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Abstract

Lipschitz spaces are important function spaces with relations to H? spaces and Campanato spaces, the
other two important function spaces in harmonic analysis. In this paper we give some characterizations
for Lipschitz spaces on compact Lie groups, which are analogues of results in Euclidean spaces.
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1. Introduction and Notation

Lipschitz spaces are very important function spaces with close relations to H? spaces
and Campanato spaces, the other two important function spaces in harmonic analysis,
The theory of these spaces on Euclidean spaces has been fruitfully developed by
several authors (see [2, 3, 4]). In this paper we consider Lipschitz spaces on compact
Lie groups and give some characterizations for these spaces, which are analogues of
the results in the case of Euclidean spaces.

Let G be a compact connected semisimple Lie group of dimension n. Choose
T C G to be a fixed maximal torus of G with dim7 = rankG = /. Let g and t
denote the Lie algebras of G and T respectively, and g, and t. their complexification,
If A is the set of roots of (g, t.) we choose in A a system A* of positive roots.
Write m = card A* and n = 2m + I. We choose inner product (-, -) on g which is
invariant under the adjoint action of G on g. Put (-, -)!/? = ||, so that |-| is a norm
on g. Let d be the geodesic metric on G associated with (-, -), so that for small ¢,
d(exptX,e) = |t||X], for X € g, where e is the identity of G. Let G be the set of
equivalence classes of irreducible unitary representations of G and denote by x; and d;
the character and dimension of the unitary representation U, correspondingto A € G.
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{2] Characterization of Lipschitz spaces on compact Lie groups 201

Fix once and for all an orthonormal basis {X,,---, X,} of g. Set X¥ = X" ... X"
for each positive integral n-tuple y = (31, - - -, ¥a)-

In the sequel we denote by ¢ a positive constant which may change from line to
line.

2. Definitions and main results

Suppose a > 0. We introduce Lipschitz spaces on G.

DEFINITION 1. Denote by Aa the homogeneous Lipschitz spaces and A, the (in-
homogeneous) Lipschitz spaces.
(i) For0 <a < LA, = {f : I[f(x) = fO)| < cd(x,y)*, x,y € G} and
| £ 1l 4, is the infimum of all ¢ for which the above estimate holds.
(i) Fora=1,A, ={f:flls, < oo}, where

| FOey) —2F () + fFlxy™)|
d(y,e)

I flia, = sup tx,yeG,yFeyg.
(iii) For ¢ > 1, let k be the positive integer such that ¥ < @ < k + 1. Then
Aa=(f : I flla, < 00} where

Flla, = D 1X7 flla,-
lyl=k
(iv) Forany & > 0 we define || flla, = Il fll + Il fllz, and A, = {f € L'(G) :
1£1la, < o}.

For an integer £ > O we define A; and A, by

Ak:[‘PES(t); ¢ radial, suppp C {H : |H| < 1} }’

and [ @(H)HYdH =0forall |y| <k

A= {¢ €Ay F@(lH)zt_l dt=1, H# 0}
0

where |y| = y1 + --- + y, for a positive integral n-tuple y = (31, ..., ¥»). By [3]
we know A, and therefore A, are not empty.

Fort > Olet g, (x) =Y, s Pt IA + Bl)dixa(x), where B =3, . /2.

DEFINITION 2. For0 < ¢ < land ¢ € A, we set 1 flls, = sup{(t™ ¢, * f(x)]:
x € G, t > 0L\ flls, = Iflli + I fll,, and define B, = {f : || fllz, < oo} and
B, ={f 1 I flls, < o0}
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202 Dashan Fan and Zengfu Xu [31

A standard argument gives

THEOREM 1. For 0 < o < 1 we have A, = B,and A, = B,.

The following theorem gives a characterization of A,, for all @ > 0.

THEOREM 2. Leta > 0,and k € Z, k > [a] where [a] denotes the greatest integer
part of a. Then the following are equivalent.
(i) feA,.
(i) Forallgp € Ay, suplt ™o x f(X) :x € G, t >0} < ¢,y
(iii) There exists ¢ € AZH,, such that sup{t ™ g, x f(x)| : x € G, t > 0} < ¢, ;.
Moreover, if we define || flls, = I1flli + Supg, 1~ lg, * £ (x)| for some
@ € Agyn then || flla, ~ | flls,-

Let exp be the exponential map of g to G. Then exp is an analytic diffeomorphism
on an open neighbourhood of the origin of g. Choose €, and €, to be the maximal
positive numbers so that exp is such that a diffeomorphism of B(0, €y') onto B(0, ;).
For a positive integer k£ we set

p(x) = q(exp' x) for x € B(e, &),
Pk = : . . . .
q is a polynomial on g with degree < k

DEFINITION 3. Let 1 < g < 00, A > 0Oand k > 0, k € Z. The Campanato spaces
are defined as L,"*(G) = {f : | fI%} < oo} where

Il fllgeer =1 flh+ sup  inf {IB(x,r)I_”"/ |lf») — py)|* dy]
B(x,r)

x€G,0<r<e pEP;
and | B(x, r)| is the Haar measure of the ball B(x,r) = {y : d(y,x) < r}.

‘We now state a theorem which gives the relationship between the Lipschitz spaces,
the Hardy spaces H?(G) and the Campanato spaces.

THEOREM 3. Let 1 < g < 00, > 0,k = [a] and p = n/(n + ). Then the
following are equivalent.
(@ f €A
(b) There exists ¢ > O such that for each x € G and 0 < r < ¢, there is a

Di = DPxri € Py satisfying
sup | () — pex7'y)| < er®,
yeB(x,r)

) feL™(G).
(d) f € (HP)*, where (HP)* denotes the dual of H?(G).
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[4] Characterization of Lipschitz spaces on compact Lie groups 203

3. Proof of theorems

To prove Theorem 2 we first establish a lemma.

LEMMA. Suppose a, k are as in Theorem 2. Then the following statements are
equivalent:

(@) Forallg € Ay,sup, .t |@ * f(xX)| < ¢y 5.
(b) There exists some ¢ € Ay such thatsup,  t7 |@, * f(X)| < ¢y -

PROOF. We need only prove (b) implies (a). Suppose that ¢ € A~2k such that

sup, , 1= @, * f(x)| < cpp. Then f(x) = [° @ *@ % f(x)t7" dt. Forany € Ay
we have

1/fx*f(X)=/ww,*<ps*<ps*f(x)s“ds
0

=/w,*fps*fps*f(x)f‘ds+/w¢x*ws*ws*f(x)S“ds
0 1
=ll(xvt)+12(x’t)'

It is easy to check that for any ¢ € Ay, ¢, € L'(G), suppg, C Ble, t), the Poisson
formula gives

» 3 H
6)) @i(x) = @,(exp H) = ct ' D(exp H)'[ | el—))

acA+ a t

where exp H € T is the only element conjugate to x and D(exp H) is the Weyl

function H
D(x) = D(exp H) = (~2)"[ [, sin (’“(2 )).

So we can easily deduce that forall x € G, t > 0, |I;(x, t)| < ¢, 1"
For I, we can assume ¢ < € since |L(x, t)| < ¢,y 5 < Cpy, st Otherwise. Denote
by ay, ..., ay, all the positive roots. Then

2 D(x) = D(exp H) = G«(H) + F.(H),

where

G(H) = ¢, Z( 12y ﬂ —a.(H)f'

JeA; i=

with J = (ji, ..., jn) and

A =G ) Wt Fjn=2j+m, ji,..., juodd},
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204 Dashan Fan and Zengfu Xu [5]

and where F; has the following estimate:
3) F'(H) = O(HI"™8*), |H| < .
Write

Lix, 1) = f ") % @, * @, % f(x)s™ ds + f D2 % @, * g x f(x)s™" ds
t t
= Ji(x,t) + LH(x, 1)

where
@) (x) = ©)(exp H) = W, (exp H)G,(H)D(exp H)™',
) ®2(x) = &L (exp H) = W,(exp H) Fu(H)D(exp H)™'.

Let h,(x) = ¢, * @, * f(x). Observe that there exists ¢ € Z* such that || f M) <
cslA + B|? and ¢ € S(¢). We then have

Co.f8° if 5 <e,
Cops "9 if s > €.

Ao < {

From this and (1), (3) we have |J,(x, t)| < ¢,y ft°.
Let Y1, Y,, ..., Y, be an orthonormal basis of t. Then for y € B(e, €;) there exist
ye Gand H €t,|H| < ¢ such that

1
y™' = exp(Ad()H) = exp (Z H, Ad(&)Y;-) :
j=1

Thus, by the Taylor series expansion (see [5])

X(y)h,
(5) hs(xy_l) = Z%Hl}qHZW "'HIVI! y € B(ev 60)9 X € Gi
” IR 7

where X (y) is the coefficient of H,”' H,” --- H;" in the formal polynomial

Loew! - -
WP (g AdGY + -+ H AT,

vl

Observe that Ad(3)Y; f(x) = Y_i_, c;;($) X, f (x), where the ¢;;(F) satisfy

Z{Cu(i’)lz =1,
i=1
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6] Characterization of Lipschitz spaces on compact Lie groups 205

and
Cp 527V if s < e,

X" <
|X"h(w)| < { Cp g5~ for some g € Z* otherwise.

By (1) and (4) we then can deduce that

| (x, )] < f / D] sup IXThy(w)| dy < ¢y st
t G

ly|<k+1, weB(x,1)

which completes the proof of the Lemma.

PROOF OF THEOREM 2. In view of Theorem 1 and the lemma we are reduced to
proving the equivalence of (i) and (ii) for « > 1. We begin with the implication (i)
implies (ii) for @ = 1. Let f € A,. For any ¢ € Ay, it is easy to check that

lg % f(X)] < cll fllat fort > €, and @, * f(x) = [ @(¥) f(xy)dy. By (2) and (4)
we have, fort < ¢,

0% FG < el fllat + / (7 Gy D]+ £ @D (02, (] dy:
G

then we use (1) and (3) to obtain the desired estimate.
Now we prove (ii) implies (i) fore = 1. Wecanassume || f ]|z, < coforg € Ayy,.
Then for any y € G the Calderon formula gives

[e ]

(e.y)
Ayzf(x) = f Ayz(ps * @ * f(x)s_l ds + / Aquos * Qg % f(x)s'1 ds
0 d

(e.y)

where
ACFx) = flxy) —2f(x) + fxy™).

Observe that || X? ¢, ||} < c,t™7! fort < €, and that | X" ¢, ||, = O(1) otherwise. We
then have

oo

18,270 = 1 lad. 0+ [ dore) S 1K gux fllos™ ds

d(y.e) lyl=2

<cifllsd(y,e)

which shows || f ||, < ¢, flls,- Thus the theorem follows for o = 1.

Fora > 1 choose j € Z,0 < j < ksuchthatk —a < j <k—a+1and
a—1 < |yl =k—j < a. A similar argument as for the case o« = 1 gives
X"f e Aa_h,, if f € B, and ||flla, < cllflls,- All that remains now is (i) implies
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206 Dashan Fan and Zengfu Xu 7

(ii). Suppose f € A,,a > 1. Then X¥ f ¢ Ba_h,, by Theorem 1. Choose ¢ € A, to
obtain

4
@ * f(x) = / q)l(<1+)n,z‘ps * @ x f(x)s_l ds + ' d>1(<+n (Ps * Pg * f(x)s_] ds
0 t
!
+ f O xge f (057 ds + f O, 05 % 0 x f(0)s™! ds
t

oi(x, 1),

lzm»

where d>,ﬁ:3,, " <I>,(f£,,,, are as in (4). We may, and do, assume that 1 < ;. Observe that
I@sllc0 < cps™. Thus |o;(x, 1)| < cpll flla, 2% fori =3, 4. Let hy(x) = ¢ %@ * f (x)
and hy(x) = @, x @, * f(x). Then by (1), (2) and (4)

lv|=k+1,weB(x,t)

loa(x, )| < Ctk“/m/ | &, O sup IX"hy(w)|dys™" ds < c|| flla,t*
t B(e,t)

and
loy (x, £)| < cwfsw' sup | X"hy(w)|s7 ds < c|l flla, 2"
1]

ly|=k—j,weB(x,r)

This proves (i) implies (ii) for @ > 1 and completes the proof of Theorem 2.

PROOF OF THEOREM 3. The equivalence of (c) and (d) is proved in [1]. Now we
prove (b) implies (c) and (d) implies (a) implies (b).

Suppose that (b) is true. Then f € L*(G) due to the compactness of G. Let p;, be
the polynomial as given in (b) for a fixed x € G and 0 < r < €. We then have

,B(x’r)l—(nﬂ—aq)/n/ |f(y) _ pk(x—ly)l‘l dy <c
B(x,r)
which implies (c).

To prove (d) implies (a) we need to show that, for some ¢ € A4k+,,, le* flloo < ct”
if f € (H)". Observe that |g,llu» < ¢ 3", .&|B(t|1 + B|)|’di>. Hence, for t > €,

lg: * flloo < cll f lcuryt®.
We now assume ¢t < € and write

@ % f(x) = DY, * f(X)+ DR, * F(x)

(1) 2 : (2)
where @3, @3, are as in (4). By 3), |95, * flloo < cll flliury-1*. Observe
that for any py., € Pyyr,
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[8] Characterization of Lipschitz spaces on compact Lie groups 207

f 1D, () Pays (1) dx
G

=ct ! L/T { ,/l;(o,,) G2k+n(H)q2k+l(Z(; ci;(Y)H)X;) x

=1

TLac(o(7)) anfor=o.

Moreover supp {t *®%),, .} C Ble, t), and It *®3,, lloo < ct™. Thus t*®%),,,
is a (p, oo) atom which implies || <I>$()+,,‘, * flloo < cllfl L The implication (d)
implies (a) is therefore proved.

It remains to prove (a) implies (b). Suppose first that « is not an integer. Then
k<a<k+1 Foranyx € Gand 0 < r < €, if y € B(x, r) then there exists a

z, € B{(x, r) such that

fOr= Y XWF@OP,E'N+ )XW fz)P,G"y)

lyl<k—1 lyl=k

where P, € P,,|. Let p(x7'y) = Zlylsk X)) fx)P,(x"'y) fory € B(x,r). Then

|FO) = ™'Y < Y X F@) = XN F()] [P, 7'y)| <l fllar®
lyl=k
which gives || fll .+ < c||flla, for kK < @ < k 4+ 1. Now we consider the case
when « is an integer. Firstly we suppose « = 1. Taking a radial function n €
C*(t) satisfying suppn C B(O, %) and f,U(H) dH = 1 we then define n,(x) =
N 1B Y e 1(r A+ Bl)dixa(x) and N, = n, * n,. It is easy to verify that N, has
the following properties.
@ JyN(xydx =1,

(i) N, =N(),

(iii) N, is central, and

(iv) [, X"N.(x)dx =0for|y|=2.
Thus

1
lfO) = N* fF)| = = [2f(y) — fOz™) = fO2)] N, (2)dz

§||an. f / dzw™, €) + d(w, )] |n, wyn, (w™'2)| dw dz
< el flar

Givenx € Gand 0 < r < ¢, forany y € B(x, r) we write

N f) =Y XN, * HOP,GE )+ Y X@N, * &) P, ™y)

lyi=<l lyl=2
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208 Dashan Fan and Zengfu Xu 9]

where z, € B(x, r) as before. Thus we are reduced to proving that, for f € A,,

(6) sup | XiX;(N, + )| < er™ flla,

weB((x,r),1<i,j<n

where c is a constant independent of x and r. To see this let D(G) be the algebra of
all left-invariant differential operators on G. We recall that g can be regarded as a Lie
subalgebra of D(G) with [X, Y] = XY — Y X, where [X, Y] is the bracket of X and
Y. Then we have

X: XN = XiX;N.0) + ) &’ Xi N, ()
k=1

and
N X;X;N, x f(y) = % /G X:X;N()(f (xy) + fxy™) =2f(x))
- ics"’X:Nr * f(y).
P
Observe that A, C A;;, and we have

| XN x fO) < 1flla, f |X,N.(yz"))|d(y, )2 dz < c|| fllar".
G

Thus (6) follows from (8).

Now we consider the case when ¢ = k € Z* and k > 2. Suppose f € A;. Then
f e L!and
(8) IX7(f = Ne * lleo < X flla,r =cllfllar

for all y, |y| = k — 1. On the other hand, Taylor’s formula gives

FOY=Nx fFO)=qalc™' )+ Y X@)(f = N x )z)P(x7"y)

lyl=k—1

for each y € B(x,r) and some z, € B(x,r), where g,_, € P,_; and P, € P,.
By (8),

) |fO) = Nex f(9) — @2 (7' Y)| < cll flla, .

Foreach y € B(x, r), thereis alsoa z’'y, € B(x, r) such that

N f) =G0+ D XN, * HE )Py

lyl=k+1
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[10] Characterization of Lipschitz spaces on compact Lie groups 209

where

Gx7'y) =Y X@)N, * FHx)P,(x7'y).

lyi<k

Write |y| = |yl + |y2| where |y;| = 2. Then

N+ fO) —@x7'y)| < ¢ Z X" N, % X7 flloo r**! <l flla, r*

In1=2lpl=k-1

which together with (9) gives the desired result. The theorem is therefore proved.
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