
�
�

DOI: 10.2478/s12175-007-0022-7

Math. Slovaca 57 (2007), No. 3, 271–296

MULTIVARIATE REGRESSION MODEL

WITH CONSTRAINTS

Luboḿır Kubáček

(Communicated by Gejza Wimmer )

ABSTRACT. The aim of the paper is to present explicit formulae for parameter

estimators and confidence regions in multivariate regression model with different
kind of constraints and to give some comments to it. The covariance matrix of
observation is either totally known, or some unknown parameters of it must be
estimated, or the covariance matrix is totally unknown.
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1. Introduction

A multivariate regression model is considered in the form ([1])

Y ∼nm (XB,Σ ⊗ I), (1)

where Y is n × m random matrix (observation matrix), Y = (Y1, . . . ,Ym),
Yi ∼n (Xβi, σi,iIn,n), i = 1, . . . , m, B = (β1, . . . , βm), cov(Yi,Yj) = σi,jIn,n,

Σ =

⎛⎜⎜⎝
σ1,1, σ1,2, . . . , σ1,m

σ2,1, σ2,2, . . . , σ2,m

. . . . . . . . . . . . . . . . . . . . . . . . .
σm,1, σm,2, . . . , σm,m

⎞⎟⎟⎠ ,

XB is the mean value of the observation matrix E(Y ) = XB, X is an n×k given
matrix and B is a k×m matrix of unknown parameters. Σ⊗ I is the covariance
matrix of the observation vector vec(Y ) = (Y ′

1,Y
′
2, . . . ,Y

′
m)′ and the constraints

can be given in different forms, e.g. GBH+G0 = 0, GB+G0 = 0, BH+G0 = 0,
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LUBOMÍR KUBÁČEK

Tr(GiB) + gi = 0, i = 1, . . . , q, etc. Here the matrices G,H,G0,Gi are known
and also the vector g = (g1, g2, . . . , gq)′ is known.

The constraints of the type GB+G0 = 0 is considered mainly in the literature
(e.g. cf. [18]). In the case of modelling deformation measurement this kind of
constraints is typical. Let a triangle network covering a part of the Earth surface
characterize a state of the investigated area at some time. Measurement of
distances and angles in his network is realized at the times t1 < · · · < tm. From
the obtained results a geophysical research of the area (recent crustal movement)
can be made. However measured distances β1, β2, β3 and angles β4, β5, β6 in a
plane triangle must satisfy constraints

β4 + β5 + β6 = π/2, β1 sin β6 = β3 sin β4, β2 sin β4 = β2 sin β5.

After a linearization of the constraints and some technical adaptation we obtain
constraints of the type GB+G0 = 0. Constraints GBH+G0 = 0 are a moderate
generalization useful in other structures of multivariate models, e.g. in growth
curve models.

The model considered in the paper is regular if r(Xn,k) = k < n, and Σ is
positive definite (p.d.). The constraints GBH + G0 = 0 are regular if r(Gq,k) =
q < k & r(Hm,r) = r < m. The constraints Tr(GiB) + gi = 0, i = 1, . . . , q, are
regular if r(G̃q,mk) = q < km, where

G̃ =
([

vec(G′
1)
]
, . . . ,

[
vec(G′

q)
])′

.

The covariance matrix Σ can be either totally known, or it is of the form Σ =
σ2V, where σ2 ∈ (0,∞) is an unknown parameter and the m×m positive definite

matrix V is known, or Σ is of the form Σ =
p∑

i=1

ϑiVi, where ϑ = (ϑ1, . . . , ϑp)′

is an unknown vector, ϑ ∈ ϑ ⊂ R
p, ϑ is an open set and the m × m symmetric

matrices V1, . . . ,Vp are known, or Σ is totally unknown.
The aim of the paper is to find explicit formulae for parameter estimators

and confidence regions for the parameters, respectively.

2. Parameter estimators

2.1. The matrix Σ is known

����� 2.1.1� Let the model and the constraints

Y ∼nm (XB,Σ⊗ I), Gq,kBk,mHm,r + G0 = 0q,r,

be regular. Then the best linear unbiased estimator (BLUE) of the matrix B iŝ̂
B = B̂ − (X′X)−1G′[G(X′X)−1G′]−1(GB̂H + G0)(H′ΣH)−1H′Σ
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and

Var[vec( ̂̂B)] = Σ ⊗ (X′X)−1

− [ΣH(H′ΣH)−1H′Σ] ⊗ {(X′X)−1G′[G(X′X)−1G′]−1G(X′X)−1
}
.

Here B̂ = (X′X)−1X′Y .

P r o o f. In the univariate regular model Y ∼n (Xβ,Σ), bq,1 + Bq,kβ = 0 , the
BLUE of β is

ˆ̂
β = β̂ − (X′Σ−1X)−1B′[B(X′Σ−1X)−1B′]−1(Bβ̂ + b)

and

Var(ˆ̂β) = (X′Σ−1X)−1 − (X′Σ−1X)−1B′[B(X′Σ−1X)−1B′]−1‘B(X′Σ−1X)−1,

where β̂ = (X′Σ−1X)−1X′Σ−1Y (cf., e.g. [4]). Now it suffices to write the
multivariate model in the form

vec(Y ) ∼nm [(I ⊗ X) vec(B),Σ ⊗ I] , (H′ ⊗ G) vec(B) + vec(G0) = 0

and to use the equality vec(ABC) = (C′ ⊗ A) vec(B). �

��������	 2.1.2� Let in the regular model the regular constraints are of the
form Gq,kBk,m + G0,(q,m) = 0. Then̂̂

B = B̂ − (X′X)−1G′[G(X′X)−1G′]−1(GB̂ + G0),

Var[vec( ̂̂B)] = Σ ⊗
{

(X′X)−1 − (X′X)−1G′[G(X′X)−1G′]−1G(X′X)−1
}

= Σ ⊗
[
MG′X′XMG′

]+
,

where MG′ = I − PG′ , PG′ = G′(GG′)−1G. (The notation + means the Moore-
Penrose generalized inverse of the matrix (cf. in more detail [19]).

Remark 2.1.3� In Corollary 2.1.2 the BLUE of B does not require the knowl-
edge of Σ.

��������	 2.1.4� If the regular constraints are of the form Bk,mHm,r+G0,(k,r)

= 0k,r, then ̂̂
B = B̂ − (B̂H + G0)(H′ΣH)−1H′Σ,

Var[vec( ̂̂B)] = [Σ −ΣH(H′ΣH)−1H′Σ] ⊗ (X′X)−1

= (MHΣ−1MH)+ ⊗ (X′X)−1.

Here the knowledge of Σ is essential.
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����� 2.1.5� Let the constraints be of the form

Tr(G1B) + g1 = 0, . . . , Tr(GqB) + gq = 0,

and the matrix G̃ =
(
vec(G′

1), . . . , vec(G′
q)
)′

is of the full rank in rows, i.e.

r(G̃) = q < km. Then

vec( ̂̂B) = vec(B̂) − [Σ ⊗ (X′X)−1]G̃′
{
G̃
[
Σ ⊗ (X′X)−1

]
G̃′
}−1[

G̃ vec(B̂) + g
]
,

Var[vec( ̂̂B)] =
{
MG̃[Σ−1 ⊗ (X′X)]MG̃

}+

.

P r o o f. Proof is analogous as in Lemma 2.1.1. �

2.2. The matrix Σ is of the form σ2V

����� 2.2.1� Under the assumption of Lemma 2.1.1 the estimator of σ2 is

σ̂2
I = Tr(v ′

Iv IV
−1)/[m(n − k) + qr],

where

v I = Y − X
̂̂
B = v + kI , v = MXY ,

kI = X(X′X)−1G′[G(X′X)−1G′]−1(GB̂H + G0)(H′VH)−1H′V,

B̂ = (X′X)−1X′Y .

The underlined symbols are used in order to emphasize that matrices (not vec-
tors) are under consideration.

If the observation matrix is normally distributed, then

σ̂2
I ∼ σ2χ2

m(n−k)+qr/[m(n − k) + qr].

P r o o f. It is a consequence of the analogous statement on the estimator in the
univariate regular regression model Y ∼n (Xβ, σ2V), b + Bβ = 0 , where

σ̂2
I = v ′

IV
−1vI/(n + q − k),

vI = Y − X
ˆ̂
β = Y − Xβ̂ + X(X′V−1X)−1B′[B(X′V−1X)−1B′]−1(Bβ̂ + b),

β̂ = (X′V−1X)−1X′V−1Y .

�

����� 2.2.2� Let v , v I and kI be matrices from Lemma 2.2.1. If Y is normally
distributed, then v and kI are stochastically independent and

k ′
IkI ∼ Wm[q, σ2VH(H′VH)−1H′V], v ′

Iv I = v ′v + k ′
IkI ,

where v ′v ∼ Wm[(n − k), σ2V]. Here Wm(f,U) means the m-dimensional
Wishart distribution with f degrees of freedom and variance matrix U.
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P r o o f. Since v and B̂ are stochastically independent, also the matrices v and
kI are stochastically independent. Further the implication

Uq,r ∼ Nqr(0,Tr,r ⊗ Sq,q) =⇒ U′S−U ∼ Wr[r(S),T]

will be utilized. Since

(GB̂H + G0) ∼ Nqr

{
0, (H′ΣH) ⊗ [G(X′X)−1G′]},

we have

(GB̂H + G0)′[G(X′X)−1G′]−1(GB̂H + G0) ∼ Wr[q, (H′ΣH)]

and because of

k ′
IkI = VH(H′VH)−1(GB̂H + G0)′[G′(X′X)−1G′]−1(GB̂H + G0)H′VH)−1H′V,

it is valid k ′
IkI ∼ Wm[q, σ2VH(H′VH)−1H′V].

Further the equality k ′
Iv = 0 can be easily verified and therefore

v ′
Iv I = v ′v + k ′

IkI .

�

Remark 2.2.3� The relationships

vec(v ) ∼ Nnm[0, σ2(V ⊗ MX)],

vec(kI) ∼ Nnm

[
0, σ2

(
[VH(H′VH)−1H′V] ⊗

⊗
{
X(X′X)−1G′[G(X′X)−1G′]−1G(X′X)−1X′

})]
,

and

vec(v I) ∼ Nnm

[
0, σ2

(
V ⊗ MX + [VH(H′VH)−1H′V] ⊗

⊗
{
X(X′X)−1G′[G(X′X)−1G′]−1G(X′X)−1X′

})]
,

are implied by Lemma 2.2.1. It can be easily verified that the matrix

σ−2(V−1 ⊗ I)

is generalized inverse of all matrices Var[vec(v)], Var[vec(kI)] and Var[vec(v I)],
respectively.
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Since W ∼ Wm(f, σ2T) =⇒ Tr(WT−) = σ2χ2
r(T )f , we have

σ̂2 = Tr(Y ′MXYV−1)/[m(n − k)],
σ̂2

corr = Tr(k ′
IkIV

−1)/(qr),
σ̂2

I = Tr(v ′
Iv IV

−1)/[m(n − k) + qr],

(cf. also Lemma 2.2.1).
Here σ̂2 is the best estimator (i.e. it is unbiased and its dispersion is smallest

in the class of unbiased estimators of σ2) in the model (without constraints)
Y ∼ Nnm(XB, σ2V⊗ I). The symbol σ̂2

I denotes the best estimator of σ2 in the
model (with constraints) Y ∼ Nnm(XB, σ2V ⊗ I), GB + G0 = 0. The symbol
σ̂2

corr denotes a correction term (due to constraints) which must be used in order
to obtain the estimator σ̂2

I of σ2.
Thus

σ̂2
I = [m(n − k)σ̂2 + qrσ̂2

corr]/[m(n − k) + qr]

and we can judge the influence of the constraints GBH+G0 = 0 on the estimator
of σ2.

Remark 2.2.4� If the matrix Σ is of the form Σ = σ2V, there is no problem to
write directly expressions for the estimators considered, since they do not depend
on the parameter σ2. The parameter σ2 occurs in their covariance matrices only
and thus it must be estimated by the help of σ̂2

I from Lemma 2.2.1.

2.3. The matrix Σ is of the form
p∑

i=1

ϑiVi

����� 2.3.1� In the univariate regular model

Y ∼n

(
Xβ,

p∑
i=1

ϑiVi

)
, b + Bβ = 0 ,

the function h(ϑ) = h′ϑ, ϑ ∈ ϑ, can be estimated by MINQUE iff

h ∈ M
(
S(MXM

B′ Σ0MXM
B′ )+

)
,

where

M
(
S(MXMB′ Σ0MXMB′ )+

)
=
{
S(MXMB′ Σ0MXMB′ )+u : u ∈ R

p
}

,

{
S(MXM

B′ Σ0MXM
B′ )+

}
i,j

= Tr
[(

MXMB′ Σ0MXMB′

)+

Vi ×

×
(
MXMB′ Σ0MXMB′

)+

Vj

]
, i, j = 1, . . . , p.
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If this condition is satisfied, then the ϑ(0)-MINQUE is

ĥ′ϑ =
p∑

i=1

λiv
′
IΣ

−1
0 ViΣ−1

0 vI ,

where

Σ0 =
p∑

i=1

ϑ
(0)
i Vi, ϑ(0) = (ϑ(0)

1 , . . . , ϑ(0)
p )′,

S(MXM
B′ Σ0MXM

B′ )+λ = h, vI = Y − X
ˆ̂
β,

ˆ̂
β = β̂ − (X′Σ−1

0 X)−1B′[B(X′Σ−1
0 X)−1B′]−1(Bβ̂ + b),

β̂ = (X′Σ−1
0 X)−1X′Σ−1

0 Y

and ϑ(0) is an approximate value of the vector ϑ.

P r o o f. The considered model can be rewritten as

Y − Xβ0 ∼n

(
XKBγ,

p∑
i=1

ϑiVi

)
, γ ∈ R

k−q , M(KB) = Ker(B),

where b + Bβ0 = 0 , i.e. β0 is any solution of the equation b + Bβ = 0 . Then
the ϑ0-MINQUE can be written in the form ([20])

ĥ′ϑ =
p∑

i=1

λi(Y − Xβ0)
′(MXKB

Σ0MXKB
)+Vi(MXKB

Σ0MXKB
)+(Y − Xβ0).

Since

(MXKB
Σ0MXKB

)+(Y − Xβ0)

=
[
Σ−1

0 −Σ−1
0 XMB′(MB′X′Σ−1

0 XMB′)+MB′X′Σ−1
0

]
(Y − Xβ0)

= Σ−1
0

[
Y − X

(
β0 +

{
I − (X′Σ−1

0 X)−1B′[B(X′Σ−1
0 X)−1B′]−1B

}
×

× (X′Σ−1
0 X)−1X′Σ−1

0 Y
)

+
{
Xβ0 + X(X′Σ−1

0 X)−1B′ ×

× [B(X′Σ−1
0 X)−1B′]−1(−b)

}]
= Σ−1

0 (Y − X
ˆ̂
β) = Σ−1

0 vI ,

we have the explicit expression for ĥ′ϑ. �
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��������	 2.3.2� In the regular multivariate model

Y ∼nm

(
XB,

p∑
i=1

ϑi(Vi ⊗ I)
)
, Gq,kBk,mHm,r + G0,(q,r) = 0,

the ϑ0-MINQUE of the function h(ϑ) = h′ϑ, ϑ ∈ ϑ, exists iff

h ∈ M
[
(n − k)SΣ−1

0
+ qSH(H′Σ0H)−1H′

]
,

where {
SΣ−1

0

}
i,j

= Tr(Σ−1
0 ViΣ−1

0 Vj),{
SH(H′Σ0H)−1H′

}
i,j

= Tr
[
H(H′Σ0H)−1H′ViH(H′Σ0H)−1H′Vj

]
,

i, j = 1, . . . , p.

The ϑ0-MINQUE is

ĥ′ϑ =
p∑

i=1

λi Tr(v ′
Iv IΣ

−1
0 ViΣ−1

0 ),

where [
(n − k)SΣ−1

0
+ qSH(H′Σ0H)−1H′

]
λ = h.

P r o o f. With respect to Lemma 2.3.1

ĥ′ϑ =
p∑

i=1

λi[vec(v I)]
′(Σ−1

0 ⊗ I)(Vi ⊗ I)(Σ−1
0 ⊗ I) vec(v i)

=
p∑

i=1

λi Tr(v ′
Iv IΣ

−1
0 ViΣ−1

0 ),

where

h ∈ M(SA), A =
[
M(I⊗X)K(H′⊗G)

(Σ0 ⊗ I)M(I⊗X)K(H′⊗G)

]+
.

The matrix A can be rewritten as follows

A = (Σ−1
0 ⊗ I) − (Σ−1

0 ⊗ I)(I⊗ X)
[
MH⊗G′(Σ−1

0 ⊗ I)MH⊗G′
]+

(I ⊗X′)(Σ−1
0 ⊗ I)

= Σ−1
0 ⊗ MX + [H(H′Σ0H)−1H′] ⊗

{
X(X′X)−1G′[G(X′X)−1G′]−1 ×

× G(X′X)−1X′
}

= Σ−1
0 ⊗ MX + A1 ⊗ A2, A1 = H(H′Σ0H)−1H′,

A2 = X(X′X)−1G′[G(X′X)−1G′]−1G(X′X)−1X′ (idempotent matrix).
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Further

Tr[A(Vi ⊗ I)A(Vj ⊗ I)] = Tr
[
(Σ−1

0 ⊗ MX + A1 ⊗ A2)(Vi ⊗ I)(Σ−1
0 ⊗ MX

+ A1 ⊗ A2)(Vj ⊗ I)
]

= Tr
(
(Σ−1

0 ViΣ−1
0 Vj) ⊗ MX

+
[
H(H′Σ0H)−1H′ViH(H′Σ0H)−1H′Vj

]
⊗
{
X(X′X)−1G′ ×

× [G(X′X)−1G′]−1G(X′X)−1X′
})

= Tr(MX) Tr(Σ−1
0 ViΣ−1

0 Vj)

+ Tr
{

[G(X′X)−1G′]−1G(X′X)−1X′X(X′X)−1G′
}
×

× Tr
[
H(H′Σ0H)−1H′ViH(H′Σ0H)−1H′Vj

]
=
{

(n − k)SΣ−1
0

+ qSH(H′Σ0H)−1H′

}
i,j

.

�

Remark 2.3.3� If the matrix (n − k)SΣ−1
0

+ qSH(H′Σ0H)−1H′ is regular, then
the vector ϑ can be estimated and

ϑ̂ =
[
(n − k)SΣ−1

0
+ qSH(H′Σ0H)−1H′

]−1

⎛⎜⎝ Tr(v ′
Iv IΣ

−1
0 V1Σ−1

0 )
...

Tr(v ′
Iv IΣ

−1
0 V1Σ−1

0 )

⎞⎟⎠ .

In the case of normality

Varϑ0(ϑ̂) = 2
[
(n − k)SΣ−1

0
+ qSH(H′Σ0H)−1H′

]−1

.

Remark 2.3.4� If Hm,r = Im,m, then

(n − k)SΣ−1
0

+ qSH(H′Σ0H)−1H′ = (n + q − k)SΣ−1
0

.

If Gq,k = Ik,k, then

(n − k)SΣ−1
0

+ qSH(H′Σ0H)−1H′ = nSΣ−1
0

+ k
(
SH(H′Σ0H)−1H′ − SΣ−1

0

)
.

����� 2.3.5� Let the model

vec(Y ) ∼nm

[
(I ⊗ X) vec(B),Σ⊗ I)

]
, G̃ vec(B) + g = 0 ,

Σ =
p∑

i=1

ϑi(Vi ⊗ I),
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be regular. Then the ϑ0-MINQUE exists for the function h(ϑ) = h′ϑ, ϑ ∈ ϑ,
iff h ∈ M(S∗),

{S∗}i,j = Tr
({

G̃[Σ0 ⊗ (X′X)−1]G̃′
}−1

G̃[(ViΣ−1
0 Vj) ⊗ (X′X)−1]G̃′

)
,

i, j = 1, . . . , p,

and then the ϑ0-MINQUE of h(·) is ĥ′ϑ =
p∑

i=1

λi Tr(v ′
Iv IΣ

−1
0 ViΣ−1

0 ). Here

v I = Y − X
̂̂
B, S∗λ = h,̂̂

B = B̂ − devec
(
[Σ0 ⊗ (X′X)−1]G̃′

{
G̃[Σ0 ⊗ (X′X)−1]G̃′

}−1(
G̃ vec(B) + g

))
.

The operation “devec” creates the k×m matrix from the mk-dimensional vector

[Σ0 ⊗ (X′X)−1]G̃′
{
G̃[Σ0 ⊗ (X′X)−1]G̃′

}−1(
G̃ vec(B) + g

)
.

If the matrix S∗ is regular, then

ϑ̂ = S−1
∗

⎛⎜⎝ Tr(v ′
Iv IΣ

−1
0 V1Σ−1

0 )
...

Tr(v ′
Iv IΣ

−1
0 VpΣ−1

0 )

⎞⎟⎠ .

If Y is normally distributed, then Varϑ0(ϑ̂) = 2S−1
∗ .

P r o o f. With respect to Lemma 2.3.1

{S∗}i,j = Tr
{[

M(I⊗X)MG̃′ (Σ0 ⊗ I)M(I⊗X)MG̃′ (Σ0 ⊗ I)
]+

(Vi ⊗ I) ×

×
[
M(I⊗X)MG̃′ (Σ0 ⊗ I)M(I⊗X)MG̃′ (Σ0 ⊗ I)

]+
(Vj ⊗ I)

}
.

Here [
M(I⊗X)MG̃′ (Σ0 ⊗ I)M(I⊗X)MG̃′ (Σ0 ⊗ I)

]+
= Σ−1

0 ⊗ I − (Σ−1
0 ⊗ X)

{
MG̃

[
Σ−1

0 ⊗ (X′X)
]
MG̃

}+(Σ−1
0 ⊗ X′),
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and thus

{S∗}i,j = n Tr(Σ−1
0 ViΣ−1

0 Vj) − 2 Tr
({

MG̃′
[
Σ−1

0 ⊗ (X′X)
]
MG̃′

}+

×

× [(Σ−1
0 ViΣ−1

0 VjΣ−1
0 ) ⊗ (X′X)

])
+ Tr

({
MG̃′

[
Σ−1

0 ⊗ (X′X)
]
MG̃′

}+

×

× [(Σ−1
0 ViΣ−1

0 ) ⊗ (X′X)
]{

MG̃′
[
Σ−1

0 ⊗ (X′X)
]
MG̃′

}+

×

× [(Σ−1
0 VjΣ−1

0 ) ⊗ (XX′)
])

.

Further

−2 Tr
({

MG̃′
[
Σ−1

0 ⊗ (X′X)
]
MG̃′

}+[
(Σ−1

0 ViΣ−1
0 VjΣ−1

0 ) ⊗ (X′X)
])

= −2n Tr(Σ−1
0 ViΣ−1

0 Vj) + 2 Tr
({

G̃
[
Σ0 ⊗ (X′X)−1

]
G̃′
}−1

×

× G̃
[
(ViΣ−1

0 Vj) ⊗ (X′X)−1
]
G̃′
)
,

Tr
({

MG̃′
[
Σ−1

0 ⊗ (X′X)
]
MG̃′

}+[
(Σ−1

0 ViΣ−1
0 ) ⊗ (X′X)

]×
×
{
MG̃′

[
Σ−1

0 ⊗ (X′X)
]
MG̃′

}+[
(Σ−1

0 VjΣ−1
0 ) ⊗ (XX′)

])
= n Tr(Σ−1

0 ViΣ−1
0 Vj) − Tr

({
G̃
[
Σ0 ⊗ (X′X)−1

]
G̃′
}−1

×

× G̃
[
(ViΣ−1

0 Vj) ⊗ (X′X)−1
]
G̃′
)
.

The rest of the proof is obvious. �

Remark 2.3.6� If the constraints are given in the form GBH + G0 = 0, H �= I
and G̃ vec(B) + g = 0 , the the ϑ0-locally best linear estimator of B is known
only. However if the estimator of ϑ is sufficiently precise, then the estimator ϑ̂
can be used instead of the actual value ϑ∗ of the parameter ϑ. What means
“sufficiently precise” is commented in Section 3.

2.4. The matrix Σ is totally unknown

Analogously as in Remark 2.3.6 the constraints GBH + G0 = 0, H �= I and
G̃ vec(B) + g = 0 , respectively, make problems in the estimation of B when the
matrix Σ is totally unknown. A Σ0-locally best estimator of B can be obtained
easily, however an investigation of statistical properties of a plug-in estimator,
i.e. the estimator of B with an estimated covariance matrix, is difficult. One
possibility offers the following Lemma 2.4.1. However it is necessary to say
something in advance.
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Analogously as in [17] and [3] let an univariate regular model

Y ∼ Nn(Xβ,Σ), b + Bβ = 0 ,

be under consideration. Let β̃ be any unbiased estimator of β, e.g. β̃ =
MB′X−Y − B′(BB′)−1b, and let ṽ = ZY + z ∼ Nn(0 ,W). The class of all
linear unbiased estimators of zero function of the parameter β is

L0 =
{
u ′MXMB′ Y + u ′MXMB′ XB′(BB′)−1b : u ∈ R

n
}
,

i.e. ˆ̂
β is the BLUE of β iff ∀{u ∈ R

n} cov
(
u ′MXMB′ ,

ˆ̂
β
)

= 0 (in more detail cf.
[4, Chap. 10]). This class is created of all linear combination of the components
of the vector ZY + z ∼ Nn(0 ,W). Further(

β̃
ṽ

)
∼ Nk+n

[(
β
0

)
,

(
U, V
V′, W

)]
.

If fS =
f∑

α=1
uαu ′

α ∼ Wn(f,Σ) (Wishart distribution with f degrees of freedom),

i.e. uα ∼ Nn(0 ,Σ), α = 1, . . . , f , and u1, . . . , uf , are stochastically independent,
then

f

(
Û, V̂

V̂′, Ŵ

)
=

f∑
α=1

(V′
α,1,V

′
α,2)

′(V′
α,1,V

′
α,2) ∼ Wk+n

[
f,

(
U, V
V′, W

)]
,

where (V′
α,1,V

′
α,2)′ =

(
MB′X−

Z

)
uα, α = 1, . . . , f .

In the following text the symbol (p) means

“conditioned by (V1,2, . . . ,Vf,2, ṽ)”.

If the matrix S is substituted into the BLUE ˆ̂
β of β instead of Σ, then we

obtained the plug-in estimator denoted as ˜̂
β.

����� 2.4.1� If the Wishart matrix fS ∼ Wn(f,Σ), f > n+1, is independent
of the observation vector Y , then

˜̂
β

(p)

∼ Nk

[
β, Var(ˆ̂β)

(
1 +

ṽ ′Ŵ−ṽ

f

)]
,

where

Var(ˆ̂β) = U − VW−V′

= (X′Σ−1X)−1 − (X′Σ−1X)−1B′[B(X′Σ−1X)−1B′]−1B(X′Σ−1X)−1

and
f(Û − V̂Ŵ−V̂′) ∼ Wk(f − r(W), Var(ˆ̂β)].
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P r o o f. The plug-in estimator is ˜̂
β = β̃ − V̂Ŵ−ṽ and ˜̂

β
(p)

= β̃
(p) − V̂(p)Ŵ−ṽ .

Here

β̃
(p) ∼ Nk[β − VW−ṽ , Var(ˆ̂β)],

E(V̂(p)) = (1/f)E
( f∑

α=1

V
(p)
α,1V

′
α,2

)
= (1/f)

p∑
α=1

VW−Vα,2V
′
α,2 = VW−Ŵ.

Thus

E(˜̂β
(p)

) = β − VW−ṽ + VW−ŴŴ−ṽ = β,

since P{ṽ ∈ M(Ŵ)} = 1 =⇒ ŴŴ−ṽ = ṽ .

The vectors β̃
(p)

and V̂(p)Ŵ−ṽ are stochastically independent, thus

Var(˜̂β
(p)

) = Var(β̃
(p)

) + Var(V̂(p)Ŵ−ṽ)

= Var(ˆ̂β) + Var
( f∑

α=1

V
(p)
α,1V

′
α,2Ŵ

−ṽ
)

= Var(ˆ̂β) + Var(ˆ̂β)
f∑

α=1

(V′
α,2Ŵ

−ṽ)2

= Var(ˆ̂β)

(
1 +

ṽ ′Ŵ−ṽ

f

)
.

The other statement is well known (cf, e.g. [18]). �

Remark 2.4.2� The residual vector

v = Y − X
ˆ̂
β = Y − X(X′Σ−1X)−1X′Σ−1Y + X(X′Σ−1X)−1B′ ×

× [B(X′Σ−1X)−1B′]−1[B(X′Σ−1X)−1X′Σ−1Y + b]

depends on the matrix Σ, however ṽ = ZY + z does not depend on it. Thus
there exists a regular matrix RΣ with the property v = RΣṽ and

Var(v ) = Σ − X(X′Σ−1X)−1X′ + X(X′Σ−1X)−1B′[B(X′Σ−1X)−1B′]−1 ×
× B(X′Σ−1X)−1X′ = RΣ Var(Ṽ)R′

Σ = RΣWR′
Σ.

Let v̂ = Y − X
˜̂
β. Then v̂ = RS ṽ and

ṽ ′Ŵṽ = ṽ ′(ZSZ′)−ṽ = ṽ ′R′
S(RSŴ−R′

S)−RS ṽ = v̂ ′(RSŴR′
S)−v̂ .
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However

RSŴR′
S = RS(ZSZ′)R′

S = S − X(X′S−1X)−1X′ + X(X′S−1X)−1B′ ×
× [B(X′S−1X)−1B′]−1B(X′S−1X)−1X′.

Since one version of the g-inverse of the matrix RSŴR′
S is S−1, we have

˜̂
β

(p)

∼ Nk

[
β, Var(ˆ̂β)

(
1 +

v̂ ′S−1v̂

f

)]
,

where v̂ = Y − X
˜̂
β.


������ 2.4.3� Let the multivariate model and constraints

Y ∼ Nnm(XB,Σ ⊗ I), GBH + G0 = 0,

be regular. If fT̂ ∼ Wnm(f,Σ ⊗ I = T), f > nm + 1, which is stochastically
independent of Y , is at our disposal, then

˜̂
B

(p)

∼ Nkm

[
B, Var[vec( ̂̂B)]

(
1 +

[vec(v̂I)]′T̂−1 vec(v̂I)]
f

)]
,

where

˜̂
B = vec(B̂) − [(I ⊗ X′)T̂−1(I ⊗ X)

]−1(H⊗ G′) ×
×
{

(H′ ⊗ G)
[
(I ⊗ X′)T̂−1(I ⊗ X)

]−1(H ⊗ G′)
}−1[

(H′ ⊗ G) vec(B) + vec(G0)
]
,

v̂ I = Y − X
˜̂
B, B̂ = (X′X)−1X′Y .

P r o o f. Regarding Lemma 2.4.1 and Remark 2.4.2 we have

uα ∼ Nnm(0,T), α = 1, . . . , f,

Vα =
(

I ⊗ X− − PH ⊗ (PG′X−)
Z

)
uα ∼ Nkm+nm

[(
0
0

)
,

(
U, V
V′, W

)]
,

f∑
α=1

(
Vα,1

Vα,2

)
(V′

α,1,V
′
α,2) = f

(
Û, V̂

V̂′, Ŵ

)
∼ Wkm+nm

[
f,

(
U, V
V′, W

)]
.

Now it can be proceeded as in Lemma 2.4.1 and Remark 2.4.2. �
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Remark 2.4.4� Even if the conditioned estimator ˜̂
B

(p)

has only restricted ap-
plication, it can be suitable utilized in the determination of a confidence region.

Since

f(Û − V̂Ŵ−V̂′) ∼ Wkm[f − r(W), Var[vec( ̂̂B)],
r(W) = nm + qr − km,

˜̂
B

(p)

∼ Nkm

[
B, Var[vec( ̂̂B)]

(
1 +

[vec(v̂I)]′T̂−1 vec(v̂I)]
f

)]

and Û− V̂Ŵ−V̂′ and ˜̂
B

(p)

are stochastically independent, the Hotelling theorem
([18]) can be used. With respect to it

[vec(B − ˜̂
B)]′[f(Û − V̂Ŵ−V̂′)] vec(B − ˜̂

B)

1 + [vec(v̂I)]′T̂−1 vec(v̂I)
f

∼
χ2

r{Var[vec(
b

bB]}
χ2

f−r(W )−r{Var[vec(
b

bB)]}+1

and thus this random variable does not depend on the condition (p) and it can
be used for a determination of an exact (1 − α)-confidence region. Since one
version of (Û − V̂Ŵ−V̂′)− is (I ⊗ X′)T̂−1(I ⊗ X), this region can be written in
the form

E =

{
B : GBH + G0 = 0,

[vec(B − ˜̂
B)]′[(I ⊗ X′)T̂−1(I ⊗ X)] vec(B − ˜̂

B)

1 + [vec(v̂I)]′T̂−1 vec(v̂I)
f

≤ f(km − qr)
f − nm + 1

Fkm−qr,f−nm+1(1 − α)

}
.

Remark 2.4.5� Unfortunately a realization of the matrix T̂ cannot be written
in the form S ⊗ I. Until now author has not been able to find a matrix of the
form Σ̂ ⊗ I with properties necessary for the validity of Theorem 2.4.3. Thus
the explicit formulae are rather rough. Except this the degrees of freedom f
must be larger than the number nm + 1 in order the matrix T can be inverted
(f < nm + 1 =⇒ T is singular) and thus f could be huge number. Therefore
the plug-in estimator given in Theorem 2.4.3 will be used rarely.

It seems that the approach given in the next section has a greater chance to
be used in applications. This approach is demonstrated for a determination of
a variance and a confidence region.
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3. Sensitivity approach

Let in the model (1) an estimator of the function f(B) = Tr(AB), B ∈ {U :

GUH + G0 = 0}, be considered. If Σ(ϑ) =
p∑

i=1

ϑiVi, ϑ ∈ ϑ ⊂ R
p, then the

ϑ0-locally best estimator of the function f(·) can be determined only, i.e.

̂̂
Bϑ = B̂ − (X′X)−1G′[G(X′X)−1G′]−1GB̂H[H′Σ(ϑ)H]−1H′Σ(ϑ)

−(X′X)−1G′[G(X′X)−1G′]−1G0[H′Σ(ϑ)H]−1H′Σ(ϑ) =

= B̂ − K = B̂ −
(
P

(X′X)−1

G′

)′
B̂P

Σ(ϑ)
H − (X′X)−1G′ ×

× [G(X′X)−1G′]−1G0[H′Σ(ϑ)H]−1H′Σ(ϑ),

K = (X′X)−1G′[G(X′X)−1G′]−1(GB̂H + G0)[H′Σ(ϑ)H]−1H′Σ(ϑ).

����� 3.1�

(i) Tr(A ̂̂Bϑ+δϑ) ≈ Tr(A ̂̂Bϑ) + k ′δϑ,

{k}i = −Tr
[
AKΣ−1(ϑ)ViM

Σ(ϑ)
H

]
, i = 1, . . . , p.

(ii) Tr(A ̂̂Bϑ) and k are uncorrelated and E(k) = 0 ,

{Var(k)}i,j = Tr
[
P

Σ(ϑ)
H Σ−1(ϑ)ViM

Σ(ϑ)
H A(X′X)−1P

(X′X)−1

G′ A′VjΣ(ϑ)
]
,

i, j = 1, . . . , p.

P r o o f.
(i)

{k}i =
∂ Tr(A ̂̂Bϑ)

∂ϑi
= −Tr

(
A
{
(X′X)−1G′[G(X′X)−1G′]−1(GB̂H + G0) ×

× ∂

∂ϑi
[H′Σ(ϑ)H]−1H′Σ(ϑ)

})
= −Tr

(
A(X′X)−1G′[G(X′X)−1G′]−1(GB̂ + G0)

{
−[H′Σ(ϑ)H]−1H′ViH ×

× [H′Σ(ϑ)H]−1H′Σ(ϑ) + [H′Σ(ϑ)H]−1H′Vi

})
= −Tr

[
AKΣ−1(ϑ)ViM

Σ(ϑ)
H

]
.
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(ii) The equality E(GB̂H + G0) = 0 implies E(k) = 0 . Since vec( ̂̂Bϑ) =
vec(B̂) − vec(K) and

vec(K) =
[(

P
Σ(ϑ)
H

)′
⊗
(
P

(X′X)−1

G′H

)′]
vec(B̂) +

({
Σ(ϑ)H[H′Σ(ϑ)H]−1

}⊗
⊗{(X′X)−1G′[G(X′X)−1G′]−1

})
vec(G0),

we have

cov
[
vec( ̂̂Bϑ), vec(K)

]
= cov

{
I ⊗ I −

[(
P

Σ(ϑ)
H

)′
⊗
(
P

(X′X)−1

G′H

)′]
vec(B̂),[(

P
Σ(ϑ)
H

)′
⊗
(
P

(X′X)−1

G′H

)′]
vec(B̂)

}
= 0.

Since k is a function of the matrix K and Tr(A ̂̂B) is a function of the estimator ̂̂B,

cov[Tr(A ̂̂B), k] = 0.
Let

U = A(X′X)−1G′[G(X′X)−1G′]−1G,

Wi = H[H′Σ(ϑ)H]−1H′Σ(ϑ)Σ−1(ϑ)ViM
Σ(ϑ)
H .

Then

cov
({k}i, {k}j

)
= cov[Tr(UB̂Wi), Tr(UB̂Wj)]

= [vec(U′W′
i)]

′ Var[vec(B̂)] vec(U′W′
j) = Tr[WiU(X′X)−1U′WjΣ(ϑ)]

and

{Var(k)}i,j = Tr
{
P

Σ(ϑ)
H Σ(ϑ)−1ViM

Σ(ϑ)
H A(X′X)−1G′[G(X′X)G′]−1 ×

× G(X′X)−1G′]−1G(X′X)−1G′[G(X′X)−1G′]−1G(X′X)−1A′
}

= Tr
[
P

Σ(ϑ)
H Σ−1(ϑ)ViM

Σ(ϑ)
H A(X′X)−1P

(X′X)−1

G′ A′VjΣ(ϑ)
]
.

�

Let the variance of the estimator Tr(A ̂̂B) of the function

f(B) = Tr(AB), GBH + G0 = 0,

be under consideration. The problem is whether the a priori unknown param-
eters ϑ1, . . . , ϑp, can be substituted by their estimates from Remark 2.3.3. We
have:
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������ 3.2� If the observation matrix Y is normally distributed and

δϑ ∈ {u : u ′ Var(k)u < c2
}
,

then ∣∣Var
[
Tr(A ̂̂Bϑ+δϑ)

]− Var
[
Tr(A ̂̂Bϑ)

]∣∣ ≈ δϑ′ Var(k)δϑ < c2.

P r o o f. Proof is a direct consequence of the assumption and Lemma 3.1. �

��������	 3.3� If the realization of the estimator Tr(A ̂̂Bϑ) is given, then also
the vector k is given and the implication

|k ′δϑ| < ε =⇒ |Tr(A ̂̂Bϑ+δϑ) − Tr(A ̂̂Bϑ)| < ε

is obvious.
If it is known that with sufficiently high probability the actual value δϑ =

ϑ∗ − ϑ lies in the domain {δϑ : |k ′δϑ| < ε} (this fact can be verified by

Remark 2.3.3), then the best estimate Tr
(
A
̂̂
Bϑ∗
)

differs from the estimate

Tr
(
A
̂̂
Bϑ

)
less than ε.

Moreover, if ϑ∗ = ϑ+δϑ, where δϑ′ Var(k)δϑ < c2, then also the variance of

the best estimator Tr(A ̂̂Bϑ∗) differs from the variance of the estimator Tr(A ̂̂Bϑ)
less than c2.

Let now a confidence region for B in the model (1) must be determined in the

case Σ =
p∑

i=1

ϑiVi.

Since the estimator̂̂
B(ϑ∗) = B̂ − (X′X)−1G′[G(X′X)−1G′]−1(GB̂H + G0)[H′Σ(ϑ∗)H]−1H′Σ(ϑ∗)

depends on ϑ∗ (the actual value of the parameter ϑ) and it can be easily proved
that {

Varϑ∗
[
vec
(̂̂
Bϑ∗

)]}−
= Σ−1(ϑ∗) ⊗ (X′X),

the (1 − α)-confidence region for the parameter B can be written in the form

E =
{
U : GUH + G0 = 0, Tr

[(
U − ̂̂Bϑ∗

)′
X′X(U − ̂̂Bϑ∗)Σ−1(ϑ∗)

]
≤

≤ χ2
km−qr(0, 1 − α)

}
.

Let

k(ϑ) = Tr
[(

B − ̂̂Bϑ

)′
X′X

(
B − ̂̂Bϑ

)
Σ−1(ϑ)

]
.

(Obviously k(ϑ∗) ∼ χ2
km−qr(0).)
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����� 3.4�

E

(
∂k(ϑ)
∂ϑi

∣∣∣
ϑ=ϑ∗

)
= −k Tr[Σ−1(ϑ∗)Vi] + q Tr

{
H[H′Σ(ϑ∗)H]−1H′Vi

}
,

cov
[(

∂k(ϑ)
∂ϑi

∣∣∣
ϑ=ϑ∗

)
,

(
∂k(ϑ)
∂ϑj

∣∣∣
ϑ=ϑ∗

)]
= −2k Tr[Σ−1(ϑ∗)ViΣ−1(ϑ∗)Vj ]

−2q Tr{H[H′Σ(ϑ∗)H]−1H′ViH[H′Σ(ϑ∗)H]−1H′Vj}.

P r o o f. Since

∂
̂̂
Bϑ

∂ϑi

∣∣∣
ϑ=ϑ∗

= −(X′X)−1G′[G(X′X)−1G]−1(GB̂H + G0) ×

× [H′Σ(ϑ∗)H]−1H′ViM
Σ(ϑ∗)
H ,

we have

∂k(ϑ)
∂ϑi

∣∣∣
ϑ=ϑ∗

= 2 Tr
{
X′X(X′X)−1G′[G(X′X)−1G′]−1 ×

× (GB̂H + G0)[H′Σ(ϑ)H]−1H′ViM
Σ(ϑ∗)
H Σ−1(ϑ∗)(B − ̂̂Bϑ∗)′

}
− Tr

[
(B − ̂̂Bϑ∗)′X′X(B − ̂̂Bϑ∗)Σ−1(ϑ∗)ViΣ−1(ϑ∗)

]
.

Now the substitution

̂̂
Bϑ∗ = B̂ − (X′X)−1G′[G(X′X)−1G′]−1GB̂H[H′Σ(ϑ∗)H]−1H′Σ(ϑ∗)

is used and thus

∂k(ϑ)
∂ϑi

∣∣∣
ϑ=ϑ∗

= Tr
{
G′[G(X′X)−1G′]−1(GB̂H + G0)[H′Σ(ϑ∗)H]−1H′ViH×

× [H′Σ(ϑ∗)H′]−1(GB̂H+G0)′
}
−Tr[X′X(B−B̂)Σ−1(ϑ∗)ViΣ−1(ϑ∗)−1(B−B̂)′].
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In the following consideration the equality

E[Tr(UΞVΥ′)] =
{
E[vec(Ξ)]

}′(V ⊗ U′)E[vec(Υ)]

+ Tr{(V ⊗ U′) cov[vec(Υ), vec(Ξ)]},

which is valid for any random matrices Ξ and Υ, is used. Thus

E

(
∂k(ϑ)
∂ϑi

∣∣∣
ϑ=ϑ∗

)
= Tr

[({
[H′Σ(ϑ∗)H]−1H′ViH[H′Σ(ϑ∗)H]−1

}
⊗

⊗ [G(X′X)−1G′]−1
)

Var[(H′ ⊗ G) vec(B̂)]
]

− Tr
({

[Σ−1(ϑ∗)ViΣ−1(ϑ∗)] ⊗ (X′X)
}

Var(B − B̂)
)

= Tr
({

[H′Σ(ϑ∗)H]−1H′ViH
}
⊗
{

[G(X′X)−1G′]−1G(X′X)−1G′
})

− Tr
{

[Σ−1(ϑ∗)Vi] ⊗ (X′X)(X′X)−1
}

= −k Tr[Σ−1(ϑ∗)Vi] + q Tr
{
H[H′Σ(ϑ∗)H]−1H′Vi

}
.

In order to obtain a formula for cov
[(

∂k(ϑ)
∂ϑi

∣∣∣
ϑ=ϑ∗

)
,
(

∂k(ϑ)
∂ϑj

∣∣∣
ϑ=ϑ∗

)]
, the fol-

lowing notation is used

A1 = Tr
{

[G(X′X)−1G′]−1(GB̂H + G0) ×

× [H′Σ(ϑ∗)H
]−1

H′ViH
[
H′Σ(ϑ∗)H

]−1(GB̂H + G0)′
}
,

−A2 = −Tr
[
X′X(B − B̂)Σ−1(ϑ∗)ViΣ−1(ϑ∗)(B − B̂)′

]
,

B1 = Tr
{

[G(X′X)−1G′]−1(GB̂H + G0) ×

× [H′Σ(ϑ∗)H]−1H′VjH[H′Σ(ϑ∗)H]−1(GB̂H + G0)′
}
,

−B2 = −Tr
[
X′X(B − B̂)Σ−1(ϑ∗)VjΣ−1(ϑ∗)(B − B̂)′

]
.
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Thus

cov
[(

∂k(ϑ)
∂ϑi

∣∣∣
ϑ=ϑ∗

)
,

(
∂k(ϑ)
∂ϑj

∣∣∣
ϑ=ϑ∗

)]
= cov(A1,−A2, B1 − B2) =

= cov(A1, B1) − cov(A1, B2) − cov(A2, B1) + cov(A2, B2).

Let Ξ = B − B̂,Υ = GB̂H + G0. Then

vec(Υ) = −(H′ ⊗ G) vec(Ξ) + (H′ ⊗ G) vec(B) + vec(G0).

Now the relationships

cov
[
Tr(AiΞBiΞ′), Tr(AjΞBjΞ′)

]
= 2 Tr

{
(B′

i ⊗ Ai) Var[vec(Ξ)](B′
j ⊗ Aj) ×

× Var[vec(Ξ)]
}

+ 4
{
E[vec(Ξ)]

}′
(B′

i ⊗ Ai) Var[vec(Ξ)](B′
j ⊗ Aj)E[vec(Ξ)],

cov
[
Tr(AΞBΞ′), Tr(CΥDΥ′)

]
= Tr

{
(B′ ⊗ A) Var[vec(Ξ)][(U′D′U) ⊗

⊗ (V′CV)] Var[vec(Ξ)]
}

+ 4E[vec(Ξ)]
(
B′ ⊗ A

)
Var[vec(Ξ)][(U′D′U) ⊗

⊗ (V′CV)]E[vec(Ξ)],

where vec(Υ) = (U ⊗ V) vec(Ξ), will be utilized in the following calculation.
Thus we obtain

cov(A1, B1) = 2 Tr
[({

[H′Σ(ϑ∗)H]−1H′ViH[H′Σ(ϑ∗)H]−1
}
⊗

⊗ [G(X′X)−1G′]−1
){

[H′Σ(ϑ∗)H] ⊗ [G(X′X)−1G′]
}({

[H′Σ(ϑ∗)H]−1 ×

× H′VjH[H′Σ(ϑ∗)H]−1
}
⊗ [G(X′X)−1G′]−1

){
[H′Σ(ϑ∗)H] ⊗

⊗ [G(X′X)−1G′]
}]

= 2q Tr
{
H[H′Σ(ϑ∗)H]−1H′ViH[H′Σ(ϑ∗)H]−1H′Vj

}
,

− cov(A2, B1) = −2 Tr
[
[Σ(ϑ∗)−1ViΣ−1(ϑ∗)] ⊗ (X′X)][Σ(ϑ∗) ⊗ (X′X)−1] ×

×
({

H[H′Σ(ϑ∗)H]−1H′VjH[H′Σ(ϑ∗)H]−1H′
}
⊗
{
G′[G(X′X)−1G′]−1G

})
×

× [Σ(ϑ∗) ⊗ (X′X)−1]
]
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= −2q Tr
{
H[H′Σ(ϑ∗)H]−1H′ViH[H′Σ(ϑ∗)H]−1H′Vj

}
= − cov(A1, B2)

= − cov(A1, B1),

cov(A2, B2) = 2 Tr
({

[Σ(ϑ∗)−1ViΣ−1(ϑ∗)] ⊗ (X′X)]
}

[Σ(ϑ∗) ⊗ (X′X)−1] ×

×
{

[Σ(ϑ∗)−1VjΣ−1(ϑ∗)] ⊗ (X′X)]
}

[Σ(ϑ∗) ⊗ (X′X)−1]
)

= 2k Tr[Σ−1(ϑ∗)ViΣ−1(ϑ∗)Vj ].

�

In the following text the notation (cf. also Corollary 2.3.2)

{SΣ−1}i,j = Tr[Σ−1(ϑ∗)ViΣ−1(ϑ∗)Vj], i, j = 1, . . . , p,

and {
SH(H′ΣH)−1H′

}
i,j

= Tr
{
H[H′Σ(ϑ∗)H]−1H′ViH[H′Σ(ϑ∗)H]−1H′Vj

}
,

i, j = 1, . . . , p,

will be used. Thus

Var
(

∂k(ϑ)
∂ϑ

)
= 2kSΣ−1 − 2qSH(H′ΣH)−1H′ .

��������	 3.5� Let

a′ = (a1, a2, . . . , ap),

ai = k Tr
{
Σ−1(ϑ∗)Vi

}
− q Tr

{
H[H′Σ(ϑ∗)H′]−1H′Vi

}
, i = 1, . . . , p,

A = 2kSΣ−1 − 2qSH(H′ΣH)−1H′ .

Then

k(ϑ∗ + δϑ) ≈ k(ϑ∗) + κ(δϑ),

κ(δϑ) =
p∑

i=1

∂k(ϑ)
∂ϑi

∣∣∣
ϑ=ϑ∗

δϑi

=
p∑

i=1

(
Tr
{

[G(X′X)−1G′]−1(GB̂H + G0)[H′Σ(ϑ∗)H]−1H′ViH[H′Σ(ϑ∗)H]−1 ×

× (GB̂H + G0)′
}
− Tr[X′X(B − B̂)Σ−1(ϑ∗)ViΣ−1(ϑ∗)(B − B̂)′]

)
δϑi

and

E[κ(δϑ)] = −a′δϑ, Var[κ(δϑ)] = δϑ′Aδϑ.
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������ 3.6� If

δϑ ∈
{

u : u ∈ R
p, [u − ct(t2A − aa′)+a]′(t2A − aa′)[u − ct(t2A − aa′)+a]

≤ c2
t t

2

t2 − a′A+a

}
,

then

P
{
B ∈ E =

{
U : U ∈ Mk×m, GUH + G0 = 0, Tr

[
(U − ̂̂Bϑ∗+δϑ)′X′X ×

× (U − ̂̂Bϑ∗+δϑ)Σ−1(ϑ∗ + δϑ)
] ≤ χ2

km−qr(0, 1 − α)
}}

≥ 1 − α − ε,

where Mk×m is the class of all k × m matrices, t is sufficiently large number
satisfying the relationship

P
{
κ(δϑ) ≤ −a′δϑ + t

√
δϑ′Aδϑ

}
≈ 1

and ct satisfies the equation

P
{

χ2
km−qr(0) ≤ χ2

km−qr(0, 1 − α) − ct

}
= 1 − α − ε,

i.e. ct = χ2
km−qr(0, 1 − α) − χ2

km−qr(0, 1 − α − ε).

P r o o f. Regarding Theorem 3.2

k(ϑ∗ + δϑ) ≈ k(ϑ∗) + κ(δϑ) and P
{
k(ϑ∗ + δϑ) ≤ χ2

km−qr(0, 1 − α)
}

≈ P
{
χ2

km−qr(0) + κ(δϑ) ≤ χ2
km−qr(0, 1 − α)

}
= P

{
χ2

km−qr(0) + κ(δϑ)

≤ χ2
km−qr(0, 1 − α)|κ(δϑ) < c

}
P{κ(δϑ) < c} + P

{
χ2

km−qr(0) + κ(δϑ)

≤ χ2
km−qr(0, 1 − α)|κ(δϑ) ≥ c

}
P
{
κ(δϑ) ≥ c

}
.
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If κ(δϑ) < c occurs with probability near to 1, then P
{
k(ϑ∗ + δϑ) ≤

χ2
km−qr(0, 1 − α) − c

} ≥ 1 − α − ε. Now the number c can be found for a

given ε and the number t must bo chosen such that κ(δϑ) ≤ −a′δϑ+ t
√

δϑ′Aδϑ
occurs with probability near to 1.

If the numbers c and t are given, the nonsensitivity region can be found as a
set
{
δϑ : t2δϑ′Aδϑ ≤ (c + a′δϑ)2

}
. The equality

t2δϑ′Aδϑ = c2 + δϑ′aa′δϑ + 2ca′δϑ

can be rewritten as

(δϑ − u0)′(t2A − aa′)(δϑ − u0) = c2 + c2a′(t2A − aa′)+a

where u0 = ct(t2A − aa′)+a. Here it is necessary to remark that a ∈
M(t2A − aa′). Since

(t2A − aa′)+ = (t2A)+ + (t2A)+a[1 − a′(t2A)+a]−1a′(t2A)+

=
1
t2

A+ +
A+aa′A+

t2(t2 − a′A+a)
,

we have

c2 + c2a′(t2A − aa′)+a =
c2t2

t2 − a′A+a
.

�

Sensitivity approach for other statistical inference is used in [4], [5], [6], [7],
[8], [9], [10], [11], [12], [13], [14], [15], [16].
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[11] KUBÁČEK, L.—FIŠEROVÁ, E.: Isobestic points: sensitiveness and linearization, Tatra
Mt. Math. Publ. 26 (2003), 1–10.
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Tomkova 40
CZ–779 00 Olomouc
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