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Abstract

Chen and Gu [1] have given some results relating to normal families, and, in this paper, we give versions
of these results valid for normal functions. In the process, we improve some of our previous results
involving products of certain spherical derivatives as they relate to normal functions. Some examples are
given to show the sharpness of our results.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 30D05; secondary 30D35.

1. Introduction

Let C denote the complex plane. In [1], the first author and Y. Gu proved the following
results about families of meromorphic functions.

THEOREM CGl. [1, Theorem 1, page 677] Let k be a positive integer and let F be
a family of functions meromorphic on a domain G C C, where each function in F
has only zeros of multiplicity at least k. If for each compact subset K of G there exist
positive numbers §, M, ay, By, ..., a1, Pioi suchthata; +f; = 1forl < j <k—1
and | f®(z)| < M whenever both f € F and

k-1 k~1
zek=fwek: ) |fPw|+) 2w |fPw|” <st,
j=1 j=1

then F is a normal family.

COROLLARY 1. [1, Corollary 2, page 677] Let k be a positive integer and let F be
a family of functions meromorphic in a domain G C C, where each function in F has
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232 Chen Huaihui and Peter Lappan 2]

only zeros of multiplicity at least k. If for each compact subset K of G there exist
positive numbers o, 8, and M such that | f®(z)} < M whenever f € F and

zeKy={wekK:[fw)*|fYw)| <s},
then F is a normal family.

THEOREM CG2. [1, Theorem 2, page 677] Let k be a positive integer and let F be a
Sfamily of functions meromorphic in a domain G C C such that each function in F has
only zeros of multiplicity at least k. If F is not a normal family in some neighborhood
of the point zy € G then, for each positive number o« < k, there exists a sequence
of points {z,} in G such that z, — zy, a sequence of positive numbers {p,} such that
on — 0, and a sequence of functions { f,,} in F such that, if g, (&) = (p,) ™ f (2, +p:$),
then the sequence {g,} converges spherically and locally uniformly to a non-constant
function meromorphic in the & -plane.

Theorem CG?2 is a generalization of results of Zalcman [5] and Pang [4].

Let D = {z : |z| < 1} denote the unit disk in the complex plane, and let Aut(D)
denote the collection of all conformal automorphisms of D onto itself. A function f
meromorphic in D is a normal function if the family F = {f o g : g € Aut(D)} is
a normal family on D. Since the results mentioned above are results about normal
families and families which are not normal, it seems natural to expect that there would
be corresponding results about normal functions and functions which are not normal
functions. We show below that this is the case.

Let f;(z) denote the j-th derivative of f, thatis, f;(z) = fY(z), j =0,1,2,....
We use

=1l (1+1f@F)

to denote the spherical derivative of f at z. In [3], the second author proved the
following results about normal functions and normal families.

THEOREM L1. If f is a normal function in D then for each integer p > 1 there
exists a constant M,( f) such that

14

(1 -1z H f@) < M, (f).

THEOREM L2. If F is a normal family of functions meromorphic in a domain
G C C, then for each integer p > 1 and each compact subset K of G there exists a
constant M, (K) such that

P
[]£.@ <MK, F)
Jj=1
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[3) Products of spherical derivatives and normal functions 233
for each function f € Fandz € K.

A partial converse, for functions with no simple zeros, of Theorem L2 was proved
by the authors in (2, Theorem 6], as follows.

THEOREM CL. Let k be a positive integer with k > 3, and let F be a family of
functions meromorphic in a domain G C C such that each function has only zeros
of multiplicity at least k. If for each compact subset K of G there exists a positive
number M such that

(*) fk#—l(z)fk#.z(z)ﬂ#_;;(z) <M

for f € Fandz € K, then F is a normal family. The conclusion remains true
if we assume instead that k > 2 and we replace condition (x) by the condition
Fl @) fE,(z) < M. The conclusion is also true if we assume only that k > 1 and
we replace condition (x) by the condition f,f_l ()< M.

In this paper we give a corresponding partial converse to Theorem L1.

The rest of the paper is organized as follows. Our Theorem 1, a version of
Theorem CG1 which is valid for normal functions, is given in Section 2. In Section 3,
we present a version of Theorem CG2 valid for normal functions, which is our
Theorem 2. In Section 4, our Theorem 3 is a version of Theorem CL valid for normal
functions. Finally, in Section 5, we give some examples relating to the sharpness of
Theorem L1 and our Theorem 3.

2. Sufficient conditions for a normal function

LEMMA 1. Let f(z) be a function meromorphic in D. If y € Aut(D) and g(z) =
f(y (), then, for k > 2, we have

\(1 —128) [¢ @) = (1= Iy @P) | f O w @)
M

k-

Z 1-1y@P) |f v @),

j=1

where C, is a constant depending only on k.

PROOF. Letting y(z) = ¢"(z — z4)/(1 — Zyz), we have both
Y @Dl=01-ly@F) /(1 —lz)

and
ly"’(Z)/y’(Z)l <1/(1 —|z))™" for j > 2.
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234 Chen Huaihui and Peter Lappan 41

For £k > 2, we have
9@ = P @)

k—1
+3 Y Cojn e fOEIE N @),

Jj=1 npe.oog

where ny, ny, ..., n; satisfy the conditions n; +n, + --- +n, = j and n; + 2n, +
-«- + kn, = k in each term of the sum. Thus,

(1= 12P) [g@)] = (1= Iy @P) [ £ @
< (1= 1zP)" g9 @) — FP @)/ ()]

k-1
S E E Ck.j.n,.m.m

j=1 nyo g

< Y@y @F -y @)y @ (1= 122

P ey @F

Since .
@l =((1-ly@P) /(1= 1zF))
and
|}/”(Z)/}/I(Z)|"2 . ‘,y(k)(z)/y/(z)l”k < (1/(1 _ ‘:D)ng+2n3+»--+(k—1)m
=1/ = |z,
we have

\(1 _ |Z|2)k |g(k)(z)‘ —(1- |y(z)l2)k \f(“(y(z))ll

n

<(U=1F) Y Cjmn |F v @)

j=1 nyo.ny

x (1=1ly@P) /(1 = 121%) (/0 = |z

k—1
= Z Y Cojun [ ()
J=1 ny.....m

x (1=1z)" (1= y@PY
<GY (1-ly@P) |f20 @)
j=1
This completes the proof of the lemma.
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{5] Products of spherical derivatives and normal functions 235

The inequality (1) implies

(1-121) g% (2))

2 N -
<= I+ > (1 -ly@R) | fOw e

=t
If we replace f, g, y,and z by g, f, !, and y (z), respectively, (2) becomes

(1=l @) |[F9 @)

(3) k—1 . )
<(1=1zP) g @] + G Y (1 -1z |89 @)] .

j=1

By using the inequalities (2) and (3), we can modify Theorem CG1 into a result
about a single function as follows.

THEOREM 1. Let k be a positive integer and let f be a function meromorphic
in D such that f has only zeros of multiplicity at least k. If there exist positive
numbers 8, M, o, By, ...ou_y, By such thata; + B = 1 for 1 < j <k —1and
(1 = 12" f®(2)| < M whenever

k-1 '
;eK=1lwebD: Z(l lwlZ f(j)(W)‘+Z(1 _ lwlz)laj+’<ﬂ1 !f(k)(w)lﬂj S‘SI ,
j=1

then f is a normal function.

PROOF. It suffices to prove that the family F = {f(y(z)): y € Aut(D)} is a normal
family in D. First, let g, (z) = f(y(z)) € F. Forz € D, define ¢, (z) by

k—1 k—1
¢y(Z) — (1 _ |Z| ‘g;j)(z)i + Z (1 _ ja+kﬂ |g(1)(z)|01 |g(k)(z)"8,
j=1 j=1

where o + 8 =l and a/B = min{e; /B;, 1 < j < k — 1}. We claim that there exists
a é’ > 0 such that ¢,(z) < &' implies that y(z) € K. To show this, let {y,} be a
sequence in Aut(D) and let {z,} be a sequence of points in D such that ¢,, (z,) — 0,
and let g,, (z) = f(¥.(2)). Now ¢,, (z) — 0 means that

4) (1- Iz,1|2)j |g(j)(2,.)| -0, l<j<k—1,
and
) (1= 122) " g2 g9 -0, 1<j<k—1
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236 Chen Huaihui and Peter Lappan (6
By taking B-th roots, (5) becomes

(6) (1- lz"|2)(ja+kﬂ)/ﬂ lgy,,(zn)la/ﬁ Ig(k)(zn)l o l<j<k—1.

Now, using (3), we see that (4) implies

) (1= 1P [fP e >0, 1=j<k-1,

and using (3) again, we get

(1= 17 @OPY ™ | fO 2| |f‘“(yn<z,,)>\”'

< ((1 —1z.?) |89 + € Z —12:%)" |8\ (za) \’)

k—1 B,
x ((l—lzn N e9@)| + ¢ Y (1= 1zP) |g;5”(zn>|> .
p=1

Let

B, = max {(1—lzl')lg ()}

0<j<k-1
= (1= 12P)" g @)
where j, is defined by this last expression. Then
(1= @)Y ™ O @[ [P GaG0)
<KkvCBY ((1 — 1z )" g )] +kCAB,,)ﬁJ

"

= k90 (1= 12)’ |82 ) B + kCBn' vt

From (4), we have B, — 0, and, from (6), we have

(1= 12.12)" |g®(z0) | BS7#
< (1= 122" 189 G@D™ (1 = 1za1°)" 8% (20)
= (1= 1z g9 )| |8 z)| — ©.

Combining these inequalities, we have

@) (1=17EP) "™ [F20eE)” |[fP0En” -0, 0<j<k-1

It now follows from (7) and (8) that y,(z,) € K for n sufficiently large or, in other
words, that there exists a §' > 0 such that ¢, (z) < & implies that y(z) € K, which
establishes our claim.
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[7] Products of spherical derivatives and normal functions 237

Now let §’ be the number described above, let y € Aut(D), let g, = f o g, and let
z € D be such that ¢, (z) < §'. Then y(z) € K which means

k—1

S (1= 1zPY [fO @) <.

J=1
Also, since y(z) € K, we have (1 — |y @)[)*| f®P(y(z))| < M. Thus, from (2), we
have

(1=12P)" g% @) < M + Ceo.
LetO0 <r <land D, ={w : |w—z| <r} C D. Then, forw € D and ¢, (w) < &,
we have

g | <M+ G [/ (1-r) =M.

Thus, we can choose » and apply Theorem CG1—using D as the compact set, F =
{y € Aut(D)}, and M’ as the bound—to conclude that F is locally a normal family
on D. But this means that F is a normal family on D, and consequently that f is a
normal function. This completes the proof.

The following is an immediate corollary of Theorem 1.

COROLLARY 2. Let k be a positive integer and let f be a function meromorphic in
D, such that f has only zeros of multiplicity at least k. If there exist positive numbers
a, 8, and M such that (1 — |z|>)*| f®(z2)| < M for

zeK = [w eD:(1— 1w |f@|" |fPw)| < 5}’

then f is a normal function.

3. A behavior of non-normal functions

We now prove a version of Theorem CG2 for normal functions.

THEOREM 2. Let k be a positive integer and let f be a function meromorphic in D
such that f has only zeros of multiplicity at least k. If f is not a normal function, then,
for each positive number a < k, there exist a sequence of points {z,} in D such that
|z,| — 1 and a sequence of positive numbers {p,} and such that p,/(1 — |z|*) — 0
for which the sequence

€)= (1 = 1z.1)" ()™ F(2n + Pud)}

converges spherically and locally uniformly to a non-constant meromorphic function
in the &-plane.
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238 Chen Huaihui and Peter Lappan 8]

PROOF. If f is not a normal function, then, by Corollary 2, there exists a sequence
of points {z,} such that both

zeK = [w eD:(1- |w|2)k |f(w)|.A | (w)| < 1],
where A = (k — «)/a, and
M, = (1—1zZP) | f2)] = oc.

For each n, there exists a positive number r,,, with |z,| < r, < 1, such that

()2 =12 P) | £ 9 @] = M. /2.

IfD,={z€D:|z] <r,}andif z, € D, N K is such that

L]

M, = ((rn)2 — Iz,,lz)k ]f(k)(zﬂ)l - :gll)ar)w(l( ((r”)z _ |le) Ifm(z)

then M, — oo. Define

—1/(k—a)

on = ((1-1z:P)" | @) :

and
8:&) = (1 = 1z.1)" (o)™ f G + pu2).
Then
18°0)] = (1= 1z.1) ()| P =1,
and
18| 180@)| = (1 = 12,2 | £ + 0. | F P @ + 0a0)]
so that

2,0)" = 2.0 |g¥ O] = (1 = 12,1 | F | | f D] < 1

because z, € K. Thus, |g,(0)] < 1 for each n. We note that

—1/tk—a)

Pn = ((1 — |Zn|2)01 |f(k)(zn)|)
- ((1 - IZ"|2)O( M, ((rn)2 — |z — n|2)*k>“/(kfa)
< (1 — [z, ]*) M1,
which means that for R > 0 and » sufficiently large,

PR < (1 —|z,DM, "R < (1 — |z,])/2.
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[9] Products of spherical derivatives and normal functions 239

Thus, if R is a fixed positive number, || < R, and r is sufficiently large, we have

8. (O |8 ()]
= {(1=12.) /(1 =1z + 2 PN (1 =124+ 02 )" | f Gat 0uD)] | F P Gt 028

k 5 3
> () (1=lza40.2P) | f Gt 0| | FP Gt 0]
If [g,()1Meg®(&)] < (2/3), then z, + p,& € K by the definition of K, and

18R @)] = 82O/ 1gXO)] = | ¥+ o] [ | FP20)]
<((r2=1z1) /(] = 1z + p,,{lz))k
< (("u + |Z,,D/(I',, + |Z,,| - |Pn§l))k ((I‘,, - |Z,,|)/(I',, - |Zn[ - |pn§!))k
< 4"

for n sufficiently large. Thus, {g,} is a normal family in the ¢-plane by Corollary 1.
By taking a subsequence, if necessary, we may assume that {g,} converges spherically
and locally uniformly to a function g in the {-plane. The inequalities above imply
that |g(0)] < 1 and |g*’(0)| = 1. Thus, g is a non-constant meromorphic function in
the ¢-plane, and the theorem is proved.

4. Normal functions and products of spherical derivatives

Theorem CL has a version valid for normal functions.

THEOREM 3. Let f be a function meromorphic in D such that all the zeros of f are
of multiplicity at least 3. If there exist positive numbers § and M such that

)] ffOff@f@ <M

whenever z € D is such that both |f(z)| < é and (1 — |z|)|f'(z)| < 8, then f isa
normal function. The conclusion remains true if all the zeros of f are multiple zeros
and condition (9) is replaced by either

A== ffaff <M or flysM
whenever - € D is such that both | f (z)} < 8 and (1 — |z}»)|f'(z)] < 8.

PROOF. We will give a proof only for the first statement in the theorem. The other
statements can be obtained by obvious modifications of the proof of the first statement.
Suppose that (9) holds and that f is not a normal function. If we let ¢ be such
that 1 < a < 2, then there exist sequences {z,} and {p,} which satisfy the conditions
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240 Chen Huaihui and Peter Lappan [10]

of Theorem 2, so that the sequence {g,(¢) = (1 — |z,]*)*p,* f (2, + p.z)} converges
spherically and uniformly on compact sets to a non-constant meromorphic function
g on the ¢-plane. Since each function g has only zeros of multiplicity at least 3, it
follows that the limit function g cannot be a polynomial of degree less than 3. Hence,
there exists a point ¢ and a positive number A such that A™' < |g¥'(z)| < A for
0 < j < 3. Thus, for » sufficiently large, (2A)™' < {gV ()| <2Afor0 < j <3. It
follows that

2A)7 < g2 ()8l ()8, (2)]

3
< (pa/ (1 =12 oS TT1F 2 + 0a2)]
j=1
2 2
= (o) (1= 12P) B[] 5 Gt 2 [ (14177t 2 [)
j=0 j=0

Since a > 1, for j =0, 1, 2, we have

1P+ )| = (0a ) (1 = 12.17))" 0,7 2 (©)]
<2A(p./ (1= 1z.1))" (1= 1217

Thus, for n sufficiently large, we have both |f(z, + p,¢)| < & and (1 — |z, +
081D f (2o +pa8)| < 8. By the assumptions given, we have ]_[12.=0 [l G@tog) < M.
Combining the above and letting M’ = M (1 + §%), we get

(A)7 < g2 ()8! )8, ()]
2
< MA+8) (o) (1=12,) 7 o x [T (14447 (0] (1=12,P)) 5,
j=1

< Mot (pu] (1=12P)) " +4M’ (0, (1=1z.1%)) " p}A?
+4M' (p. )/ (1—12:1%)) " A2+ 16M' A" (p, [ (1—1z,17))"

=M (p.) (1=12.1))" 7 (1=1z.1) +4 (0. / (1= 1z )" A% (1= [z, 1P)°
+4M (p, ] (1=12,1%))" 7" A (1 =1z, +16 (b, /(1 = |z,)%))" A*)

-0

since p,/(1 — |z,*) = 0. But (24)™ > 0, so we have arrived at a contradiction.
This proves the first statement of the theorem.
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[11] Products of spherical derivatives and normal functions 241

5. Some examples

By Theorem L1, if f is a normal function then

FrOR@ @) < M)/ = 1217,

In Theorem 3 above, we showed that if f is meromorphic with all its zeros of order
at least 3, and if f*(z) f!(z)f)(z) < M then f is a normal function. This calls
into question the sharpness of Theorem 3 and Theorem L1. We give some examples
dealing with the sharpness of these results. The first example shows that Theorem L1
is sharp for p = 2.

EXAMPLE 1. There exists a normal function f such that (1 — |z|*)* f*(z) f#(2) is
bounded, but (1 — |z]*)*~ f*(z) £} (z) is not bounded for any choice of € > 0.

PROOF. Let B(z) be a Blaschke product whose zeros {z,} are positive, real, and
form an interpolating sequence, and let

Fy=z+ / B(2)/(1 — w) dw.
0

Then f'(z) = 1 + B(z)/(1 — z) and f"(z) = B'(2)/(1 — 2) + B(2)/(1 — z)*. Since
(1= 1zP)If' ()] <21 — |z 11 + B2)/(1 — 2)] < 4,
we have that f is a Bloch function, and hence it is a normal function. Further,
FfO=rol/(1+1f@F) =11+ B@/A - (1+f@F) .
and
fl@) = |B'@)/(1 -2+ B@)/(1 - 2| {1+ 1+ B@/(1 -2} .

Since B(z) is a Blaschke product, and {z,} is an interpolating sequence, we have
B(z,) = 0 and there exists a number é > 0 such that |B'(z,)| > §/(1 — |z,)| for each
n. Thus, f*(z,) = 1/(1 + | f(z,)|*) and

fl@) = (B'(z)l/Q20 = z,)) 2 8/ (2(1 = 1z,1)°) ,

so that f*(z) f}(z)(1 — |z,1)* > /2. It follows that f*(z,) f{!(z,)(1 — |z)** = o0
for each ¢ > 0. However, since f is a normal function, Theorem L1 says that
F*(2) £} (z)(1 = |z])* is uniformly bounded. This proves the result.
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242 Chen Huaihui and Peter Lappan {12]

By a similar example, we can show that Theorem L1 is sharp for all p > 3.

EXAMPLE 2. Let p be a positive integer, p > 3. There exists a normal function
f such that (1 — [z)? T7_, f,(2) is bounded, but (1 — |z[*)"~ 7_1 [ (2) is not
bounded for any € > 0.

PROOF. Again, let B(z) be a Blaschke product with zeros {z,} of order p — 1 at
each point of the interpolating sequence {z,}, where the points z, are real and positive
and

fz) = P()+ f B(w)/ {(1 — w)(n(e/1 — w))*} dw,
0
where

p—1
P(z)=1+) 2//(j12/7).
j=1

It is easy to verify that
2=/ < lP(j)(z)l <2

foreach j > 1. Also, f'(z) = P'(z)+B(z)/{(1—z)(In(e/(1—2)))*} so (1—|z|)| f'(2)|
is uniformly bounded in D, and so f is a Bloch function and hence a normal function.
Further, BY(z,) = 0 for 0 < j < p — 2 since z is a zero of order p — 1, and since
B(z) is the (p — 1)—th power of a Blaschke product B,(z) with simple zeros which
form an interpolating sequence, we have B(z) = (B,(z))""!,

BO(z,) = (p— D! ((B)'() ™,

and (1 — [z])|(B,) (z)| < 1for |z| < L. So, as in Example 1, there exists a § > 0 such
that (1 — |z,])?"'|B®»V(z,)| > 8. Using these results about derivatives of B at the
points z,,, we have

27 < fP) =1 <2 forl<j<p-—1,

and

FPG) = BP V() {( = z)n(e/(1 - 2))?},

so (1 — |z,)?1fP(z,)] — 0, but (1 — |z,])7~¢| fP(z,)| — oo for each € > 0. But
fY9(z,),0 < j < p, is bounded and non-zero by construction (recall that BY(z,) = 0
forO0<j<p-1)so fj”(z,,) is bounded and non-zero for 0 < j < p — 1. Thus,
(1 —|z]>)P— j’.’zl " |(2) is unbounded for each € > 0, but, by Theorem L1, since f
is a bounded function, and thus a normal function, (1 —|z|?)” J’.’:] j*_ ,(z) is bounded.

This completes the proof.
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[13] Products of spherical derivatives and normal functions 243

In Examples 1 and 2 there is no attempt to control the multiplicity of the zeros,
and thus these examples may not relate well to Theorem 3. To address the sharpness
of Theorem 3, we have following example in which the function f(z) is a bounded
function, but f does not satisfy the sufficiency conditions for normality given in
Theorem 3.

EXAMPLE 3. The function f(z) = exp((z + 1)/(z — 1)) is a bounded function for
which (1 — |z]) f#(z) f{(z) ¥ (z) is unbounded in D but (1 — [z))'* f*(2) f}(2) f}(2)
is bounded in D for each ¢ > 0 and f omits the value zero (and hence, for each
positive integer &, f has all its zeros of order at least k). Further, (1 —|z|?) f*(z) @
is unbounded but (1 — |z|*)!* f*(z) f(z) is bounded for each € > 0.

PROOF. As z — 1, we have | f(2)| =~ 27| f(2)|/|z — 1|* for j > 1. Thus,

2
FORfOR@O=]]@M - 1P @) /(4412 = 1791 f(P)

j=0
= Q2 =171 @) / (1 +1f@F)
x (dlz = 17 @1) /(1 + 41z = 1171 £ (D)
x (8lz = 11 f@1) / (1 + 161z = I f()P)
=64/(z— 1)) x 1/(1 + | f D)
x (2= 1F @I/ (1+41z = 171 @)P)
x iz = P f@F ) (1+ 161z = 1131 £

Denote this last product by ¢ (z). We note for future reference that each of the last three
factors of ¢ (z) is less than 1, so, as a crude estimate, ¢(z) < 64/|z — 1|* forall z € D.
For § > 0 and § sufficiently small, there exists a point z; € D such that |z; — 1| = &
and (1 —|z;{%)/|zs — 11> = 21n 1/|z5 — 1|, which means that | f (z;)| = |zs — 1/%. Then

(1= 12z0%) ¢(z5) = 128 (In(1/|z; — 1)) x 1/ (1 + [zs — 1]*)
x 1/5 x |zs — 1|7/ (1 + 16|z — 1|7%)
~8/5In(1/|zs — 1]) — oo as § — 0.
Thus (1 — |z|*) f*(z) £#(z) f{(2) is unbounded in D. However, the definition of ¢ (z)

gives the estimate

¢(z) < 64|f(2)P/1z — 1Y,
s0, if | f(z)| < |z — 1}* then ¢(z) < 64 and

A =1zD)"*" D f (@)~ A -z ()

<64(1 — [z)!"* > Oasz — 1.
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244 Chen Huaihui and Peter Lappan [14}

If we take z such that | f(z)] > |1 — z|* , then we have

lf@l =exp{(lzf* — 1) /Il =z} > |z = 1,
which implies
(I —z»/1z = 1P < 4In(1/|z — 1]).

We again use the estimate that ¢(z) < 64/|z — 1> to obtain (1 — |z|?)!*¢(z) <
256(1 — |z}*)¢In(1/|z — 1]) — Oas z — 1 for each € > 0. Thus, we have shown that
(1 = |z f*(2) f(z) £ (z) is bounded in D. (Here, f(z) and all its derivatives are
analytic for z # 1, so the only concern is with the behavior of f(z) asz — 1.)

For the second statement, we have that

¢ (z) = fA() f ()
~8/lz — 1P x /(L + 1 f@P) x lz = U f@F /(L4412 = Y F @),

and reasoning very similar to the above gives the desired results.

This example shows that the hypotheses of Theorem 3, in particular condition (9),
cannot be relaxed very much, if at all.
We now show that the second statement in Theorem 3 is sharp.

EXAMPLE 4. Let g(z) = (1/(z — 1)?)exp{(z + 1)/(z — 1)}, B > 0. Then g is not
a normal function, g omits the value zero, and (1 — |z|)g*(z)g¥(z) is unbounded but
(1 — |z])"*“g*(2)g%(z) is bounded for each € > 0.

PROOF. Let f(z) = exp{(z + 1)/(z — 1)} so that g(z) = f(z)/(z — 1. Then
1gV(2)| = 2/|z — 1|"¥*2| f(2)| , and we may define a function ¢ (z) by
g' @l ~ () =21z = 1P| f )|/ (1 + 1z = | f(2)])
x (4z = 1*P1f@0) [ (L+ 4z = 14 F()).

If we let {z,} be a sequence of points in D satisfying both |z, — 1] = 1/n and
(1 = |z4>)/1za = 11> = BIn(1/|z, — 1]), then | f(z,)| = |z, — 1}¥ s0 |g(z,)| = 1 and

(1 1z1?) 8*) ~ BIn(1/|z, — 1]) — oo,
so g is not a normal function. Also, since both | f(z,)| = |z, — 1|# and (1 —|z,|*)/|z, —
11> = BIn(1/|z, — 1), we have
(1 =1z '@l @) =~ 2(1 = 1z,1) [1za = 1P X 1/ (1 + |z, — 17| £ (20)I?)
x 4|z, — 1P f )P/ (1 + 4z — 1P FEDIP)
=2B8In(1/|z,—1]) x 1/2 x (4=, —117*) / (1 +4|z, — 1)
~ BIn(1/|z, — 1|) — oo.
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[15] Products of spherical derivatives and normal functions 245

This shows that (1 — |z|*)g*(z)g¥(z) is unbounded.
Now lete€ > 0. If | f(2)| < |z — 1|#*3, then we have

¢(:) <8z — 17| f(»)]? <8.

If|f(z)] > |z =1, then (1 — [z]?)/]z = 1> < (B+3)In(1/]|z — 1]). Let | f(z)| =
|z — 11#73|h(z)|, where |h(z)| > 1. Then, using the definition of f(z) and ignoring
the denominator in the first factor, we have the estimate

¢(2) <20z — 1||h()] x 4]z — 1 1R@I/ (1 + 4z — 1]’ |h() )
=8|z — 1|7z = 1}h@) P/ (1 + 4z — 1P (@)P) < 2]z — 1|72

Hence,

(1= 12" b2y <2(1=12P) (1 = 12P) [1z = 1
<2(1—1zP)" (B+3)In(1/jz — 1)) > 0

as |z| — 1. Thus, for |z] < 1, we have (1 — |z|)'**g*(z)g¥(z) is bounded for each
choice of € > 0.

Finally, we give an example showing that condition (9) of Theorem 3 cannot be
relaxed by very much.

EXAMPLE 5. The non-normal function
h(z) = (1 = 2)’ exp{(1 + 2)/(1 — 2)}, B>0

satisfies the condition (1 — [z|*)*h*(z)h¥(z)h%(z) is bounded for € > B/2, and h omits
the value zero.

PROOE. Let F(z) = exp{(l + z)/(1 — z)} . Then |hYV(z)| = 2/|1 — z|’~%|F(2)|
for j > 0. We note that | F'(z)| > 1 for z € D. Further, /(z) is easily seen to have the
two asymptotic values 0 and oo at z = 1, so 4(z) is not a normal function. Then

K (@) (Dh5 () ~ 211 — 2P F @) |/ (1 + |1 = 2| F (2) )
x 41 =z P F@)I/ (1 +411 = 2P F(2))
x 81 —z|P*[F(2)|/ (1 + 16]1 — z|#?|F (2)[?)
=1 —z|PIF@I7" [ (1 + 1 = 21 |F(2)F)
x A1 =z F@P [ (14411 — 2P F(2)F)
x 16]1 — 78| F(2)*/ (1 + 16]1 — z|**}|F (2)[?)
<1/(N1-zP’|IF(2)), zeD.
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If|F(z)| = |1—z|7?, then h*(z)h¥ (z)h%(z) is bounded. However, if |F(z)| < [1—z|#,
then (1 —|z[?)/|1 — z|* < BIn(1/|1 — z|), which means that {(1 — |z[?)/|1 — z|*}#/* <
(BIn(1/|1 — z|))#/? and thus

(1= |2P) R* R (R 2) ~ (1 = |2P) T2 (BIn(1/)1 = 2])P? J|F(z)] — O

as |z| — 1 whenever € > B/2. Thus, in all cases, we have (1 — |z|)h*(2)ht (2)h%(z)
is bounded in D for e > 8/2.

From Example 5, we see that the first statement of Theorem 3 is sharp, in the sense
that the hypothesis
@) flz) £ (z) is bounded

cannot be replaced by
(1- |z[)‘f#(z)f,#(z)f2#(z) is bounded for fixed € > 0.

(For a given € > 0, we can take 8 so small that € > £/2 and use the construction in
Example 5 to show that Theorem 3 is is not valid for that choice of €.)

References

[1] Chen Huaihui and Gu Yong-Xing, ‘Improvement of Marty’s criterion and its application’, Science
in China, Ser. A 36 (1993), 674-681.

[2] Chen Huaihui and P. Lappan, ‘Normal families, orders of zeros, and omitted values’, Ann. Acad.
Sci. Fenn. Ser. A I Math. 21 (1996), 89-100.

[3] P. Lappan, ‘The spherical derivative and normal functions’, Ann. Acad. Sci. Fenn. Ser. A I Math. 3
(1977), 301-310.

[4] Pang Xue-Cheung, ‘Bloch’s principle and normal criterion’, Science in China, Ser. A 32 (1989),

782-791.
[5] L. Zalcman, ‘A heuristic principle in complex function theory’, Amer. Math. Monthly 82 (1975),
813-817.
Department of Mathematics Department of Mathematics
Nanjing Normal University Michigan State University
Nanjing, Jiangsu 210024 East Lansing, Michigan 48824
Peoples Republic of China USA
e-mail: hhchen@pine.njnu.edu.cn e-mail: plappan@math.msu.edu

Downloaded from https:/www.cambridge.org/core. IP address: 47.88.87.18, on 17 Jan 2017 at 18:12:02, subject to the Cambridge Core terms of use,
available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700001725


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S1446788700001725
https:/www.cambridge.org/core

