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Abstract

The Plancherel formula for the horocycle space, and several generalizations, is derived within the frame-
work of quasi-regular representations which have monomial spectrum. The proof uses only machinery
from the Penney-Fujiwara distribution-theoretic technique; no special semisimple harmonic analysis is
needed. The Plancherel formulas obtained include the spectral distributions and the intertwining operators
that effect the direct integral decomposition of the quasi-regular representation.

1991 Mathematics subject classification (Amer. Math. Soc.): 22E46 43A85.

1. Introduction

In [6, 7] I laid out a program which indicated that the Plancherel formula for a
homogeneous space G/H should be within reach whenever the spectrum of the
induced representation T = Indg 1 is generically monomial. The latter means that
almost all of the irreducible unitary representations 7 that occur in t are representations
induced from a closed subgroup B of G by a character. For any such monomial
representation 7, I prescribed a natural distribution 8, on the space of m and
computed its matrix coefficient. The Plancherel formula is then a direct integral
decomposition of the canonical cyclic distribution ¢, associated to t (see below) into
the spectral distributions S, . The definition of B, z and the computation of its matrix
coefficient in [6] were rigorous. However, the derivation of the Plancherel formula in
[7] was heuristic. It was left as a challenge to render the heuristic proof rigorous for
different categories of homogeneous spaces G/H having monomial spectrum.

This challenge was taken up in several papers. In [5], a special algebraic symmetric
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space was treated. In [6], completely solvable G and abelian symmetric spaces G/H
were considered. In [8], the situation was generalized to polynomial spectrum —
meaning the generic spectrum of 7 is induced from finite-dimensional representations
— and Strichartz symmetric spaces were handled. Other cases are considered in [1,
7 and 9] but in every instance so far G has been a non-semisimple group. In this
paper we shall derive the Plancherel formula for several monomial and polynomial
homogeneous spaces of a semisimple Lie group G. The most familiar example is the
horocycle space G/M N, where G = KAN is an Iwasawa decomposition, and M
is the centralizer of A in K. The Plancherel formula for that space has been known
for a long time [2]. But our proof will be much easier — coming about as an almost
immediate consequence of the results of [6]. We shall also employ the same method
to examine two kinds of generalizations. First of all, we shall consider homogeneous
spaces G/H where H is one of the canonical groups between N and the minimal
parabolic subgroup M AN, other than M N. Secondly, we shall expand the horocycle
example to include non-minimal parabolics.

The main results of the paper are explicit Plancherel formulas, including multipli-
city, spectral distributions, and the intertwining operator, for the homogeneous spaces
G/MN where P = MAN is any parabolic group; and also for the spaces G/P,
G/AN and G/N when P = M AN is a minimal parabolic subgroup. These results
are proven in: Theorems 2.2, 2.5 and Corollaries 2.3, 2.4; Theorem 2.6; Theorem
3.2; and Theorem 3.3, respectively. The cases G/M N and G/P are known. G/AN
and G/N apparently are not to be found in the literature — although almost any
semisimple specialist could have derived them. The point is that the known (and
presumed) proofs of these Plancherel formulas have been obtained in the past by
techniques special to semisimple groups. But in fact, the results of this paper show
that all of them — since they manifest monomial, or at worst polynomial, spectrum
— can be derived from the general theory of such homogeneous spaces developed in
[6, 7 and 8].

2. Monomial spectrum

We recall the results from [6] (to which we refer the reader for basic terminology
and notation). Let G be a Lie group and H C G a closed subgroup. We fix right Haar
measures dg, dh on G and H. We write Ag, Ay for the modular functions of G, H
respectively (that is, the derivative of right Haar measure with respect to left). We set
Ay e = Ay/Ag, a positive character on H. We select a smooth function ¢ = gy ¢
on G satisfying g(e) = 1, q(hg) = Anc(h)q(g). If x is a unitary character of H,
the induced representation 7, = IndY, x acts on the space

@.1)
CZ(G, H,x)={f €C(G): f(hg)=x(h)f(8),|f| compactly supported mod H}
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44 Ronald L. Lipsman [3]

by the formula

2.2) T (@) f(x) = f(xg)lg(xg)/q(x)]'".

The action (2.2) extends naturally from (2.1) to a unitary representation. Indeed, there
is a quasi-invariant measure d¢ on H\G defined as follows. Any f € C.(G, H) can
be written

flg) = f Fhg)dh, F e Cu(G);
H
then

Flg)dg == f F(g)a(g) ds.
G

H\G

The formula (2.2) defines the unitary action of G on

1/2
L*(G, H, x) := the closure of C*(G, H, x) in the norm [/ |f|2dg] :
H

\G

When x = 1, we write T = m; and refer to 1 as the quasi-regular representation.
(Note that ¢ and d ¢ determine each other canonically.) If H needs to be specified, we
write T = Ty.

Now suppose 7 is type L. Then it has a direct integral decomposition into irreducible
unitary representations

®
T =/ du(r).

The basic assumption we make at this point is that p-a.a. 7 are monomial, that is,
induced from a character. Focus on one such ¥ momentarily: 7 = 7, = Ind$x, B
a closed subgroup of G, x a character of B. Choose db and ¢ ¢ and realize , in
L*(G, B, x). Suppose further that:

() BH isclosed,

(ID qune.Hqgurse=10on HN B,

(IIl) x =1on HNB.

With these assumptions, we can define the Penney distributions whose matrix
coefficients form the critical components of the Plancherel formula. For any unitary
representation w of G, we set J£>° = the C™ vectors in the space %, on which &
acts, and J#2->° = the conjugate-dual space of distributions. If 7 = 7, we know

C>(G, B, x) C LXG, B, x)® C C*(G, B, ).
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[4] Plancherel formulae for horocycle spaces and generalizations 45

I now summarize some of the main results of [6] — namely The(_)rem 2.1 and Pro-
position 2.2 therein. Since all of our applications in this paper will be to semisimple
G, I shall state the results under the assumption that G is unimodular. In that case, I
abbreviate ¢y = qu.G, 98 = qp.:-

THEOREM 2.1.
(i) The distribution a, : f — f(e) on LX(G, H)® := L*(G, H, 1)® is cyclic
and relatively invariant under the action of H with modulus qn~"/*.
(i) For w € 2(G) := C>(G), the distribution t(w)a, is a smooth function wy,
called the smooth form of a, and given by the formula

wy(g) = t(w)a,(g) = qH’l/z(g)/ w(g ' h gy (R dh, o e D(G).
H

(iii) The matrix coefficient of a, is (T(w)at., ot;) = wy () = [, (h~")gy~"/*(h) dh.
(v) Ifm, = Ind$x, the distribution

23) By f— F45'%an™*quos.u”" dh, f € CZ(G, B, x)
HNB\H
is well-defined and relatively invariant under the action of H with modulus

qu~"2
(v) The smooth function (or smooth form) m, (w)B, is given by

T (@)By (8) = / wu(bg) X (b)gs ™2 (bg)qn'*(bg)qurs s~ (b) db,

HNB\B

w € 2(G).

(vi) The matrix coefficient {m, (w)B,, By) of By is given by

/ f wy (bh)x (b)qs~ " *(b)qu'*(h™'bh)
HNB\H J HNB\B
qurs.s” " (B)quns.n~ ' (h)dbdh,

where w € 2% (G) := the positive linear combinations of functions of the
form i x wy, w; € D(G).

The reader is urged to consult [6]. But at this point let us recall exactly what
the Penney-Fujiwara Plancherel formula (PFPF for short) is. It is a decomposition
of the matrix coefficient of «, into matrix coefficients of distributions S attached to
irreducible unitary representations. Namely, it asserts that one can find a measurable
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46 Ronald L. Lipsman [5]

family X of irreducible unitary representations, a positive regular Borel measure u on
X, and distributions B, attached to r € X so that

2.4) (r (@), or) = / (T (@B, Ba) du(r),  w e D).
X

An immediate consequence (see [6, Proposition 3.2]) is that the map t(w)a, —
{m(w)B,} is the intertwining operator for the direct integral decomposition 7 =
/, ;e w du(m) — at least if the multiplicity is finite. In this paper, we shall find the
Plancherel measure and establish the formula (2.4) for various semisimple homogen-
eous spaces.

REMARKS. There are several subtleties that can arise in this venture that have been
addressed in previous work.

(1) The integrals in the definition (2.3) of the Penney distributions 8, are
well-defined because of conditions (II) and (III). The integrals converge because
of condition (I). One expects that the integrals actually converge for all vectors
f € L*G, B, x)*. The proof of that fact may involve a very delicate argument
depending heavily on the structure of the homogeneous space (see [5] or [1] for
example).

(2) The second subtle point is that even if one cannot demonstrate convergence
of the distribution integrals (2.3) for all C*° vectors, Proposition 3.3 of [6] shows
that if one can prove (2.4), then i1 — a.a. distributions have unique extensions from
C>(G, B, x) to the full space of C* vectors. The value of 8 on a non-compactly
supported test function could conceivably be given by something other than the
absolutely convergent integral, but no such example is known.

(3) A further complication is caused by the fact that the assumption (I) may
sometimes be violated (see for example [1]). In that case, one cannot assert that
for f € CX(G, B, x) the integrand in the definition (2.3) of B, is automatically in
C.(H, H N B). Thus the convergence of the integral is problematic even for test
functions. Experience has shown ([1]) that, even without condition (I), the integral
in (2.3) is still convergent — not only for f € C>*(G, B, x) — but ultimately for all
C* vectors. On the other hand, the integral specifying the smooth form — and so
also the intertwining operator — may prove to be more troublesome. This scenario is
illustrated in Section 2b below.

(4) It is worth reviewing what is ‘chosen’ and what is ‘canonical’ in the setup.
The Haar measures are chosen and fixed. The g functions g3, gy are chosen, but
any alteration affects the L? space since ¢ and dg are paired. Finally, there is
freedom to choose guns. 5, but the measure gynp p ! (h)dh is canonical — ditto with
qHns. B‘l(b)db. In this way we see that everything in Theorem 2.1 is — if not
canonical, then at least — completely natural.
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[6] Plancherel formulae for horocycle spaces and generalizations 47

Until further notice G is a connected semisimple Lie group with finite center. Also
we fix a maximal compact subgroup K and an Iwasawa decomposition G = KAN.
Let M be the centralizer of A in K. Then P = MAN is a minimal parabolic
subgroup. If we fix Haar measures dm, da, dn on the unimodular groups M, A, N,
then dmdadhn is left Haar measure on P, and [, f(n)dn = ¢**%¢? [ f(ana™')dn,
where p is one-half the sum of the positive roots (on a with respect to n). In particular,
e?*8)dmdadn is right Haar measure on P and Ap(man) = > is the modular
function.

2a. Generalized horocycle spaces. Now we select H = MN, a unimodular
group. The homogeneous space G/H = G/MN is the horocycle space [2]. We
derive, as a consequence of Theorem 2.1, its Plancherel theorem.

THEOREM 2.2. For T = tyy = Indy,, 1, we have the Plancherel formula

2.5) (T (@), a7) = / (@B BYdr,  we D),

A

where T, is the irreducible principal series representation m, = Indf, av 1 XA X1,
A € A, and dA is the Lebesgue measure on A dual to da.

PROOF. We begin with the representation-theoretic computation of a direct integral
decomposition of 7. In it, we use induction in stages, and the fact that direct integrals
commute with induction:

52
t =Indj, 1 = Indj,, Indya" 1 = Ind,‘f,AN[ 1 x A x1dx
A

® D
(2.6) =[ Ind$ ,, 1 x A x ld)\:/i m, d.
A A

Now we apply Theorem 2.1 with H = MN and B = B, = MAN. Then
HNB = H. Therefore wehave: gy = 1onG; qynp.y = lonH; qp = Ap = 20189
on B; and gyrp g = | on MN. We define gp on G via the Iwasawa decomposition
gs(ank) = Ag(ank)Ag' (ank) = €*1°%9; and we choose gy p on MAN according
to gy g(man) = Ayy(man) Ay, (man) = e 208 At this point we observe that
conditions (I)—(III) are satisfied.

Next we must identify the quasi-invariant measure on H\B = MN\M AN asso-
ciated to the above choice of gy p. In fact it is relatively invariant since g 5 = Ap™!
is a character on B. We can be even more precise. Since the right Haar measure on
B = MAN isdb = Agdmdadn, we have

f f(b)gu s(b)db = f(man)qy g(man)Ag(man) dmdadn -
B

MAN
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= f(man)dmdadn

MAN

=/( f(mna)e20eD dmdn) da.
A MN

Therefore if we identify the homogeneous space M N\M AN to A we see that db =
e 2,129 qq is the relatively invariant measure on H N B\B = H\B. Consequently
we have

qu.s ' (b)db = da.

(This reinforces our previous remark that ¢np ™" (b)db is canonical.)
Now we continue with the application of the general formulas of Theorem 2.1 to
this specific situation. First of all, the Penney distributions collapse to

Br:f— fas"qn ™" *ques.n™ dh = fle.
HNB\H

Next, we evaluate their smooth form and matrix coefficients to be:

m(w)Bi(g) = f wn(bA(B)gs " (bg)qu' > (bg)quns.s ' (b) db

HNB\B

:/wﬂ(ag))—»(a)qg“/z(ag)da;

A

and (m, (w) By, Bi)

=/ / w0y (bh)A(b)gs 2 (b) g (h ™' bh)quns.s~ (B)qune.n~" (h) dbdh
HNB\H JHNB\B

= / wy(@)r(@)e "8 dg.
A

The proof of Theorem 2.2 follows as a consequence of the Plancherel formula on A.
Indeed,

[(Nx(w)ﬂx,ﬂx)dl =/i/‘w,,(a))_»(a)e"’(‘°g“) dad)
A AJa

= wh(e) where of, is the test function w} (a) = wy (a)e *12?

= wpy(e),

which establishes formula (2.5).

As explained in [6], the map w — = wy maps Z(G) onto (G, H), and so
Theorem 2.2 supplies the intertwining operator for the direct integral decomposition.
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COROLLARY 2.3. The map 2(g) — {Q2(g)},c4 where
Q7 Q) = f Qag)h(@)qs(ag)da, Qe DG, MN),
A

extends uniquely to a unitary operator L*(G, MN) — ff L*(G, B, X)d\ which
effects the direct integral decomposition (2.6).

REMARKS. (5) For the record we recall how to compute gz ~/2(ag). One writes
the Iwasawa decomposition G = AN K in coordinates g = w(g)v(g)t(g), and then
qg‘l/z(ag) = ¢ rlogal(ag)

(6) For emphasis, we remark that Theorem 2.2 and Corollary 2.3 follow com-
pletely from the general monomial PFPF found in [6] and specific semisimple structure
theory. No additional semisimple harmonic analysis is necessary.

Next we observe that, although all the constituent representations r;, in the direct
integral decomposition (2.6) are irreducible, they are not pairwise inequivalent. We
rewrite formula (2.5) to take that into account, and to count the multiplicity.

Let A ={A € A:wh#A, Vw e W := Normg(A)/M}. W is the Weyl group
which acts naturally on M and A. It acts simply transitively on the set A’, which is
a dense open co-null subset of A. Two representations x;,, 7, are equivalent if and
only if A; and A, are in the same W-orbit. Therefore we have

COROLLARY 2.4.
(Taen (@), ) = / BOW) s (@B, B) dh, @ € D(G).
AW

In particular, the quasi-regular representation T has uniform multiplicity equal to the
order of the Weyl group.

One big advantage of this method for deriving the Plancherel formula for the
horocycle space is that it does not really depend on the compactness of M. That
is, it works for any parabolic subgroup, not just a minimal parabolic subgroup. Let
P = MAN be any parabolic and set H = MN, t = Ind$ 1. A review of the
preceding proofs reveals that nowhere was the minimality of P (or the compactness
of M) utilized. The exact same arguments apply to yield

THEOREM 2.5. If we write w, = IndfMN IxAxland B, : f — f(e), then we
have

A

(t(@)ats, @) = f (12 (@B, B) A, @ € D(G).

Downloaded from https:/www.cambridge.org/core. IP address: 47.88.87.18, on 17 Jan 2017 at 18:05:14, subject to the Cambridge Core terms of use,
available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/51446788700000069


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S1446788700000069
https:/www.cambridge.org/core
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Moreover, the map Q(g) — {),.a
(2.8) Q(8) = / Q(ag)r(a)gs"*(ag)da, Q€ D(G,MN),
A

extends uniquely to a unitary operator L*(G, MN) — f/? L?*(G, B, \) which effects
the direct integral decomposition of T. The multiplicity is uniformly #(W), where
W = Norm(A)/Cent(A).

REMARKS. (7) The notation in Theorem 2.5 presumes that B = B, = P =
MAN and g = p(g)a(g)v(g)t(g), where in the decomposition G = PK, the A
component is uniquely determined. Furthermore, gz (g) = e?*(8*®@),

(8) In both the minimal and non-minimal cases, we clearly have that 8, is defined
for all C* vectors — because the integral collapses. Furthermore, the integral (over
A) expressing m, (w) B, is convergent for & compactly supported (since AMN = B is
closed in G), and extends to the intertwining operator. But the question of exactly what
the set of functions €2 for which the integral (2.8) actually converges is an interesting
question in Fourier analysis.

2b. Generalized flag manifolds. The goal of the paper is the Plancherel formula
for G/H where H is a canonical subgroup of a parabolic group P containing the
nilradical N. In the previous subsection we considered H = M N. The only really
‘canonical’ group above M N is P itself. But, for P minimal, it is a well-known
fact (4] that the induced representation v = Ind$ 1 is actually irreducible — it has
no decomposition. So what would constitute a Plancherel formula? The answer
is as follows. Fix a minimal parabolic group P, = M AN, (the reason behind
the choice of notation will be clear in a moment). Write 1, = 7, = Ind‘,fl 1, an
irreducible representation. The point is that it is known that for any other parabolic
P, = M AN,, associate (and therefore conjugate) to Py, the corresponding induced
representation 7, = 7p, = Ind‘,f2 1 is unitarily equivalent to 7,. A Plancherel formula
would specify the intertwining operator between the two representations. Such a
formula is well-known [3, ch. VIL.4] as a consequence of classical work (of Kunze-
Stein) on intertwining operators. Next, we shall see that those operators emerge from
our framework naturally as well.
We take H = Py, B = P,. Then H N B = M A(N; N N,). The corresponding ¢
functions are as follows:
g = qun.c = DAyan, = €789

4 =4pG = AMAN2 = ¢?n(za)

_ Amarinny — ,2(p—p1)(loga)
qHnB.H = =e
Apan,
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A Amadiony _ 2p-mioga

Apran,
Here we write No = Ny N N, and p;, j = 0, 1,2 for one-half the sum of the
corresponding positive roots. Now the fact that P, and P, are conjugate guarantees
that 2p, = p; + p2. Therefore condition (II) is satisfied. But it is unlikely that
condition (I) will hold if the two parabolics are not equal. This is the situation referred
to in Remark 3 in the last section. Nevertheless, we can cope with this problem as
follows.

The relevant H -invariant Penney distribution (on the space of 1) is

(2.9 B f— f98"qn™" *quosn™" dh = fdny,
HNB\H No\M,
because all the g functions live only on A. Moreover, the integral (2.9) clearly
converges for any C* vector f. Indeed, if we write V for the nilradical of the
opposed parabolic to P, and we realize 1, = Indg2 1in L*(V), then any C* vector
will be a Schwartz function on V. Therefore it will be Schwartz on Ny\N; and
convergence is assured. Finally, we remark that condition (III) is trivially satisfied.
Next we evaluate the smooth form of 8;:

T (w)Ba(g) = / wn(bg)gs~"*(bg)qu'*(bg)quns s~ (b) db
HNB\B
= / wp, (n28)gs~"*(n2g)qu"/* (n2g) dna.
No\ N,
Then we observe that the irreducibility of r; and 1,, together with [10, Thm. 3.3],

implies that (up to scalar) the matrix coefficients of o; = «,, and 8, must coincide.
Therefore, for an appropriate choice of Haar measures, we have

(ti(@)ay, a1} = (12(0) B2, Ba).
This is the PFPF and thus, by the discussion after Theorem 2.1, the intertwining

operator between t; and t; is formally

Qi(g) = (g = / Q1 (n28)95"*(n28)qn'*(n28) dn,

No\Nz

=/ Q1(n28)gs~2(8)qu'*(n2g) dn,.
No\N;

The left N,-invariance of g is clear from its definition. The conclusion is (see [3, ch.
VIL4))
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THEOREM 2.6. The intertwining operator giving the unitary equivalence between
Ty and 1, is specified by

(2_10) Q(g) s e—pz(lﬂgaz(g))/ Q(nzg)em(bgax(nzg)) dﬁz

No\N2

REMARK. (9) Formula (2.10) differs slightly from [3] because of different setups
— we have built the equivariance condition into the group action (see (2.2)), whereas
Knapp builds it into the function space. Also, although the distribution integral
(2.9) converges, we encounter the usual convergence difficulties with the intertwining
integral (2.10).

3. Polynomial spectrum

We take now as our basic frame of reference the generalization of [6] found in [8].
The new assumption is that generically the spectrum of t consists only of polynomial
representations, that is, those induced from finite-dimensional representations. We
retain the same notation as in Section 2, except we write ¢ instead of y, thatis, o isa
finite-dimensional representation acting on a space #%,. We still have the inclusions
C>*(G,B,o0) C L*(G, B,0)® C C®(G, B, o) for the spaces on which 7, = Indf o
acts; but the functions in these spaces are % -valued instead of scalar-valued. The
statements of conditions (I) and (II) are unchanged, but (III) is stated in the form

(IID) o | y~p contains a fixed vector.

As in the transcription of the key results in [6] to Theorem 2.1, we capture all the
basic results of [8] in a single statement.

THEOREM 3.1. Let & € 9%, be a o (H N B)-invariant vector.
(1) The distribution

(.1 Be: f— (& FOVas"qn™quns.n ™" dh,

HNB\H

f €C>(G,B,o)

is well-defined and relatively invariant under the action of H with modulus
qH—l /2'
(ii) The smooth vector-valued function (or smooth form) e, (w)p; is given by

7, () B (8) = f wy (bg)o (b) '€ g5~ (bg)qu"*(bg)qurs.s~" (b)] db,

HNB\B
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[12] Plancherel formulae for horocycle spaces and generalizations 53
w e 2(G).

(iii) The matrix coefficient {7, (w)B;, B:) of B is given by

f f wn(Bh)(E, 0 (B)E)as~">(B)qn 7 (h"bh) x
HNB\H J HNB\B

X quns.s~ (b)quns.n~ (h)dbdh,
for w € 27(G).

Next we shall consider canonical subgroups between N and P without any M
component. But to preserve the polynomial spectrum hypothesis, we shall require
that M be compact. So in the next two subsections P = M AN will be a minimal
parabolic subgroup.

3a. Rossi-Vergne spaces. In this subsection we shall consider H = AN. We
start with the representation-theoretic decomposition of T = T4y = Ind$, 1. In fact

t = Ind§, 1 = Ind¢,, Ind¥" 1

2]
= Ind,,, Y (dimo)(c x 1 x 1) (by the Peter-Weyl Theorem on M)

ceM

D
=) (dimo)Ind§, o x 1 x 1.

aeM

For the typical o, the representation 7% = Ind% ,, o x 1 x 1 will be irreducible; but
not for all o. A perfect example is supplied by G = SL(2, R). M contains two
elements, and for 0 = 1, 77 is irreducible, but for o # 1, it is not. We shall ignore
the reducibility of the decomposable representations 7. We give our Plancherel
formula in terms of the principal series representations 7?. Further decomposition
into irreducibles is determined by the R-groups [3, ch. XIV.9], and we leave that
(fairly sophisticated) portion of the semisimple theory to the interested reader.

There is still the matter of equivalences — which indeed may occur. In fact,
7° = ifand only if 3w € W > w - o = o’. Let us assume that a cross-section for
M /W in M has been selected. We abuse notation by purposefully confusing M /W
with the cross-section. Denote W, = {w e W :w .0 =0},0 € M /W. Then

D
(3.2) Tay = Z(dima)#(Wa)n”
M/W

gives us a direct sum decomposition into inequivalent representations of G with
multiplicity counted. Now, bearing in mind that some of the 7° may break up —
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54 Ronald L. Lipsman [13}

but that such a break up is always finite and multiplicity-free (the R-groups are finite
abelian) — formula (3.2) does specify the multiplicity, if not the precise spectrum.

Let us describe the ¢ functions in this scenario. We have: H = AN, B = MAN,
H N B = H. Therefore H N B\B = M (with its normalized Haar measure).
Clearly qy(g) = qg(g) = €*"¢9 if ¢ = ank. Furthermore, gynpn = 1, and
quns.B = q9an.many = 1 also. In particular, conditions (I)-(IIT) hold here.

Now for any fixed o, let &7, ..., €% be an orthonormal basis in J%,. Then from
Theorem 3.1, the Penney distributions, smooth form and matrix coefficients are:

Be i f — (&, f(©))
77 (@) (g) = f A (mg)o (m)™7 dm
M

(7° (@) By . Bey) = j wan (m) (&7, 0 (m)E?) dm.

M

Then, by the (matrix coefficient version of the) Peter-Weyl Theorem on M, we have

dimo dimo

YD m @B By =D / a(m&], o () dm
UEM j=1 HEM i=t "
= wan(e).

Hence we have proven the following.

THEOREM 3.2. We have

dimo

(Tav(@ae, ) = DY (77 (@), Ber)

oem j=1
dimo
= Y #W,) ) (77 (@)By, By), @ € D(G).
j=1

ceM/W i

Moreover, the intertwining operator is Q(g) — {2/ (g)}, where
Ql(g) = / Q(mg)o(m)~'& dm, Q € 9(G, AN).
M

3b. Whittaker Spaces. The final canonical subgroup we investigate is H = N.
The abstract Plancherel theory for the Whittaker space G/N is contained in the
following computation.

ty = Ind$ 1 = Ind$ ,, Indy*" 1
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@ ®
=Indf,ANZdimU[ o X Aixl1ldxr
A

oeM

where 77 = Ind§,y 0 x A x 1 is a general principal series representation. Now we
are back in the situation of generic irreducibility. If we restrict A to lie in A’, it does
not matter if o is fixed by any elements in the Weyl group — the representation 7}
will still be irreducible. Therefore, we have

@
w=Id§ 1= f > (dimo)#(W)my dA.
Ayw

oeM

The next order of business is the g functions. We have H = N, B = M AN,
H N B = H. Then clearly

gne=¢qu=1 and gurpn =1, onG and H, respectively.
We choose the other two g functions as in Section 2a, namely

qsc = e*'®?  forg =ank, and

qn.s(man) = #0189,

One verifies readily that gy 5~ (b)Ydb = dmda. Conditions (I)—~(III) are satisfied.
We select the vectors &7 as in Section 3a. Then the Penney distributions become

By f — (&7 F(@)).

The smooth form and the matrix coefficients are computed to be:
7 B (8) = f wy(mag)r(@)o (m)~'E s~ (mag)) dmda;
MA

(S Brsp Brg) = [ onak@(Eg o ye " dmda.

MA

If we sum over j and o, integrate over A / W, and use the technique that occurs at the
end of the proof of Theorem 2.2, we obtain

THEOREM 3.3.
dimo
@)= [ #W) T D @y Buy)
Row
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We leave it to the reader to write down the intertwining operator.
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