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Abstract

Let X, X2,..., Xy be Banach spaces and ¥ a continuous convex function with some appropriate
conditions on a certain convex setin RY 1. Let (X, ®X,®- - -®Xy), bethe direct sumof Xy, X, ..., Xy
equipped with the norm associated with y. We characterize the strict, uniform, and locally uniform
convexity of (X; & X, @ --- & Xn)y by means of the convex function . As an application these
convexities are characterized for the £, ;--sum (X; @ X, @ - @ Xp)p, (1 < g < p < 00, g < 00),
which includes the well-known facts for the €,-sum (X, @ X, @ --- @ Xy), inthecase p = q.

2000 Mathematics subject classification: primary 46B20, 46B99, 26A51, 52A21, 90C25.
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space, uniformly convex space, locally uniformly convex space.

1. Intreduction and preliminaries

A norm || - || on CV is called absolute if ||(z1, ..., zv)ll = II(|zi1l, ..., lzv ] for all
(21, ..., 2v) € CV, and normalized if ||(1,0,...,0)) = --- = (0, ...,0, D}| =1
(see for example [3, 2]). In case of N = 2, according to Bonsall and Duncan [3] (see
also [12]), for every absolute normalized norm || - || on C? there corresponds a unique

continuous convex function ¥ on the unit interval [0, 1] satisfying

max{l —z,2} <y () <1
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414 Mikio Kato, Kichi-Suke Saito and Takayuki Tamura [2]

under the equation ¥ (t) = ||(1 — ¢, #)}}. Recently in [11] Saito, Kato and Takahashi
presented the N-dimensional version of this fact, which states that for every absolute
normalized norm || - || on CV there corresponds a unique continuous convex function
Y satisfying some appropriate conditions on the convex set

N-1
A~=[t=(n,...,t~_1)eﬂ&”“:2t,- <1, zo]

j=1

under the equation ¥(t) = |[(1 — X, 4, tr, ..., tvot) |-
For an arbitrary finite number of Banach spaces X, X,, ..., Xy, we define the
Y-direct sum (X, ® X, @ - - - & Xy)y to be their direct sum equipped with the norm

ICxer, x2, oo xmdlly = Nl 2l .o lxn DIy for x; € X;,

where || - ||y term in the right-hand side is the absolute normalized norm on C¥ with
the corresponding convex function . This extends the notion of £,-sum of Banach
spaces. The aim of this paper is to characterize the strict, and uniform convexity of
X, ®X;D---® Xn)y. The locally uniform convexity is also included. For the
case N = 2, the first two have been recently proved in Takahashi-Kato-Saito [13] and
Saito-Kato [10], respectively. However the proof of the uniform convexity for the
2-dimensional case given in [10] seems difficult to be extended to the N -dimensional
case, though it is of independent interest as it is of real analytic nature and maybe
useful for estimating the modulus of convexity. Our proof for the N-dimensional
case is essentially different from that in [10]. As an application we shall consider the
£pq-sum (X, @ XD -® Xn)p., and show that (X, DX, D - B Xy), 4 is uniformly
convex if and only if all X; are uniformly convex, where 1 < ¢ <p < 00, g < 0.
The same is true for the strict and locally uniform convexity. These results include
the well-known facts for the £,-sum (X, ® X, & --- @ Xy), as the case p = q.

Let us recall some definitions. A Banach space X or its norm || - || is called strictly
convex if ||x|| = ||yl = 1 (x # y) implies ||(x + y)/2|| < 1. This is equivalent to
the following statement: if ||x + yl} = ||x[| + [[y{l, x # 0, y # 0, then x = XAy
with some A > O (see for example [9, page 432), [1]). X is called uniformly convex
provided for any € (0 < € < 2) there exists § > 0 such that whenever ||x — y|| > €.
flxll = llyll = 1, one has ||(x + y)/2|| < 1 — §, or equivalently, provided for any ¢
(0 < € < 2) one has §x(¢) > 0, where 8y is the modulus of convexity of X, that is,

Sx(e) :==nf{l — e +y)/21llx —yll =€, lxl=lyll=1} O=<e=<2).

We also have the following restatement: X is uniformly convex if and only if, whenever
lx.l = llyall = 1 and |I(x, + y.)/2]l = 1, it follows that ||x, — y,|| = 0. X is called
locally uniformly convex (see for example [9, 4]) if for any x € X with ||x|| = 1 and
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for any € (0 < € < 2) there exists § > 0 such that if ||x — y|| > ¢, ||y|| = 1, then
IItx + y)/2|] < 1 —4. Clearly the notion of locally uniform convexity is between
those of uniform and strict convexities.

2. Absolute norms on C" and ¥ -direct sums (X; ® X, ® --- & Xy)y

Let ANy denote the family of all absolute normalized norms on CV. Let
Ay ={(s1,52, ..., sv-1) ERY N isi+ 554 sy < 1,55 = 0(Y)))

For any || - || € ANy define the function ¥ on Ay by
(D v =1 —s1—--—=sy_1,51, ..., Sv=1)l| for s =(s1,...,5v-1) € Ay.
Then ¥ is continuous and convex on Ay, and satisfies the following conditions:

(Ag) ¥v@©O,...,0) =v¥(1,0,...,0)=---=v(0,...,0,1) =1,

(Al) w(slv---’sN—l)Z(Sl+"'+SN—l)w( [51] Yoty s]«];l:ll >v
i Si Diet Si

(A2) Yisy, ..., svo) = (L =5y (O, 52 L SN-1 )’

......................................................

(An) Y(s, ..o, sv-1) = (1 —sy_ Dy ( L yoo b ,0> .

I — sy 11— Sn-1

Note that from (Ag) it follows that ¥ (sy,...,sv—1) < 1 on Ay as ¥ is convex.
Denote Wy be the family of all continuous convex functions ¥ on Ay satisfying (A),
(A1), ..., (Ay). Then the converse holds true: For any ¥ € Wy define

(i tzil) ¥ (122l / (i Vi), - 2wl /(2 12i]))
@ NG,y = if (z1,....2v) #(0,...,0),
0 if(Zl,...,ZN)=(0,...,0).

Then |- |y € ANy and || - ||, satisfies (1). Thus the families ANy and Wy are in one-
to-one correspondence under equation (1) (Saito-Kato-Takahashi [11, Theorem 4.2]).
The £,-norms

(lzilP + -+ e P}? if 1 <p < 00,
maX{IZ]I,...,|ZN|} lf 14 =00

”(Zh -~-,ZN)”p = [
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are typical examples of absolute normalized norms, and for any || - || € ANy we have

3 lloo <H-N =11
({11, Lemma 3.1], see also [3]). The functions corresponding to £,-norms on CV are

N-1

P 1/p
R [[(5 =) ST TS Ly Fpp
p\°l y SN=1) =

N-1 .
max[l—zj.=1 sj,sl,...,sN_I} if p=o00

for (s;, ..., 5y_1) € An. .

Let X;, X3, ..., Xy be Banach spaces. Let € Wy and let || - ||, be the correspond-
ingnormin ANy. Let (X, ® X2 ® --- @ Xy)y be the direct sum of X, X,, ..., Xy
equipped with the norm

@ e, x2, s xm)lly = A el - lxw DIty for x; € X
As is it immediately seen, (X, & X, ® - -+ @ X»), is a Banach space.

EXAMPLE. Let 1 < g < p < 00, g < 00. We consider the Lorentz £, ,-norm

N . - /9 .
Izllp.e = {ZJ-=,](‘”’” 'z07} " for z = (z1,...,2v) € C¥, where {z7} is the non-
increasing rearrangement of {|z; |}, thatis, zf > z7 > --- > z3. (Note that in case of

1<p<qg=<00,| -l isnotanorm but a quasi-norm (see [6, Proposition 1], [14,
page 126])). Evidently || - ||, , € ANy and the corresponding convex function ¥, , is
obtained by

5) Yoo8) =1 =51 — - —sn_p, 51, Sv=Dllpg

(fors = (s1,...,5nv=1) € Ay), thatis, || -l =l lly,,- Let (X1 ® X, D - D Xn)p 4
be the direct sum of Banach spaces X, X;, ..., X» equipped with the norm

N oo xm)llpg = Nl - XN D p g

we call it the £, ;-sum of X, X5, ..., Xn. If p = g the £, ,-sum is the usual £,-sum
X1 X2+ B Xn)p-

For some other examples of absolute norms on CV we refer the reader to [11] (see
also {12]).

3. Strict convexity of (X1 ® X2 @ -+ ® Xy)y

A function ¢ on Ay is called strictly convex if for any s,t € Ay (s # t) one has
Y((s + 1)/2) < (Y (s) + ¥(2))/2. For absolute norms on C¥, we have
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LEMMA 3.1 (Saito-Kato-Takahashi [11, Theorem 4.2]). Let ¥ € Wy. Then (CV,
|- lly) is strictly convex if and only if  is strictly convex.

The following lemma concerning the monotonicity property of the absolute norms
on CV is useful in the sequel. .

LEMMA 3.2 (Saito-Kato-Takahashi [11, Lemma 4.1]). Let € Wy. Let z = (z4,
o), w=(w,...,wy) € CN.

@) Iflzjl < |w;lforallj, then |izlly < lw]ly.

(i1) Let ¥ be strictly convex. If |z;| < |w;| for all j and |zj| < |w;]| for some j,
then |izlly < llwlly.

THEOREM 3.3. Let Xy, X5, ..., Xy be Banach spaces and let yr € Wy. Then
X1 X2 -+ D Xy)y is strictly convex if and only if X, X, ..., Xn are strictly
convex and  is strictly convex.

PROOF. Let (XX, - -@X y)y bestrictly convex. Then, each X; and (C¥, |- |ly)
are strictly convex since they are isometrically imbedded into (X, ® X, ® - - ® X y)y.
According to Lemma 3.1, v is strictly convex.

Conversely, let each X; and y be strictly convex. Take arbitrary x = (x;),
y=j)x #y,in (X, 0 X,®--- & Xy)y with |[x]ly = [lylly, = 1. Let first
xalls oo llew D) = Uiyl - o, iy D). Then, if [lx + ylly =2,

2=lx +ylly =Uldxr +yill - lxew +yuDlly
< MCxadl + Wyddls o llxwl + By Dy < lxlly +1ylle =2,

from which it follows that |lx; + y; || = |lx; || + lly; || for all j by Lemma 3.2. As each
X; is strictly convex, x; = k;y; with k; > 0. Since |lx; || = ||y;|l, we have k; = 1
and hence x; = y; for all j, or x = y, which is a contradiction. Therefore we have

lx + ylly, < 2. Letnext (Jlxifl, ..., lx~ll) # {iyill, ..., llynll)- Since ¥ is strictly
convex, (C¥, || - |I) is strictly convex by Lemma 3.1. Consequently we have

Ix +ylly = Illxs +yill, -0 lxw + yv DIy
< Wdxall + oyl -2 lxnll + llyw DIy
= [Idlxll -y xew D) + Ayl - lyw DIy < 2,

as is desired. ]

Now we see that the function ¥, , in the above example is strictly convex if
1 <g <p <o00,q < 0o. We need the next lemma.
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LEMMA 3.4 ([S]). Let {o;)}, {B;} € RY anda; > 0, B; > 0. Let {of}, {B;} be their
non-mcreasmg rearrangements, thatis,af > a; > --->ayand ff > B; > -+ >
Bx- Then Z; 1958 =)o xaf It

PROPOSITION 3.5. Let 1 < g < p < 00, q < 00. Then the function ¥, , given by
(5) is strictly convex on Ay.

PROOF. Let s = (s;),t = (t;) € Ay, s # t. Without loss of generality we may
assume that

—1+)— = Oyt s+ > 2 svo Fivo 2 0.
Put
o=(1—s —--—sy_q, 2P Vs, .. NYP~Vasy 1),
T=(—=t)— = ty_y, 2P Vg, . NYP-Vag, ).

Then by Lemma 3.4 we have

lollg = (1= 51— = sy_)? + 2777 s] ook NP}

<HA=si—--— sy, 81 Sv-Dllp.g = ¥pg(8)

and ||tl; < ¥p.q(¢). On the other hand,
N-1 "
+1 i+ 8 +

Wp.q(sz )=’(1—-A s2 ) +Z(l l)q/p}(T) }

N-1 N-i q
(-5 (-E9)

i=1 i=1

/9

q
+ (%{(l+ l)I/P—l/qsi+(z‘+ l)l/p_l/qt,‘}> ] _

i=l

o+1
2

q

Since £,-norm || - ||, (1 < g < 00) is strictly convex and s # 7, we have |0 + 1|, <
lolly + litlly. Indeed, if llo + tll, = lloll, + lItlly, then o "= kT with some k > 0
(note that o # 0, T # 0). Hence's; = kg; forallj,and 1— 3N 'si = k(1-31" 1.).
Therefore, k = 1 and we have s = ¢, which is a contradiction. Consequently,

v’p.q (S ; t) — < ”0“q + "r”q < lpp.q(s) + '/fpvll(t),

2 - 2
or ¥, 4 is strictly convex. a

o+t
2

q

By Theorem 3.3 and Proposition 3.5 we have the following result for the £, ,-sum
of Banach spaces.
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COROLLARY 3.6. Letl < g <p <00, g < 00. Then, £, ;-sum (X, & X, D --- D
Xn)p.q is strictly convex if and only if X, X, ..., Xy are strictly convex.

In particular, the £,-sum (X, ® X, @ --- ® Xn)p, 1 < p < 00, is strictly convex
ifand only if X1, X», ..., Xy are strictly convex.

4. Uniform convexity of (X; ® X @ --- ® Xn)y

Let us characterize the uniform convexity of (X, ® X, & --- & Xy)y-

THEOREM 4.1. Let Xy, X,, ..., Xy be Banach spaces and let ¢ € Wy. Then
X1 ®X28®- - ®Xn)y is uniformly convex ifand only if X1, X, . .., Xy are uniformly
convex and  is strictly convex.

PROOF. The necessity assertion is proved in the same way as the proof of Theo-
rem 3.3. Assume that X, X, ..., Xy are uniformly convex and  is strictly convex.
Take an arbitrary € > 0 and put

§:=28x(e) =inf{2— [lx +ylly : IIx = ylly Z € lixlly = llylly = 1}.
We show that § > 0. There exist sequences {x,} and {y,} in (X; & X, @ --- P Xn)y

so that

©) lx, — yn”d/ > €,
eally = lyally = 1

and

7 Tm [lx, + yally =2 - 8.

Let x, = (x{”, ...,xN)) and y, = (3", ..., y). Since foreach 1 < j < N,

el =10, ...,0,%,0,...,0)lly < lIxally = 1and ly;”ll < llyally = 1 forall
n, the sequences {lle"’ll}n and {Ilyf"’ Il}. have a convergent subsequence respectively.
So we may assume that ||x(") | = aj, Ily,") | = b; as n — oo. Further, in the same
way, we may assume that

®) IIxf") - y;") |- ¢ asn— o0

and

9 Ix™ + yll > d; as n— oo.

PutK, =Y, Ix|. Then |xally = K,¥(lx;"Il/Kn. ..., Ix1l/Ky) = 1. Letting

n — 00, as ¥ is continuous, we have

(10) ”(als'“vaN)"W - (Zaj) (Z 2 y v ey —Z—:{‘,—:) = 1.
j=1"7 j=1%
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Also we have

~ b, by
Ay G- bl =Y b -1
, Wy (Z ,)w ST 5 8 b,.)

ji=1

Next let n — 00 in (6), or in

N
xa = Yally = (Z Jx™ — y II)
j=t
) ||x('" _ (n) " "x(n) _ (n)"

(n) @) w_ oy ) =€
i 5" =7 =1 15" = 5"

Xy

Then we have

N
(12) II(C"""CN)ll\I':(Z ) (ch""’zﬁNC)Zf
= j=1% j=16

by (8). In the same way, according to (7) and (9), we have
(13) idi,....dn)lly =2 —8.

Now, assume that (ay, ..., ay) # (b, ..., by). Then, according to (10), (11) and
the strict convexity of  we obtain that

2=8=|(d,....dw)lly < ll(a+by,...,an + by)lly <2,

which implies § > 0. Next, let (a;, ..., ay) = (b, ..., by). Since (¢, ..., cy) #
0, ..., 0) from (12), we may assume that ¢; > 0 without loss of generality. Then as

= lim [x(” = y”[ < lim (|x"1 + I5"]) = @ + by = 2a,,

we have a; > 0 and

o) 0] ON ()
14 0 € li xy )’1’l 4
(14) < = M T Ty | T A TTey T oy
a n flx ™l || x|l llxy I iy |
Indeed, we have the latter identity because
x:n) B y{n) _ x:n) B y;n)
¢ ™ )
R IR)  ER
1 1 1
<l—= - —o — == 0 as n— oo.
flx, I Iy i @ 1
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Since X is uniform convex, it follows from (14) that

dl x(n) (n) . x(n) (n)
== lim | o+ ol = lim | 2] <2,
a (R 2 N P | 1 Nyl

whence d; < 2a4;. Accordingly, by (13) and Lemma 3.2 we obtain that

2-8=|(d, dy,...,dN)lly
< ||Ray, a2+ by, ..., an + by)lly
= (a1 + b, a, + by, ..., ax + bu)lly
<lai, .., an)lly + l(By, ..., bM)lly =2,

which implies § > 0. This completes the proof. (]

The parallel argument works for the locally uniform convexity and we obtain the
next result.

THEOREM 4.2. Let € Wy. Then (X, ® X, @ --- ® Xy)y is locally uniformly
convex if and only if X,, X, ..., Xn are locally uniformly convex and v is strictly
convex.

Indeed, for the sufficiency, take an arbitrary x € (X; @ X, @ --- & Xy), with
flxlly = 1 and merely let x, = x in the above proof. By Theorem 4.1 and Theorem 4.2
combined with Proposition 3.5 we obtain the following corollary.

COROLLARY 4.3. Letl < g <p <00, g < 00. Then, £, s-sum (X, @ X, D --- D
XN)p.q is uniformly convex (locally uniformly convex) if and only if X1, X3, ..., Xy
are uniformly convex (locally uniformly convex).

In particular, the {,,-sum (X, S X2 ®--- D Xn)p, 1 < p < 00, is uniformly convex
(locally uniformly convex) ifand only if X, X2, ..., Xn are uniformly convex (locally
uniformly convex).

References

[1] B. Beauzamy, Introduction to Banach spaces and their geometry, 2nd edition (North-Holland,
Amsterdam, 1985).

[2] R. Bhatia, Matrix analysis (Springer, Berlin, 1997).

[3]1 F. F. Bonsall and J. Duncan, Numerical ranges 1I, London Math. Soc. Lecture Note Ser. 10
(Cambridge University Press, Cambridge, 1973).

(4] 1. Diestel, Geometry of Banach spaces, Lecture Notes in Math. 485 (Springer, Berlin, 1975).

Downloaded from https:/www.cambridge.org/core. IP address: 47.88.87.18, on 17 Jan 2017 at 18:01:28, subject to the Cambridge Core terms of use,
available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/51446788700008193


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S1446788700008193
https:/www.cambridge.org/core

422 Mikio Kato, Kichi-Suke Saito and Takayuki Tamura [10]

[5] G.H. Hardy, J. E. Littlewood and G. Pdlya, Inequalities (Cambridge University Press, Cambridge,
1967).

[6] M. Kato, ‘On Lorentz spaces €, ,{E}’, Hiroshima Math. J. 6 (1976), 73-93.

[71 D. Kutzarova and T. Landes, ‘Nearly uniform convexity of infinite direct sums’, Indiana Univ.
Math. J. 41 (1992), 915-926.

, ‘NUC and related properties of finite direct sums’, Boll. Un. Math. Ital. (7) 8A (1994),

(8]
45-54.
[9] R. E. Megginson, An introduction to Banach space theory (Springer, New York, 1998).
[10] K.-S. Saito and M. Kato, ‘Uniform convexity of -direct sums of Banach spaces’, J. Math. Anal.
Appl. 277 (2003), 1-11.
[11] K.-S. Saito, M. Kato and Y. Takahashi, ‘On absolute norms on C"’, J. Math. Anal. Appl. 252
(2000), 879-905. .
, ‘von Neumann-Jordan constant of absolute normalized norms on C*’, J. Math. Anal. Appl.
244 (2000), 515-532.
[13] Y. Takahashi, M. Kato and K.-S. Saito, ‘Strict convexity of absolute norms on C? and direct sums
of Banach spaces’, J. Inequal. Appl. 7 (2002), 179-186.
[14] H. Triebel, Interpolation theory, function spaces, differential operators (North-Holland, Amster-

[12]

dam, 1978).
Department of Mathematics Department of Mathematics
Kyushu Institute of Technology Faculty of Science
Kitakyushu 804-8550 Niigata University
Japan Niigata 950-2181
e-mail: katom@tobata.isc.kyutech.ac.jp Japan

e-mail: saito@math.sc.niigata-u.ac.jp

Graduate School of Social Sciences and Humanities
Chiba University

Chiba 263-8522

Japan

e-mail: tamura@le.chiba-u.ac.jp

Downloaded from https:/www.cambridge.org/core. IP address: 47.88.87.18, on 17 Jan 2017 at 18:01:28, subject to the Cambridge Core terms of use,
available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/51446788700008193


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S1446788700008193
https:/www.cambridge.org/core

