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Abstract

It is shown that if E, F are Fréchet spaces, E € (H,;), F € (DN) then H(E, F) = H,(E, F) holds.
Using this result we prove that a Fréchet space E is nuclear and has the property (H,;) if and only if every
entire function on E with values in a Fréchet space F € (DN) can be represented in the exponential
form. Moreover, it is also shown that if H(F*) has a LAERS and E € (H,;) then H(E x F*) has a
LAERS, where E, F are nuclear Fréchet spaces, F* has an absolute basis, and conversely, if H(E x F*)
hasa LAERS and F € (DN) then E € (H).
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Keywords and phrases: holomorphic functions, holomorphic functions of uniform bounded type, topo-
logical linear invariants, exponential representation.

1. Introduction

Let E and F be locally convex spaces. A holomorphic function f from E to F is said
to be of uniformly bounded type if there exists a neighbourhood U of O € E such that
f (rU) is bounded for all r > 0. By H,,(E, F) we denote the linear subspace of the
space of holomorphic functions from E to F, consisting of all functions of uniformly
bounded type. We write H,,(E) rather than H,,(E, C). We say that a locally convex
space E has the property (H,;) (and write E € (H,;)) if the identity H(E) = H,,(E)
holds.

Recently Le Mau Hai and Thai Thuan Quang [3] have shown that H,(E, F) =
H,,(E, F) for Fréchet spaces E, F and E € (H,), F € (DN).

In Section 3, we extend the above result to the more general case. Namely, the
property (DN) of the space F is replaced by the property (DN) (Theorem 3.1).
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236 Thai Thuan Quang [2)

By using Theorem 3.1, in Section 4 we prove that a Fréchet space E is nuclear
and E € (H,;) if and only if every entire function on E with values in a Fréchet
space F € (DN) can be represented in the exponential form (Theorem 4.1). The final
portion of this section will deal with the exponential representation of holomorphic
functions on E x F*, where E is Fréchet, E € (H,;) and F is nuclear Fréchet
such that F* has an absolute basis and H (F*) has a linearly absolutely exponential
representation system (Theorem 4.2). The proof is based on Theorems 3.1, 4.1 and
Proposition 4.3 which say that if F is a Fréchet space such that F* has an absolute
basis then F € (DN) if and only if H(F*) € (DN).

2. Preliminaries

We may frequently use the standard notation of the theory of locally convex spaces
as presented in the book of Pietsch [9]. A locally convex space always is a complex
vector space with a locally convex Hausdorff topology.

For a Fréchet space E, we always assume that its locally convex structure is
generated by an increasing system {|| - ||¢} of semi-norms. Then we denote by E, the
completion of the canonically normed space E/ker || - || and w, : E — E; denotes
the canonical map and U, denotes the set {x € E : ||x||; < 1}.

2.1. Holomorphic function Let E and F be locally convex spaces and let D C E
be open, D # @. A function f : D — F is called holomorphic if f is continuous
and Giteaux-analytic. By H(D, F) we denote the vector space of all holomorphic
functions on D with values in F. We use H,(E, F) to denote the space of holomorphic
functions from E to F which are bounded on every bounded set in E. The space
H,(E, F) is equipped with the topology 7, of uniform convergence on all bounded
sets.

2.2. The property (DN) Let E be a Fréchet space with a fundamental system of
semi-norms {|| - ||,}. We say that E has the property (DN) if

3p 3d ¥q 3k, C > 0 suchthat |- |\* < C|| - [l - 1.

2.3. Separately holomorphic function Let E, F be locally convex spaces. For a
function f : E x F — C, we put

f:()=f(x,y) for ye€F,
fix)=f(x,y) for x€kE.

The function f is called separately holomorphicif f, : F — Cand f, : E — Care
holomorphic for all x € E and y € F respectively.
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(3] The exponential representation of holomorphic functions 237

24. Linearly absolutely exponential representation system Let E be a locally
convex space and {x;} be a sequence in E. We say that {x;} is a linearly absolute
representation system (abbreviated LARS) if every element x € E can be written in
the formx = ), , &(x)x,, where the series is absolutely convergent.

A LARS in H (D) of the form {exp u,}, where u, are continuous linear functionals
on E and D is an open set in E, is said to be a linearly absolutely exponential
representation system of H (D). It is denoted by LAERS.

3. Holomorphic functions of uniformly bounded type

In this section we prove the following theorem which was proved in [3] by Le Mau
Hai and Thai Thuan Quang in the case when F € (DN).

THEOREM 3.1. Let E be a Fréchet space. Then E € (H) if and only if
H(E,F) = Hu(E, F)
for all Fréchet spaces F € (DN).

PROOF. 1. Necessary. Since F € (DN), by Vogt [13] F can be considered as a
subspace of the space B®,s for some Banach space, where s denotes the space of
rapidly decreasing sequences.

On the other hand, B®,s is a subspace of H;,((B@,,s);,) and H,,((B@,,s);) =
Hy(B'®,s"). R

Givenf € H(E, F) C H(E, H,(B'®,s")), we write the Taylor expansion of f (z)
at0 € B'®,s' forz e E

FQO=Y Y Pf@w®¢. ... u, @),

720 ji, a2l
kyy...ka>1
where
s 1 f @)(et)
t=;uk®vk€B®ns» Pnf(Z)(t)='2—;lT g 9o
z lel=r>0

and {¢;} is the canonical basis of s with the dual basis {e;}, 17,:7 is the symmetric
n-linear form associated to P,f .
Since {¢;};> is an absolute basis, for p > 1, choose ¢ > p such that

1
Z"f—’;”;”ej l, < T D

ES
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238 Thai Thuan Quang 4]

where |lej||; = sup{le;(x)|, lixll, < 1} = 1/j7.
For each p > 1, consider a family %, = {fp nu,....u,}n>0 C Hp(E) given by

fp.n.u,,....u,.(z) = Z p"P,,f @) ® e;,, G Uy ® e;n)”ejl ”p v "ej,. "p
Jivesdnzl

where u;, ... , u, € W, the unit ball of B’.
Then for each p > 1, the family %, is bounded in H,(E). Indeed, for every
bounded set X in E, we have

sup sup [p Pf @ @€, @ )| leylp - -ue,-nn,,]
J1seendnzl

n>0
t en:
n 5T jn
=Ssup sup P Z P.f (2) u1®” ”‘ ---Jh.@m;
wK 0w S jnllq
x lie; liplle, “;"'”ej,."p”e;n";]
n”p" .
<sup sp  (F@OI s 3 el ly -l eI
zeK reconv(W@U" >0 N S|

1A

np "1
“f ”Kxconv(W®U ) SUP {((p + 1)82) n! ]
< Glif ||Kxconv(W®U;),

where

Uy={x€s:lixll, <1} withthe polar U],

np "1
o=\ (G¥5e) )

Since E € (H,;), by Meise and Vogt [5], there exists @ > 1 such that the family %,
is bounded in H,(E,).
However, for every bounded set K C E,, p > 1, we have the following estimate

(3.1) sup sup Z | Pof (2)(®)]

zeK teconv(W@Uy) n>0

cap s [z b

zek Uk o up, €W

PN PR z ka1
X D PP @ e ® )l el
Jiveda2l
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[5] The exponential representation of holomorphic functions 239

<sup sup [p" Z lm)(ul(&e},,---,un@e}n)

zeK u,....,u(,),eW Frvdnzl

n2

1
anJu-~anu} sup {}:-7- 3 |Ahr-wxhq

lezl 1Ael<1 n>0 p kiyonka>1
1
<Crk) —
14

n>0
where
Ck =sup sup {p” Z ‘PJ @D (u, @€, ...,u, ®e)

z€ek u;.“’;.)u,.ew FTES

x e llp - ”ej,.”p} < 00.
Put
(3.2) gz, =) P.f @)

n>0

withz € E,, t € (B®ys)'.

From (3.1), it follows that the right-hand side of (3.2) converges and defines a
seperately holomorphic function on E, x (B Rns).

It is easy to see that g is bounded on every bounded set on (B®,s)’. By Galindo,
Garcia, Maestre [1] the holomorphic function of bounded type

’g: (Bézrs)/ - Hb(Ea)

which is induced by g, can be factorized through a Banach space by an entire function
of bounded type. Because every ball in a Banach space is bounded we infer f €
Hy,(E, F).

2. Sufficient. In the case F = C, by hypothesis we obtain E € (H,;).

The theorem is proved. O

4. The exponential representation

First we recall that a locally convex space E has the property (H,) and write E €
(H,) if every holomorphic function f on E is of uniform type. This means that there
exists a continuous semi-norm g on E such that f can be factorized holomorphically
through the canonical map w, : E — E,, where E, denote the space associated to g.
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240 Thai Thuan Quang [6]

In [7] Nguyen Minh Ha and Nguyen Van Khue proved that a Fréchet space E is
nuclear and E € (H,) if and only if every holomorphic function on E with values in
a Banach space B can be written in the form f (x) = Zkal &, exp u,(x), where the
series is absolutely convergent in the space H(E, B) of holomorphic functions on E
with values in B equipped with the compact-open topology.

In this section we shall consider the above result in another situation with the note
that if E € (H,,) then E € (H,) and if F is Banach then F € (DN). Namely, we are
going to prove the following:

THEOREM 4.1. Let E be a Fréchet space. Then E is nuclear and E € (H,;) if and
only if every holomorphic function on E with values in a Fréchet space F € (DN)
can be written in the form f (x) = Y_,., £ exp ux(x), where the sequences (&) C F,
(k) C E*, the dual space of E, and the series is-absolutely convergent in the space
Hy(E, F).

PROOF. First we prove sufficiency of the theorem.

Let {p,} be a fundamental system of semi-norms on E. To prove the nuclearity
of E, for every continuous semi-norm ¢ on E write the canonical map w, : E — E,
in the form w, (x) = Y _,., & exp ux(x) in which Zkal &)l exp lux|ly < oo for every
bounded set B in E. This follows from the hypothesis and the property (DN) of the
space Banach E,. Then

wo(x) = dwo(0)(x) = Y _ &y (x)

k>1

forx € E and Z,m &l lluclly < oo for every bounded set B in E.
Now we prove that there exists a continuous semi-norm 8 > g in E such that

D lEdexp llully < oo.

k>1

Indeed, if this does not hold, for every ¢ we have 21@1 1€l exp lluill; = oo. Hence
for every « there exists k, such that zksk, i€l exp lucllz > e«. This inequality
implies that for each k < k, there exists x with [lx{ |l < 1 such that

3 gl exp lux ()| > .

k<kg

Put B = {x/,...,x},

B S S 1V . en B is bounded in E an
h 5, } U {0}. Then B is bounded in E and

2 &l expllully > o forevery o> 1.
k>1
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7 The exponential representation of holomorphic functions 241

This is impossible, because Y., &l exp l|uxlly < 0.

By the same argument as above, there exists a continuous semi-norm 8 > g in E
such that Zkzl €N ucll3 < 0. This means that the canonical map wg, : Eg — E,
is nuclear. Hence E is nuclear.

Now, since E is nuclear, to prove E € (H,,) by [4] it suffices to show that if E
is a topological subspace of a locally convex space G with a fundamental system of
continuous semi-norm induced by semi-inner products then every f € H(E) has an
extension g € H(G).

Given f € H(E, C) = H(E), by the hypothesis, we can write

fx) =) Eexpulx)

k>1

such that Zkz 1 &l exp [ui(x)| < o0. Applying the Hahn-Banach theoremto u, € E*,

k > 1, there exist i, € G* such that 4|z = ug and ||a,]|* = |lul|*, for all & > 1.
Then the function g(x) = Zkzl &, exp i, (x) defines a holomorphic function on G and
gle=f.

Now, assume that E is nuclear and £ € (H,;). By Theorem 3.1, we have
H(E, F) = H,(E, F). Then every f € H(E, F) is of uniform type. It implies
that there exists a continuous semi-norm ¢ on E and a holomorphic function g on E,
such that f = gw,. Take a continuous semi-norm 8 > g on E such that T = wy, is
nuclear. Write

T(x) = Z tu;(x)e

jz1

with @ = ijlltﬂ <ooand fluj|| < 1, llgll <1, ¢ € Epyu; € Egforj > 1.

Consider the Taylor expansion of gat0 € E

gx) =) Pglx),

n>0
where
1 g(tx)
P, = — dt.
g(x) 2ri Jf|=r t"+l
Choose two sequences {£;} and {«;} in C such that
.1) 2= &explor)
k>1
forz € Cand
(4.2) C =) l&lexp(rlal) < oo
k>1
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for all r > 0. Such sequences exist by [2]. Formally, we have

@T)(x) =g(Tx) =) _ Pg(Tx) =) P.g (Z fu; (x)e,-)

ngel n20 jz1
=3 Y b @ w6
nz0 ji....jaz1
S T s e o)
n20 j1,...ja=1
X Z&expakujl(x) Z&expakujn(x)
k>1 k>1
= D btk EPagle .. e)
nz0 ji..o.ja21
Kivo kn>1

x explo, uj, (x) + - - - + oy u;, (x)]

where f’,:g is the symmetric n-linear form associated to P,g.
It remains to check that the right-hand side is absolutely convergent in H(E, F).
For each r > 0, take s > C,ae. Since

n"
“Png(ej,, ] ej,.)”q =< ( ) ”g”s,q

nlsn
where
llglls.q = sup{lig(x)llg = lIxll < s}

and without loss generality by the nuclearity of E, we may assume that g is bounded
on every bounded set in E,. We have

Ng(T)lg <D D Il 18,118 |- - 16w,

n>0 ji,....jnx1
kyy.o k,>1

x | Pagles,, .- 1 e5,)

Cla"n"
< lglhg )~ <00

n>0

|, explrile | + - + low, D]

for ||Ix|| < r.
The theorem is proved. a

In order to complete this section we will prove the following:

THEOREM 4.2. Let E and F be nuclear Fréchet spaces such that F* has an absolute
basis. Then
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91 The exponential representation of holomorphic functions 243

(i) H(E x F*) has a LAERS if H(F*) has a LAERS and E € (H,;);
(ii) conversely, if H(E x F*) has a LAERS and F € (DN) then E € (H,;).

The proof is based on Theorem 3.1 and the following:

PROPOSITION 4.3. Let F be a Fréchet space such that F* has an absolute basis.
Then F € (DN) ifand only if H(F*) € (DN).

PROOF. Sufficiency is obvious because F can be considered as a subspace of
H(F*).

The proof of necessary condition is based on the results of Ryan [10] which
introduces a convenient system of semi-norms defining the topology of H (F*).

Assume that F € (DN) such that F* has an absolute basis {e;}. By the open
mapping theorem, the topology of F can be defined by the system of semi-norms

el =) les (e e,

jzl
where {¢;}; is the sequence of coefficient functionals associated to {¢;}. Choose p > 1

such that (DN) holds. Since || - ||, is a norm, we have |j¢; [, # 0, for j > 1. Hence

lefll; < llell;, <
jlq jlp ”ej”p

Moreover, by the definition of (DN) and by the equality

<oo, Vj=>=1Vgz=>p.

el = Vi =1

e ll,”
there exists d sucth that for every g there exist k, C > 0 such that
4.3) lerll; ™ = Clie ey V) > 1.
For each k > 1, put
F*(k) = {x* e F i lx*lly =D lellielll; < oo} .
jzl

It is easy to check that F*(k) is a Banach space and {e}} is also an absolute basis for
F*(k). On the other hand, since F* = Uzil F*(k) and every bounded set in F* is
contained and bounded in some F*(k), we conclude that thie topology of H (F*) can
be defined by the system of semi-norms {|| - [lx., : k > 1, r > 0}, where

If Nl = sup{llf I = Ix¥ e < 7).
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244 Thai Thuan Quang [10]
By applying results of Ryan [10], we obtain, for every f € H (F*), the representation
fary=f (Z rje;-‘) = ba(F)r"

jz1 M
which converges absolutely and uniformly on every bounded set in F*, where

M={(m1,m2,... ,m,,,O,...), m,—GN, i=1,2,...},

1Y fe +---+t,e)
b >=(——_)/ / 2 gr
v 2mi It=e tal=0n t,""“ o gt

withdt = dt, - - -dr,.
Since for every k > p the map

@ 8 — F*(k)
g
€~ L

is an isomorphism, again by Ryan [10], the system {|| - |, : Kk = p,r > 0} is
equivalent to the system of semi-norms {|| - [{¢., : ¥ > p, r > 0} where

'™\ by (f )m™
f e, = sup{————m T meM
a’ \m|im
and |m| =m; + - +my; a7, = et ;™ - - Neplly™, m™ =mi" - -m.
From (4.3) we get
il b m 1+d
I < sup | | Tn O e M
* a:"qlmll'"|
PN b, (Y bl |
< sup ( ) z ,meMtsup{| ———| ,meM
C a’|mjm an, |mjim!
=1 Nerrvascll - NS,
Hence H(F*) € (DN). The proposition is proved. O

Now we prove Theorem 4.2.

(1) First note that F is reflexive, that is, F** = F, because it is a Fréchet nuclear
space. Since F is nuclear and H (F*) has a LAERS, by [7], F € (DN). According to
Proposition 4.3, we have H(F*) € (DN). Because E is nuclear and H(E x F*) =
H(E, H(F™)), it follows from Theorem 4.1 that every f € H(E, H(F*)) can be
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[11} The exponential representation of holomorphic functions 245

written in the form f (x) = Zkzl &, exp ui(x), where (&) C H(F*) and the series is
absolutely convergent in the H (E, H(F*)).

Moreover, since H (F*) has a LAERS, every &, € H(F*) can be also written in the
form

8O =) maexpy (37, V=1,

izl

where (n; ) C Cand v; € F** = F,j > 1 and the series is absolutely convergent in
the H(F*). Thus

Oy =D njxexpu; (y*) expue(x)
kj>1

= Z nj.k €Xp [(uk,x) + (v;, y,‘)]

kj=1

and Zk,jzl [n; .« €Xp [||uk||';( + v ||2] < 0o for every compactset K C E, L C F*.
(1) It is an immediate consequence of Theorem 4.1.
This completes the proof of the theorem. |

REMARK 4.4. Recently, Phan Thien Danh and Duong Luong Son [8] have proved
that every separately holomorphic function on an open subset U x V of E x F*, where
E € () is a Fréchet nuclear space having a basis, has a local Dirichlet representation
if and only if F € (DN) for every Fréchet nuclear space F.
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