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ON A CLASS OF DIFFERENCE SEQUENCES
RELATED TO THE # SPACE
DEFINED BY ORLICZ FUNCTIONS

BiNOD CHANDRA TRIPATHY — SABITA MAHANTA

(Communicated by Pavel Kostyrko)

ABSTRACT. In this article we introduce the difference sequence space
m(M, A, ¢) using the Orlicz function. We study its different properties like solid-

ity, completeness etc. Also we obtain some inclusion relations involving the space
m(M, A, ¢).
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1. Introduction

Throughout the article w, f, ¢? denote the spaces of all, bounded and
p-absolutely summable sequences respectively. The zero sequence is denoted
by 6. The sequence space m(¢) was introduced by Sargent [12], who studied
some of its properties and obtained its relationship with the space ¢P. Later on it
was investigated from sequence space point of view by Rath and
Tripathy [10], Tripathy [13], Tripathy and Sen [14], Tripathy
and Mahanta [15] and others.

The notion of difference sequence space was introduced by Kizmaz [4]. He
studied the properties of the difference sequence spaces

X(A)={z=(zx)ew: (Azx) € X},
where Az = x — zp4q for all k € N and for X = ¢, ¢ and ¢p.
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An Orlicz function is a function M: [0,00) — [0,00), which is continuous,
non-decreasing and convex, with M (0) = 0, M(x) > 0 for x > 0 and M (z) — o
as T — oo.

An Orlicz function M is said to satisfy As-condition for all values of x, if
there exists a constant K > 0, such that M(2z) < KM (x), for all values of
xz > 0.

If the convexity of Orlicz function is replaced by M (x +y) < M (z) + M(y),
then this function is called the modulus function, introduced by Nakano [7].
It was further investigated from sequence space point of view by Ruckle [11]
and many others.

Remark. An Orlicz function satisfies the inequality M (Az) < AM (z) for all A
with 0 < A < 1.

2. Definition and background

Let g, denotes the class of all subsets of N, that do not contain more than
s elements. Throughout (¢,) represents a non-decreasing sequence of strictly
positive real numbers such that ng,+1 < (n+ 1)¢, for all n € N. By & we
denote the class of all these sequences (¢y,).
The sequence space m(¢) introduced by Sargent [12] is defined as follows:
m(6) = {(wr) €w: l@0)llmeey =_sup & ¥ Jop] < o0}

s>1l,0€ps  k€Eo

Lindenstrauss and Tzafriri [5] used the notion of Orlicz function and
introduced the sequence space

by = {(:z:k) Ew: ki;M(%) < oo for some p>0}.

The space £); with the norm
Janl =nt{p>0: 5 m(ll) <1
k=1 p

becomes a Banach space, which is called an Orlicz sequence space. The space
lyr is closely related to the space ¢P, which is an Orlicz sequence space with
M(x) = 2P for 1 < p < 0.

In the later stage different Orlicz sequence spaces were introduced and studied
by Et [2], Esi and Et [1], Parashar and Choudhary [9], Nuray and
Giilci [8] and many others.
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In this article we shall use the following known sequence spaces defined by
Orlicz functions:

0 (M, A) = {a:: (xp) € w: kglM(lA%kl) < oo for some p>0}7

loo(M,A) = {a: = (z) Ew: supM(lAZ“) < oo for some p > O}

(see for instance Mursaleen et.al [6]).
In this article we introduce the following sequence spaces:

m(M, A, ¢) = {(mk) Ew: sup 4% > M(m%’“l) < oo for some p > O}.
s>1, 7 peo
TEPs

Taking X = C, the set of complex numbers, from the section Particular
Cases of Tripathy and Mahanta [15], we have that the space m(M, ¢) is
a Banach space under the norm

ol =int{p>0:_sup ¥ ar(i=d) <1},

s>1,0€ps s k€o

A sequence space F is said to be solid (or normal ) if (axxyr) € E, whenever
(zx) € E and for all sequences (ay) of scalars such that |ai| <1 for all &k € N.

A sequence space F is a said to be symmetric if (z,,) € E implies (x,r(n)) e E,
where 7(n) is a permutation of the elements of N.

The following results will be used for establishing some results of this article.

LEMMA 1. (Sargent [12, Lemma 10]) In order that m(¢) C m(y), it is

necessary and sufficient that sup Z’)— < 00.
s>1 7°

LEMMA 2. (Sargent [12, Lemma 11])

(a) 41 Cm(¢) C Ll for all ¢ € .
(b) m(@) =41 if and only if lim Ps < 00.

(¢) m(¢) = L if and only if lim % > 0.

Taking m = 1, i.e., considering only the first difference, we have the following
results from Theorem 2.2 of Et and Nuray [3].

LEMMA 3. If X is a Banach space normed by || - ||, then X (A) is also a Banach
space normed by ||z||a = |z1| + ||Az].
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3. Main results

In this section we prove some results involving the sequence space m(M, A, ¢).

THEOREM 1. The space m(M, A, ) is a linear space.

Proof. Let (zx), (yx) € m(M,A,¢) and o, € C. Then there exists positive
numbers p1, p2 such that

1 A
sup —ZM (m> < 00
s>1,0€0, Ps e p1

sup iZM<M> < 00

s>1,0€p, b5 keo P2

and

Let p3 = max(2|a|p1,2|B|p2). Since M is non-decreasing convex function,

S M (w> < u (|ank| . |ﬁAyk|)

keo P3 keo P3 P3
A A
keo P k€o P2
1 |A (o, +ﬁyk)|>
— sp—S"M (—
sup - .

S
oEPs keo

1 |A$k|> 1 <|Ayk|>
< sup — M + sup — M[—— | <.
s2P ) Z ( P1 szf) ) Z P2

S S
cCps k€o cEps k€o

= (axp + Byr) € m(M, A, ¢).

Hence m(M, A, ¢) is a linear space. O

LEMMA 4. The space m(M,A,¢) is a normed linear space, normed by
hA((a?k)):|x1|+inf{p>0: sup (bi ZM(M—Z’“‘) gl}.

s>1,0€ps = kEo
Proof. Clearly hA((—a:k)) = hA((a:k)). Next x = 6 implies Az = 0 and as

such M (0) = 0, therefore ha(#) = 0. It can be easily shown that ha ((zx)) = 0
= z=10.
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Next let p1 > 0, p2 > 0 be such that

1 A
sup —ZM(' CEk')gl
s>1,0€p; ¢s keo

1 |Ayk|>
sup — M< <1.
s>1,0€ps d)s Z

and

keo
Let p = p1 + p2. Then we have
M <|A(93k + yk)l)

keo P

1 A 1 A
< PL sup _ZM(| uz:k|>Jr P2 sup _ZM<| yk|)'
P1+ P2 s>1, 00, Ps Pt p1 P1+ P2 s>1,0c0. Ps Pt P2

sup —
s>1,0€ps d)s

Since p; > 0, pa > 0, so by the definition of ha, we have
ha((ze + k) < ha((zr)) +ha((yr)) -

Finally the continuity of the scalar multiplication follows from the following
equality,

ha(Mzy)) = | Az | +inf{p >0: sup 22 M(‘ALP’”') < 1}
s>1,0€ps ° ko
= [Aha((zk)) -
This completes the proof of the theorem. O

THEOREM 2. m(M, A, ¢) C m(M, A, ) if and only if sup % < 00.
s>1 7°
Proof. Bytakingyr=M (m—zk‘) in Lemma 1, it can be proved that m(M, A, ¢)
C m(M, A1) if and only if sup i— < 00. O
s>1 7°

COROLLARY 3. m(M, A, ¢) = m(M, A, ) if and only if sup i— < oo and
s>1 7 °

S
sup — < 0.
s>1 Ws

THEOREM 4. Let M, My, My be Orlicz functions satisfying As-condition. Then
(1) m(M17 A7 ¢) g m(MOM17 A7 ¢)
(i) m(My, A, ) nm(Ma, A, ) € m(My+Ma, A, ).
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Proof.
(i) Let (zx) € m(Mi, A, ¢). Then there exists p > 0 such that
1 A
sup —ZMl (m> < 00
p

s>1,0€p5 ¢s

Let0<5<1andé,w1th0<5<l,suchthatM(t)<5for0§t<5.
Let yr, = My (m—zk‘) and for any o € g, let

ZM(yk) = 21 M (yx) + 22 M (yk)

k€o
where the first summation is over y; < § and the second is over y; > 4.
By the Remark

S M) < MO)Y < MY u. (1)

For y > § we have,

Yk
< =<1+ =
Ye <75 +5

Since M is non-decreasing and convex, so
Yk 1 2y,
M M (1 —) SM©@)+ =M .
)< (14 %) < parcy+ o (2
Since M satisfies As-condition, so
1

1y Yk Yk
M (yp) < 2K6M(2)+2K6M(2)<K6M(2).

>, M) < max(l, K6*1M(2)) >, e 2)
From (1) and (2), it follows that (zx) € m(MoMy, A, ¢).
(ii) Let (xx) € m(M1, A, @) Nm(Ma, A, ¢). Then there exists p; > 0, p2 >0

Hence

such that
|A$k|>
sup My (
s>1,0€ps ¢s keza
and
1 A
sup _ZMQ (ﬂ) < 00
s>1,0€ps ¢s keo P2

Let p3 = max(p1, p2).
The remaining part of the proof follows from the inequality

S(My + My) <|Aa:k|) S <|Aa:k|> S0, (|Azk|) _

keo keo k€o

176

Unauthenticated
Download Date | 2/3/17 10:40 AM



ON A CLASS OF DIFFERENCE SEQUENCES RELATED TO THE ¢? SPACE

Taking M;(z) = x in Theorem 5(i), we have the following result.

COROLLARY 5. Let M be an Orlicz function satisfying Ao-condition. Then
m(A, ¢) € m(M, A, ¢).
THEOREM 6.
(a) 61(M7A) - m(M,A,ng) c Eoo(Ma A)
(b) m(M, A, ¢) = €1(M,A) if and only if sup hs < 0.
s>1

(c) m(M, A, @) = Loo(M,A) if and only if ig]gl) £+ < oo

Proof.
(a) The result follows from Lemma 2, by taking yi = M(%).
(b) The result follows from the point of view of Lemma 2.
(¢) The result follows from the point of view of Lemma 2. O

From Lemma 3 and the fact that m(M, ¢) is a Banach space, the following
result follows.

THEOREM 7. The space m(M, A, ¢) is complete.

The following result is a routine work.
PROPOSITION 8. The space m(M, A, ¢) is a BK-space.
PROPOSITION 9. The space m(M, A, @) is not solid in general.

Proof. To show that the space is not solid in general, consider the following
example. O

Example 1. Let ¢ = 1 and x3 = 1 for all k£ € N. Consider A\, = (—1)* for all
k€ Nand M(z) =z. Then (zx) € m(M, A, ¢) but (A\rxr) & m(M, A, ¢).

PROPOSITION 10. The space m(M, A, @) is not symmetric in general.

Proof. To show that the space is not symmetric in general, consider the fol-
lowing example. O

Ezample 2. Let M (z) = xz and ¢, = k for all k& € N. Then the sequence (zy)
define by x = k for all k € N is in m(M, A, ¢). Consider the sequence (yi), the
rearrangement of (x) defined as follows

(Yk) = (21, T2, T4, T3, Tg, T5, T16, T6, T25, T7, 36, T8, T49, T105 T64, T11, — —5 —5 —)-

Then (yx) ¢ m(M,A,¢). Hence the space m(M, A, ¢) is not symmetric in
general.
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