models.

The model considered in the paper is regular if r(X,, x) = k < n, and X is
positive definite (p.d.). The constraints GBH + Gy = 0 are regular if 7(Gg ) =
q <k & r(Hp,,) =r <m. The constraints Tr(G,B) +¢; =0,i=1,...,q, are

regular if 7(Gg mr) = ¢ < km, where

G= ([VeC(G/l)], e [vec(G;)D,.

The covariance matrix X can be either totally known, or it is of the form 3 =

o2V, where 02 € (0, 00) is an unknown parameter and the m x m positive definite
P

matrix V is known, or X is of the form ¥ = ) ¥;V;, where 9 = (¥1,...,7,)
i=1

is an unknown vector, ¥ € ¥ C RP, ¥ is an open set and the m x m symmetric

matrices V1,...,V, are known, or ¥ is totally unknown.

The aim of the paper is to find explicit formulae for parameter estimators
and confidence regions for the parameters, respectively.

2. Parameter estimators

2.1. The matrix ¥ is known
LEmMMA 2.1.1. Let the model and the constraints
1 ~nm (X87 b b2y |)7 Gq,kBk,mHm,r + GO = 0(],7‘7
be regular. Then the best linear unbiased estimator (BLUE) of the matriz B is
B=B— (XX)"'G'[G(X'X)"'G'] ' (GBH + Gy)(H'SH) 'H'S
272
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MULTIVARIATE REGRESSION MODEL WITH CONSTRAINTS

and
Var[vee(B)] = 3 @ (X'X) ™!

— [EH(H'SH)'H'E] @ {(X'X)'G'[G(X'X)'G']"'G(X'X) " }.

Here B = (X'X)"1X'Y

Proof. In the univariate regular model Y ~,, (X3,%),b,1 + B, 13 = 0, the
BLUE of 8 is

B=8—(XEX)"'B'BXX'S"X)"'B] (BB + b)
and

Var(8) = (X'E7'X)™! - (X'T'X)'B/B(X'E'X) BT B(X'STIX)

where 8 = (X'E7IX)7IX'E7LY (cf, eg. [4]). Now it suffices to write the
multivariate model in the form

vee(Y) ~pm [(1®© X) vee(B), Z @ 1], (H' ® G) vec(B) + vec(Gp) = 0
and to use the equality vec(ABC) = (C' ® A) vec(B). O

COROLLARY 2.1.2. Let in the reqular model the regular constraints are of the
form Gy 1Bk m + Go,(g,m) = 0. Then

B—B— (XX)'G[GX'X) G| (GB + Gy),
Var[vec(B)] = {(x’xr1 - (x'xrlc;’[G(x'xrlc;/rlc(x'xrl}
e [MG/X’XMG/TF,

where Mgr = | — Pgr, P = G'(GG')1G. (The notation ¥ means the Moore-
Penrose generalized inverse of the matriz (cf. in more detail [19]).

Remark 2.1.3. In Corollary 2.1.2 the BLUE of B does not require the knowl-
edge of 3.

COROLLARY 2.1.4. If the reqular constraints are of the form By mHm »+Go, (x,r)
= 0y, then

B — B — (BH + Go)(H'SH)'H'S,
Var[vec(B)] = [ — SHH'SH)'H'S] ® (X'X)"!
= (Mg~ 'My) T @ (X'X)~L

Here the knowledge of 3 is essential.
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LEMMA 2.1.5. Let the constraints be of the form
Tr(G1B)+¢1 =0, ..., Tr(G4,B) + g, =0,

~ !/
and the matriz G = (Vec(Gﬁ),...,vec(G;)) is of the full rank in rows, i.e.
7(G) = q < km. Then

vec(B) = vec(B) — [2 ® (X'X) ]G’ {G[E ® (X'X)™ } Gvec( )+ 8],
2 +
Var|vec(B)] = {M =7 e (X'X)Mg } :
Proof. Proof is analogous as in Lemma 2.1.1. O

2.2. The matrix ¥ is of the form o2V
LEMMA 2.2.1. Under the assumption of Lemma 2.1.1 the estimator of o>
67 = Tr(viv, V1) /[m(n — k) + qr],
where
v, = Y-XB=v+k, v=MyY,
ky = X(X'X)T'G[G(X'X) G| (GBH + Go)(H'VH) " H'V,
B = (X'X)"'XY.

The underlined symbols are used in order to emphasize that matrices (not vec-
tors) are under consideration.

If the observation matriz is normally distributed, then
OA-% ~ U2Xi1(n7k)+qr/[m(n - k) + qT}

Proof. It is a consequence of the analogous statement on the estimator in the
univariate regular regression model Y ~,, (X3,02V), b+ BB = 0, where

62 =viVlvi/(n+q— k),
=Y -X3=Y X3+ X(X'V7IX)"'B/[B(X'V~!X)"'B'|" (B3 + b),
B =XV 1IX)"IXV1y,
O

LEMMA 2.2.2. Let v,v; and k; be matrices from Lemma 2.2.1. If Y is normally
distributed, then v and k; are stochastically independent and

Kik; ~ Wilg, o VHH'VH)T'H'V], viv;, = v'v + Kk,
where v'v ~ Wpy[(n — k),0%V]. Here W,,(f,U) means the m-dimensional

Wishart distribution with f degrees of freedom and variance matriz U.
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Proof. Since v and B are stochastically independent, also the matrices v and
k; are stochastically independent. Further the implication

Uyr ~ Nyo(0, T, ®S,,) = U'S™U~ W,[r(S), T]
will be utilized. Since
(GBH + Go) ~ qu{o, (H'SH) ® [G(X'X)'G/] }
we have
(GBH + Go)'[G(X'X)"'G'|"'(GBH + Gg) ~ W, [¢, (H'SH)]

and because of

k' k; = VH(H'VH)"1(GBH + G,)'[G'(X'X)"'G'| '(GBH + Go)H'VH) 'H'V,

it is valid k) k; ~ W [q, oc2VH(H'VH)"TH'V].

Further the equality k7v = 0 can be easily verified and therefore

! / /
vivi=vyv-+ K]K]-

Remark 2.2.3. The relationships
vec(v) ~ Npm[0,0%(V @ Mx)],
vee(ky) ~ Ny [0, a2<[VH(H’VH)*1H’V] ®

® {X(X’X)’lG’[G(X’X)*lG’}*lG(X’X)”X’})},
and
vee(v;) ~ Num [0, o (v ® My + [VH(H'VH)"'H'V] &
@ {X(X'X) G [6(XX) 16 G (x'X) X' )],
are implied by Lemma 2.2.1. It can be easily verified that the matrix
o2 (V@)

is generalized inverse of all matrices Var[vec(v)], Var[vec(k;)] and Var[vec(v;)],
respectively.
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Since W ~ W,,(f,0°T) = Tr(WT™) = UQXz(T)f, we have

6 = Tr(Y'MxYV~')/[m(n— k),
a-201“1" = TT(KIIKI\Iil)/(qT)a
67 = Tr(viv,V")/[m(n—k)+qr],

(cf. also Lemma 2.2.1).

Here 62 is the best estimator (i.e. it is unbiased and its dispersion is smallest
in the class of unbiased estimators of o2) in the model (without constraints)
Y ~ Num(XB, 0%V ®1). The symbol 67 denotes the best estimator of 02 in the
model (with constraints) ¥ ~ N,,,(XB,0?V @ 1), GB + Gy = 0. The symbol
62 ., denotes a correction term (due to constraints) which must be used in order
to obtain the estimator 67 of o2.

Thus
é-% = [m(n - k)a-Q + qra’gorr}/[m(n - k) + q?“]
and we can judge the influence of the constraints GBH+ Gy = 0 on the estimator

of o2.

Remark 2.2.4. If the matrix 3 is of the form ¥ = o2V, there is no problem to
write directly expressions for the estimators considered, since they do not depend
on the parameter o2. The parameter o2 occurs in their covariance matrices only
and thus it must be estimated by the help of 67 from Lemma 2.2.1.

P
2.3. The matrix ¥ is of the form ) 9J;V;
i=1

LeMmmA 2.3.1. In the univariate regular model
P
i=1
the function h(9) = W9, 9 € 9, can be estimated by MINQUE iff

he M (S(MxMB/EOMXMB’)+) ’

where
M (S(MXMB,EOMXMB/)+> = {S(MXMBlzoMXMB/)+u tu € Rp} ,
{5<MXMB,20MXMB,)+ } = Tr[(MXMB,EOMXMB,>+Vi X
x (MXMB,EOMXMB,)W]}, ii=1,....p.
276
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If this condition is satisfied, then the ﬂ(o)-MINQUE s

p
B9 = Xvisg'ViEg vy,
i=1

where
p
Bo =Y 90V, 90 =@, 90y,

S, Sodnn,, A= h, v =Y = XB,
B=B- (XSy'X) ' BBX'S;X) "B (B + b),
B= (X' X) XDy

and 9 is an approximate value of the vector V.

Proof. The considered model can be rewritten as

Y — X3, ~ (XKny, 219 V; ) ~ e RFY M(Kp) = Ker(B),

i=1

where b+ BB, = 0, i.e. B, is any solution of the equation b+ B3 = 0. Then
the ¥9o-MINQUE can be written in the form (]20])

p
Z (Y = XB) (Mxk ZoMx ;) " Vi(Mx i, ZoMx ) (Y — XBy).

Since
(Mxk,ZoMx s, )T (Y = XBy)
_ [20—1 - 251XMB,(MB/X’E(;lXMB/)JFMB,X’EgI} (Y — X8,)
— 5! [Y - X(ﬁo + {l - (x'251X)—1B'[B(x'251X)—1B'HB} X
x (X'S71X) XS5 Y ) + {xg0 FX(X'EIX) 1B %
x BOX'S;X) B (—b) | = 55 (Y - XB) = =5 vr,
we have the explicit expression for 9. O
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COROLLARY 2.3.2. In the regular multivariate model
P
X ~nm (XB, Z ﬁz(vz ® l)), Gq,kBk,mHm,r + GO,(q,r) = Oa
i=1

the $o-MINQUE of the function h() = h'9,9 € ¥, exists iff

he M [(n — k)SEal + qu(H’EoH)*lH’:|a
where

{8y }j = Te(S VS5 V),

o]

{SH(H,EOH)AH,}‘ = Tr[H(H’EOH)_lH’ViH(H’EOH)_lH’V]},

2,]

ij=1,...,p.
The 9o-MINQUE is

P
Z r(viv,Eg VEO )a

where
[(n — k)5251 + qu(H’EOH)*lH’:| A= h.

Proof. With respect to Lemma 2.3.1

ivee(v)] (Z5 @ (Vi @ (g " @ 1) vec(v;)

I M»a

= ZM Tr(vyv S 'ViSy ),

where
he M(S4), A= [M(@X)K(H,@G) (S0 ® I)M(I®X)K(H/®G)} +
The matrix A can be rewritten as follows
A= (8 @)~ (5" @)18X) Myoa (S5 @ DMae] (10 X)(85" o)
=351 @My + [HH'SH) " 'H] @ {X(X’X)‘lG’[G(X’X)‘lG’}‘1
X G(x’X)—lx'} =S 9My + A ®A;, A =H(HSH)H,
A, = X(X'X)'G'[G(X'X)'G|TIG(X'X) "X’ (idempotent matrix).
278
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Further
Te[A(V; @ DAV, @ 1)] = Tr[(Eal ®Mx +A; @A) (V; @ (2! @ My
+A; @A) (V;® I)} = Tr((zglvizglvj) ® My
+ [H(H’EOH)_lH’ViH(H’EOH)_lH’Vj} ® {X(x’X)—lc’ X
X [G(x’X)—1G’]—1G<x’X)—1x'}) = Tr(Mx) Tr(S5 Vi 55 1V;)
+Tr{[G(X’X)_lG’}_1G(X’X)_1X’X(X’X)_1G’} X
x Tr [H(H'EOH)—lH'viH(H’on)—lH'v]}
= {(n - k)szgl + qSH(H’EOH)*lH’}_ K

2,]

g

Remark 2.3.3. If the matrix (n — k)5251 + qSH(H'sH)-1 1 is Tegular, then
the vector 9 can be estimated and

[ T BV
’19 = |:(7’L — k’)szgl + qSH(H’EOH)*lH’:|
Tr(vhv, B 'ViZ5 ")

In the case of normality

Varg, (9) = 2 [(n —k)Sy1 + qu(Hfon)le,} =
Remark 2.3.4. If H,,, , = |5, ;n,, then

(n— k)szgl + ¢Sy = (N +q— k)szgl-
If Gy x = Ik, then

(= K)Sy 1 + GSmms,m -1 =nSso1 +k(Suas,m-1m — Syt ).
LEMMA 2.3.5. Let the model
vec(Y) ~y, [( ® X)vec(B), X ® I)} Gvec(B) + g = 0,

P
= Zﬁz

i=1

~.
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be regular. Then the 99-MINQUE exists for the function h(9) = h'9, 9 € 9,
iff h € M(S.),

GI(ViZ;'V,) & (XX) 7)),

(S}, = Tr({C[Eo ® (x x> }é }
=1,...,p,

— p
and then the 9o-MINQUE of h(-) is W9 = > \; Tr(v,v; 3, 'V, 2, 1). Here
i=1

v;=Y—XB, S,A=h,

B—B- devec([Zo ® (X/X)*l]é’{é[xo ® (X’X)*l}él} (G vec(B) + g))

The operation “devec” creates the k x m matriz from the mk-dimensional vector
~ (=~ ~ y—1/,_
S0 ® (X’X)*l]G’{G[EO ® (x'me'} (G vec(B) + g).

If the matriz S, is regqular, then
Tr(viv, Xy 'ViZg )
Tr(viv, Xy 'V, 35)

If Y is normally distributed, then Varg, (¥9) = 25;!.

Proof. With respect to Lemma 2.3.1
18305 = T M, (20 © DMuaou, (So @ )] (Vi@ 1) x
X [M(I(@X)Mé, (Zo @ DM g x)nr,, (Zo ® |)}+(V]‘ © I)}_
Here

+
[M(I®X)MG~, (2o @ DM (1x)01, (o ® |)}

=% @1 (B @ X){Ms 3 @ (X'X) Mg} (3! @ X)),
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and thus
+
{Sehiy = nTr(S5 ViEg V) — 2T ({Mg [S5 @ (XX) Mg, b %
+
< [(B5'WViE; V20 @ (x’xﬂ) —l—Tr({Mé, ' (x’X)]Mé,} X
+
x [(Z5'vizgh) @ (XX {Mg [S5! @ (XX)Mg, | x
% [(251V,;25 ) @ (Xx)]).
Further
+
) Tr({M@, (25 @ (X'X)] Mé,} [(35'ViSg V30 ) @ (x’xﬂ)
- - —1
= —onTr(S5 V25 V,) + 2 T {G[z()@(x'xrl}c’} X

X G[(V,37'V,) 0 (X'X)1]6).

Tr ({MG, (25 @ (X'X)] ,}+ VY @ (X'X)] x
x{Ma [25! @ (XX)] ,}+ =5V 55 @ ()X)] )
= nTe(S5 ' ViE5 V) - Tr ({6 [0 @ (X'X)" ]G}_lx
x G[(ViZg'V;) @ (X'X)~ ]G)
The rest of the proof is obvious. O

Remark 2.3.6. If the constraints are given in the form GBH + Gg =0, H # |
and Gvec(B) 4+ g = 0, the the Wg-locally best linear estimator of B is known
only. However if the estimator of 9 is sufficiently precise, then the estimator 9
can be used instead of the actual value 9" of the parameter 9. What means
“sufficiently precise” is commented in Section 3.

2.4. The matrix ¥ is totally unknown

Analogously as in Remark 2.3.6 the constraints GBH + Gg = 0, H # | and
G vec(B) + g = 0, respectively, make problems in the estimation of B when the
matrix ¥ is totally unknown. A 3g-locally best estimator of B can be obtained
easily, however an investigation of statistical properties of a plug-in estimator,
i.e. the estimator of B with an estimated covariance matrix, is difficult. One
possibility offers the following Lemma 2.4.1. However it is necessary to say
something in advance.
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Analogously as in [17] and [3] let an univariate regular model
Y ~ N, (X3,%), b+BB =0,

be under consideration. Let B be any unbiased estimator of 3, e.g. ,[~3 =
Mp X~Y — B'(BB’)"!b, and let v = ZY + z ~ N,,(0,W). The class of all
linear unbiased estimators of zero function of the parameter 3 is

Lo={u'Mxn,, Y +u'Mxy, XB (BB ) 'b: ucR"},

i.e. B is the BLUE of 8 iff V{u € R"} cov(u’MXMB, , B) = 0 (in more detail cf.
[4, Chap. 10]). This class is created of all linear combination of the components
of the vector ZY + z ~ N,(0,W). Further

(¢)=el(5) (v w)]

If fS = Z uyul, ~ W, (f,3) (Wishart distribution with f degrees of freedom),
ie. Uy ~ N (0,Y),a=1,...,f,and uy, ..., uy, are stochastically independent,

then
~ o f
u Vv u Vv
f( G/ N ) Z(VglaV;,Q)/(V;hV 2) ~ Wiin | [, ( VvV, W )}’

VvV, W

a=1

a,l y4

In the following text the symbol ?) means

“conditioned by (V1,2,...,Vf2,v)".

where (Vg, 1,V ) = ( My X~ ) u,,a=1,...,f.

If the matrix S is substituted into the BLUE é of B instead of X, then we

obtained the plug-in estimator denoted as B

LEMMA 2.4.1. If the Wishart matriz fS ~ W, (f,X), f > n+1, is independent
of the observation vector Y, then

3" ~ N |, var(B) (1 + ‘7"’}'_‘7>] ,
where
Var(3) = U — VW~ V/
=(X'Z X)) - (X=X TIBBX'ETIX) 7B IB(X'STIX) !
and A
F(U=VW™V) ~ Wi (f —r(W), Var(8)].
282
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- =(p) ~ (p)

Proof. The plug-in estimator is ﬁ =p0- VW~ ¥ and B =0 P _VeW- .
Here
B ~ NiB ~ VW7, Var(B)],
/ P
BEV®) = (1/NE(Y VEIVL2) = (1/1) D VW VooV, = VW W.
a=1 a=1

Thus

= (p) ——
EB )=B-VW v+VW WW v =0,

smceP{vGM( )}—1 = WWv=v.
The vectors ,6 and VEW- ¥ are stochastically independent, thus

=(p)

Var(ﬂ )= Var(B(p)) + Var(v(p)w\_ v)

v

= Var )+ Var(z V(p) v;72W* |7) Var ) 4 Var(3

a=1
2 Y ’W— Y,
=Var(8) [ 1+ d .
f
The other statement is well known (cf, e.g. [18]). O

Remark 2.4.2. The residual vector

V=Y -X3=Y - XX'EZIX)IXETY + X(X'E7IX) 7B x
x [B(X'Z7!X) 7B HB(X'E ! X)"IX'S7LY + b

depends on the matrix 3, however v = ZY + z does not depend on it. Thus
there exists a regular matrix Ry, with the property v = Rgv and

Var(v) = 3 — X(X'Z71X) 71X + X(X'Z'X) "B B(X'Z"'X)"'B/| !
x B(X'Z7'X)"1X’ = Ry, Var(V)R}; = RsWRY,.

Let # = Y — X3. Then ¢ = Rgv and

V'Wv = v/(ZSZ')" v = V'R (RsW Rj) Rgv = v/ (RsWR) .
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However

RsWRY = Rs(ZSZ')R%s = S — X(X'S™ X)X/ + X(X'S~1X)"'B’ x
x [B(X'S™'X)"!'B/|'B(X'ST!X) !X’

Since one version of the g-inverse of the matrix RsWRY is S™1, we have

8, Var(B) (1 + ';'ijloﬂ ,

where ¥ = Y — XB.
THEOREM 2.4.3. Let the multivariate model and constraints
Y ~ Noym(XB, X 21), GBH + Gy = 0,

be reqular. If fT ~ Wyn(/, S @1 =T), f > nm + 1, which is stochastically
independent of Y, is at our disposal, then

=(p)
~ Nkm

B,Var[vec(é)] (1 + [Vec(fq)}"i'lvec(f,l)]>1 7

f

where
B = vee(B) - [19X)T 1@ X)] '(H® G) x
W o6 [IexX) T 1eX)] He c-;’)}*1 [(H' © G) vee(B) + vee(Go)],

B = (X'X)"'X'Y

on

v,=Y-X

—_— Y

Proof. Regarding Lemma 2.4.1 and Remark 2.4.2 we have

uaNNnm(O;T)7 Oézl,...,f,

(19X =Py ® (PeX") 0 u, Vv
Va< Z uaNNkm+nm 0 ) \//7 (Y]
s —~ ~
V, u, v u, Vv
5 () otevia=s (8§ )~ (¥ )]
a=1 ’ ’ 7

Now it can be proceeded as in Lemma 2.4.1 and Remark 2.4.2. O
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=(p)
Remark 2.4.4. Even if the conditioned estimator B has only restricted ap-

plication, it can be suitable utilized in the determination of a confidence region.

Since

o~

FO = VW) ~ Winlf — (W), Var[vec(B)],
(W) = nm + qr — km,

=(p)

NNkm

[vec(f/l)]"i'*l vec(vr)]
f

B, Var[vec(é)} (1 +

e~ o~ =(p)
and U—VW~V’ and B  are stochastically independent, the Hotelling theorem
([18]) can be used. With respect to it

= —~ —~——— o~ = 2 .
[vec(B — B)][f(U — VW~V')] vec(B — B) X (varvee(B1)

~
2

f*T(W)*T{Var[veC(E)]}+1

[vec(i7)]’ T—1 vec(ir)
1+ 7

and thus this random variable does not depend on the condition ® and it can
be used for a determination of an exact (1 — «)-confidence region. Since one

version of (U — VW=V~ is (1@ X)T1(1® X), this region can be written in
the form
[vec(B — B))'[(1® X)T~1(1® X)] vec(B — B)
[vec(v7)]' T—1 vec(¥r)
1 + T f T

5—{8: GBH + Gy =0,

_ Jlem —ar)

= f —m+ 1ka—qr,f—nm+1(1 - 04)}

Remark 2.4.5. Unfortunately a realization of the matrix T cannot be written
in the form S ® I. Until now author has not been able to find a matrix of the
form ¥ ® | with properties necessary for the validity of Theorem 2.4.3. Thus
the explicit formulae are rather rough. Except this the degrees of freedom f
must be larger than the number nm + 1 in order the matrix T can be inverted
(f <nmm+1 = T is singular) and thus f could be huge number. Therefore
the plug-in estimator given in Theorem 2.4.3 will be used rarely.

It seems that the approach given in the next section has a greater chance to
be used in applications. This approach is demonstrated for a determination of
a variance and a confidence region.
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3. Sensitivity approach

Let in the model (1) an estimator of the function f(B) = Tr(AB), B € {U :
GUH + Gy = 0}, be considered. If X(9) = i ¥V, ¥ € ¥ C RP, then the
Jo-locally best estimator of the function f(-) cia:nl be determined only, i.e.

By — B — (X'X)"'G/[G(X'X)"'G']"'GBH[H'S(8)H] ' H'S(9)
—(X'X) G [G(X'X) GGy H'E(9)H] IH'E(9) =
=B-K=8- (PL ) BPLY - (xX) 76 »

x [G(X'X) 1G] 1Gy[H'E(9)H] 'H'Z(9),
K = (X'X)"'G'[G(X'X)"'G'] "' (GBH + G )[H'S(9)H] 'H'S(9).

LEmMMA 3.1.

~
~

(i) Tr(ABy.s9) ~ Tr(ABy) + k'69,

(k)i = —Tv [AKE’l(ﬂ)ViMi(ﬁ)} C i=1,....p.

(i) Tr(ABy) and k are uncorrelated and E(k) = 0,

{Var(k)}, , = Tr [Pﬁ(’”z—l(ﬁ)vimﬁ(ﬁ)A(x’X)*lP(G),(’X)*lA’vjz(ﬂ)} ,

ij=1,...,p.
Proof.
(1)
{k}; = %@éﬁ) =- Tr(A{(x’X)*G’[G(X’X)*G’rl(G§H + Gop) x
x a?% H'S(W)H] ' H'S(9)})

:—E%AMKY%HQXXVTTWG§+%H—WEM%M*HWMx

x [HE@HTIH'S() + HE@HHV, }) = - Tr [AKE ! (9)ViM3 "]
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o~

(ii) The equality E(G@H + Go) = 0 implies E(k) = 0. Since Vec(ﬁﬁ) =
vec(B) — vec(K) and

vec(K) = [(Pﬁw)), ® (P(G),(;IX)I)I] Vec(g) + ({2(19)H[H’2(19)H]71} ®
® {(x'xrlG'[G(x’xrlG’rl}) vec(Go),

we have

-~
~

cov [vec(Bﬁ),vec(K)] - cov{l @1 {(P?Iw))léé (ng}f“)'] vee(B),

[(Pﬁ(ﬁ))' ® (ng;{xw)’] vec(ﬁ)} o

o~
=~

Since k is a function of the matrix K and Tr(AB) is a function of the estimator §,
cov[Tr(AB), k] = 0.

Let
U=AX'X)"'G[G(X'X)"'G'|"'G,
W, = HH'S(9)H] 'H'S(9)S ! (9) VM2,
Then
cov({k};, {k};) = cov[Tr(UBW,), Tr(UBW;)]
= [vec(U'W})]’ Var[vec(B)] vec(U'W/) = Tr[W,;U(X'X) " U'W,; X (9)]
and

{Var(k)}, , = Tr{Pﬁ(’”z(ﬁ)*lviM,?}“A(X’X)*lG’[G(X’X)G’]*1 x
x G(X’X)‘lG’]‘1G(X’X)‘lG’[G(X’X)‘lG’]‘1G(X’X)‘1A’}

— Ty [p?}ﬁ)z—l(ﬂ)vimﬁw)A(x’xrlng'XVlA’vjz(a)} .

Let the variance of the estimator Tr(Aﬁ) of the function
f(B) = Tr(AB), GBH + G, =0,

be under consideration. The problem is whether the a priori unknown param-
eters 91, ...,7,, can be substituted by their estimates from Remark 2.3.3. We
have:
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THEOREM 3.2. If the observation matrix Y is normally distributed and
69 € {u: u' Var(k)u < *},
then
| Var [Tr(AElHM)} — Var [Tr(Aﬁg)] | ~ 69’ Var(k)§9 < c*.

Proof. Proof is a direct consequence of the assumption and Lemma 3.1. [

COROLLARY 3.3. If the realization of the estimator Tr(A§19) is given, then also
the vector k is given and the implication
k'69| <& = | Tr(AByisg) — Tr(ABy)| < ¢

s obvious.

If it is known that with sufficiently high probability the actual value 69 =
9" — 9 lies in the domain {09 : |k'd9| < e} (this fact can be verified by

Remark 2.3.3), then the best estimate Tr(Aﬁg*) differs from the estimate
TI'(A§19) less than €.
Moreover, if 9° = 9+ 69, where §9' Var(k)69 < c?, then also the variance of

the best estimator Tr(A@lg*) differs from the variance of the estimator Tr(A§19)
less than c?.

Let now a confidence region for B in the model (1) must be determined in the

p
case ¥ = > 0;V,.
i=1
Since the estimator

o~

B(¥*) = B — (X’X)"'G'[G(X'X)"1G'] "} (GBH + Go)[H'S(9*)H] "' H'X(9*)

depends on 9" (the actual value of the parameter 9) and it can be easily proved
that

{Varw [Vec(ég*)} }7 =2 H9") ® (X'X),
the (1 — «)-confidence region for the parameter B can be written in the form
¢={U: GUH+Gy =0, Tr[(U- By ) X'X(U Eﬁ*)yl(ﬂ*)} <
< Xitm—qr(0,1 = a)}-
Let R R
k() = Tr[(B — By)'X'X(B - ﬁﬁ)zfl(ﬁ)}.
(Obviously k(9") ~ XFp_qr(0).)

288

Unauthenticated
Download Date | 2/3/17 10:40 AM



MULTIVARIATE REGRESSION MODEL WITH CONSTRAINTS

LEMMA 3.4.
E (aggj) 19_19*) — —kTr[Efl(g*)vi} + qTr{H[H/E(ﬁ*)HrlH/Vi},
[(agff) H*) | (agff) !H*ﬂ = 2k T[S @)V, (97)V]

—2¢ Tr{H[H'S (9" )H] '"H'V,;H[H'Z(9*)H] 'H'V,}.

Proof. Since

~
~

0By iyl IR
90; lo=o~ (X'X)7"G'[G(X'X)™"G] " (GBH + Go) x
<[ M HV M
we have
ak(ﬂ) _ ! / —1 / , 1 He1
99; lo=v+ QTT{X X(X'X)"'G'[G(X'X) "G’ x

x (GBH + Go) [H'S(9)H] ' HV, M5 (9°)(B — By}

- Tr[(B — By )X'X(B - §ﬁ*)z—1(ﬂ*)viz—1(ﬁ*)}.
Now the substitution
By- = B — (X'X)"'G'[G(X'X)"'G'| 'GBH[H'X(9*)H| 'H'S(9*)

is used and thus

k()
a0,

X [H'z(ﬁ*)H']—l(G§H+GO)'} —Tr[X'X(B—B)Z ' (9*)V,; =1 (9*) "1 (B—B).

e Tr{G'[G(X’X>‘1G’}‘1(GI§H + Go)[H'S(9")H] 'H'V,H x
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In the following consideration the equality

E[Tr(UEVY)] = {E[vec(E)]} (V @ U') E[vec(Y)]
+ Tr{(V @ U’) cov|vec(Y), vec(E)]},

which is valid for any random matrices 2 and Y, is used. Thus

(50

ﬁ:ﬁ) - Tr[({[H’E(ﬂ*)H}_lH’ViH[H’E(ﬂ*)H]—l} ®
@ [G(X'X) 1G] ) Var[(H' @ G) vec(B)]]
- Tr({[=7@)ViE T (97)] © (XX) } Var(B - B) )
= Tx({WSEHHHV.H] © {[6(XX) 6] 6(XX)'G'})
- Tr{[E*(ﬂ*)vi] ® (X’X)(X’X)*l}

= kT[S W)V, +q Tr{H[H’E(ﬁ*)H}*lH’vi}.

In order to obtain a formula for cov [(agg?) ’ ) , (825;?)
i |g=g= J

)} the fol-
. . . 19:79*
lowing notation is used

A = Tr{[G(X’X)_lG’}_l(GﬁH +Go) x
x [H'S(9")H]  H'V,H[H'S(9")H] ' (GBH + Go)’}7
~Ay = —Tr[X'X(B-B)=7'(9")V,= 7' (¥")(B - B)],
Bi = T{[G(X'X)"'G]""(GBH + Go) x
% [H'S(9")H] " H'V,H[H'S (9" )H]~ (GBH + GO)’},
B, = —Tr[X'X(B-B)S~'(¥")V,;=(9")(B - B)].
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Thus

o [(ZD] V(PO Y] oy -

= cov(A1, B1) — cov(Ay, By) — cov(Aa, B1) + cov(Aa, Bs).

Let E=B — §7T = GBH + Gy. Then
vee(Y) = —(H' ® G) vec(E) + (H' ® G) vec(B) + vec(Go).
Now the relationships

cov [Tr(AiEBiE’), Tr(AjEBjE’)} =2 Tr{(B; © A;) Varlvece(Z)] (B, @ A;) x
X Var[vec(s>]} + 4{E[vec(s)]}/(|3< ® A;) Varlvec(2)](B) @ A;) Elvec(Z)],
cov[Tr(AEBE'), Tr(CYDY')] { (B" ® A) Var[vec(E)][(U'D'U) @

® (V'CV)] Var[vec(E)]} + 4E[vec(E)](B’ @ A) Var[vec(E)][(U'D'VU) ®
® (V'CV)]E[vec(E)],

where vec(Y) = (U ® V) vec(E), will be utilized in the following calculation.
Thus we obtain
cov(Ay, By) = 2Tr[({[H’E(ﬁ*)H}_lH’ViH[H’E(ﬁ*)H}_l} ®
® [G(x'xrlc']—l) {[H'zw*)m ® [G(X’X)‘lG’}}({[H’E(z‘}*)H}‘l X
x H'ij[H'z(ﬁ*)Hrl} ® [G(x’X)—lc’]—l) {[H’E(ﬂ*)H] ®
® [G(x’X)—lc’]H = qur{H[H’z(ﬁ*)HrlH’viH[H'z(ﬂ*)H]—lH'vj},
— cov(As, By) = —2 Tr[[E(ﬂ*)*lviE’l(ﬂ*)} ® (X'X)[Z(W7) @ (X'X) ] x
% ({HIHS@ ) H T HVHH' S0 H ' H ] @ {G6(X'X) 161G} ) x
x [2(97) @ (x’xrlﬂ
291

Unauthenticated
Download Date | 2/3/17 10:40 AM



LUBOMIR KUBACEK

— 2 Tr{H[H’z(ﬁ*)H]*lH’viH[H’z(ﬂ*)HrlH’vj} = — cov(Ay, Bs)
= — COV(Al, Bl),
cov(As, By) = 2Tr({[2(19*)_1vi2_1(19*)} ® (X’X)]}[E(z?*) ® (X'X)"1] x
x {207V, BT W] @ (XX)] ) @ (XX)7])
=2k Te[Z 1 (9F)V,Z 1 (9%)V,].

In the following text the notation (cf. also Corollary 2.3.2)
{szfl}iyj = Tr[zil(ﬂ*)vlzil(ﬂ*)vj]v 17] = 17 Y )
and

{sH(H,EH),lH,}”_ = Tr{H[H’z(ﬂ*)HrlH’viH[H’z(ﬁ*)HrlH’vj},
iﬂj: 17"‘7p7
will be used. Thus

ok (9
Var (%) = 2kSE—1 — 2qu(H’EH)*1H’~

COROLLARY 3.5. Let

a = (a1,az,...,ap),
a; = kTr{z:*l(ﬁ*)vi} - qTr{H[H’z(ﬂ*)H’]*lH’vi}, i=1,...,p,
A =2kSp-1 — 2qu(H’EH)*1H’~
Then
k(9" + §9) =~ k(9%) + k(599),

K(60) =) 8:;(;9)
i=1 ¢

0,
I=09*

_ Z(Tr{[G(X’X)_lG’}_l(GﬁH + Go)[H'S(9")H] TH'V,HH'S (9% )H] ! x

i=1

« (GBH + GO)’} ~ TY[X'X(B — B)S L (9")V, =1 (97)(B — §)’])&9,~

and

E[k(09)] = —a'§9, Var[x(69)] = §9'AD.
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THEOREM 3.6. If

RS {u cu€RP, [u—ci(t*A —aa')"a) (t?A — aa')[u — c;(t*A — aa’) " a]

< cit?
~t2—aAta|’

then

P{B ce= {u L Ue MM GUH + Gy =0, Tr[(U— By yg0)X'X x

X (U=Bys5) 571 (0" +69)] <o gr(01-0)}} 2 1-a -+,

where MFX™ s the class of all k x m matrices, t is sufficiently large number
satisfying the relationship

P{n(éﬂ) < —a'59 + tV/59' A5 } ~1

and c; satisfies the equation
P{X%m—qr(o) < X%m—qr(ov 1- Od) - Ct} =l-a- g,

B ¢t = Xom_gr(0:1=0) = X3, (0,1—a —¢).

Proof. Regarding Theorem 3.2

k(9" + 69) ~ k(97) + £(69) and P{k(ﬁ* +69) < X2 gr (0,1 — a)}
~ P{E g0 (0) + 5(00) < Xy (0,1 = 0) } = P{xd, 1 (0) + 5(69)
< XEnmr (0,1 = @)[6(09) < ¢} P{r(69) < e} + P{xduy, (0) + (59)

< Xngr (0,1 = @)}s(09) > ¢} P{x(59) > c}.
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If k(09) < c occurs with probability near to 1, then P{k(9" + §9) <
Xim_qr(0,1 —a) —¢c} > 1 —a—e Now the number ¢ can be found for a

given € and the number ¢ must bo chosen such that x(69) < —a’'69 +tVv 59’ AsY
occurs with probability near to 1.

If the numbers ¢ and t are given, the nonsensitivity region can be found as a
set {69 : t209'AdY < (c + a'09)?}. The equality

t269' A6 = ¢* 4 §9'aa’ 69 + 2ca’ 59
can be rewritten as
(69 — ) (t*A — aa’) (69 — uwy) = ¢ + *a' (t*A — aa')Ta

where uy = c;(t?A — aa’)ta. Here it is necessary to remark that a €
M(t2A — aa’). Since

(t2A —aa' )" = (*A)T + (t*A)Ta[l — a'(t*A)Ta]'a' (t°A) T

1 Ataa’ At
= AT+ —
12 t2(t? — a’Ata)
we have
2 22/ (12 A N+ *t?
a(t‘A—aa)"a=—+——F".
o +cta ) t2 —a'Ata

0

Sensitivity approach for other statistical inference is used in [4], [5], [6], [7],
[8], [9], [10], [11], [12], [13], [14], [15], [16].

Acknowledgement. Author would like to express many thanks to the referee
for his thorough reading of the manuscript and advices. He discovered many
typing errors and other mistakes which author missed.

REFERENCES

[1] ANDERSON, T.W.: Introduction to Multivariate Statistical Analysis, J. Wiley, New
York, 1958.

(2] FISEROVA, E—KUBACEK, L.: Sensitivity analysis in singular mized linear models
with constraints, Kybernetika (Prague) 39 (2003), 317-332.

(3] KUBACEK, L.: Regression model with estimated covariance matriz, Math. Slovaca 33
(1983), 395-408.

[4] KUBACEK, L—KUBACKOVA, L—VOLAUFOVA, J.: Statistical Models with Linear
Structures, Veda, Bratislava, 1995.

294

Unauthenticated
Download Date | 2/3/17 10:40 AM



(5]

[6]

[7

(18]

(19]

MULTIVARIATE REGRESSION MODEL WITH CONSTRAINTS

KUBACEK, L.: Criterion for an approximation of variance components in regression
models, Acta Univ. Palack. Olomuc. Fac. Rerum Natur. Math. 34 (1995), 91-108.

KUBACEK, L.: Linear model with inaccurate variance components, Appl. Math. 41
(1996), 433—445.

KUBACEK, L.—KUBACKOVA, L.: Nonsensitiveness regions in models with variance
components. In: 4th World Congress of the Bernoulli Society, Vienna, Austria, Au-
gust 26-31, 1996, p. 281.

KUBACEK, L.—KUBACKOVA, L.—TESARIKOVA, E-—MAREK, J.: How the design
of an experiment influences the nonsensitiveness regions in models with variance compo-
nents, Appl. Math. 43 (1998) 439-460.

KUBACEK, L.—KUBACKOVA, L.: Nonsensitiveness regions in universal models,
Math. Slovaca 50 (2000), 219-240.

KUBACEK, L‘—FISEROVA, E.: Problems of sensitiveness and linearization in a deter-
mination of isobestic points, Math. Slovaca 53 (2003), 407—426.

KUBACEK, L.—FISEROVA, E.: Isobestic points: sensitiveness and linearization, Tatra
Mt. Math. Publ. 26 (2003), 1-10.

LESAN SKA, E.: Insensitivity regions for estimators of mean value parameters in mized
models with constraints, Tatra Mt. Math. Publ. 22 (2001) 37-49.

LESANSKA, E.: Insensitivity regions for testing hypotheses in mired models with con-
straints, Tatra Mt. Math. Publ. 22 (2001), 209-222.

LESANSKA, E.: Optimization of the size of nonsensitiveness regions, Appl. Math. 47
(2002) 9-23.

LESANSKA, E.: Nonsensitiveness regions for threshold ellipsoids, Appl. Math. 47 (2002),
411-426.

LESANSKA, E.: Effect of inaccurate variance components in mized models with con-
straints. In: Folia Fac. Sci. Natur. Univ. Masaryk. Brun. Math. 11, Masaryk Univ., Brno,
2002, pp. 163-172.

RAO, C. R.: Least squares theory using an estimated dispersion matriz and its application
to measurement in signal. In.: Proc. 5th Berkeley Symposium on Mathematical Statistics
and Probability, Vol. 1. Theory of Statistics. University of California Press, Berkeley-Los
Angeles, 1967, pp. 355-372.

RAO, C. R.: Linear Statistical Inference and Its Applications (2nd ed.), J. Wiley, New
York, 1973.

RAO, C. R—MITRA, S. K.: Generalized Inverse of Matrices and Its Applications,
J. Wiley, New York, 1971.

295

Unauthenticated
Download Date | 2/3/17 10:40 AM



LUBOMIR KUBACEK

[20] RAO, C. R.—KLEFFE, J.: Estimation of Variance Components and Applications, North-
Holland, Amsterdam, 1988.

Received 22. 2. 2005 Katedra matematické analyzy
Revised 31. 5. 2005 a aplikované matematiky
PF Univerzita Palackého
Tomkova 40
CZ-779 00 Olomouc
CESKA REPUBLIKA

E-mail: kubacekl@risc.upol.cz

296

Unauthenticated
Download Date | 2/3/17 10:40 AM





