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Abstract

For a wide class of sine trigonometric series we obtain an estimate for the integral modulus of
continuity.
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1. Introduction

Let F(x) be a function of period 27 in L, (1 < p < o). Then the integral
modulus of continuity of order k of F in L, is defined by

wf(h; F)= sup |A%F(x)|s,,
O<ltl<h

where
k
AF(x) = ;0(—1)'(_“(:)F(x + at)

and || - || L, denotes the normin L,

Concerning the integral modulus of continuity of order 1 of a sine series whose
coefficients form a quasiconvex null sequence, Izumi [2] and Teljakovskii [5] have
obtained some interesting estimates. The class of quasiconvex null sequence has
further been extended by Teljakovskii [6] in the following form.
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Let

o0
(1.1) Y. a,sin kx

k=1

be a sine series satisfying a, = o(1), k — oo. If there exists a sequence (A4, ) such

that
(1.2) 4,10, k- oo,
o0
k=0
(1.4) la, — ag.qi|=|Aa,|< 4, forall k,

then we say that (1.1) belongs to the class S.

Setting A, = L%_,[A%.,,|, we observe that every quasiconvex null sequence
satisfies the condition S.

Let g(x) be the sum of the sine series (1.1) belonging to the class S.
Teljakovskii [6] showed that the condition

(1.5) i TI

is sufficient for the integration of the series (1.1) belonging to the class S.
The aim of this paper is to find an estimate for the integral modulus of
continuity of order k of the series (1.1) belonging to the class S.

2. Results

We establish the following
THEOREM. If (1.1) belongs to the class S and (1.5) holds, then

w’l‘(%; g) < B Mogn Y (v+1)'a4

v=1
+B, ¥ (v+1)(1+log )AA
v=n+1

where B, is a constant depending upon k and not necessarily the same at each
occurrence.
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Letting A, = Z%_,|A%a,,|, the case k = 1 of our theorem yields
CoroLLARY. If {a,) is quasiconvex null sequence satisfying (1.5}, then
wl(%; g) < Bnlogn ) (v+ 1)2|A2av|
v=1

iB Y (v +1)(1 + log 7 )| %, |.

v=n+1

This result corresponds to a theorem of Izumi {2] as stated in Teljakovskii [5).

3. Proof of the theorem

Under the assumed hypothesis, g is integrable. Since the symmetry of the
function implies |A¥g(-x)| = |A* ,g(x)|, therefore

j:" IA’ﬁg(x)|dx =-/0 |Ak_,g(x)|dx +/(; ]Afg(x)]dx.
Hence, to prove the theorem, it is sufficient to evaluate

f |a%,  g(x)|dx, for0<t<a/n.

We write

(3.1) /(;" IAkitg(x)ldx =j(’)(k+1)1r/n +j(m

k+1)m/n
= I, + I,, say.

We first estimate ;. Denoting by D,,(x) the kernel conjugate to the Dirichlet
kernel, the use of partial summation yields

5()= £ dab,(x)

=US§1AUA”D()
= E:IAA Z I'D( x).
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Then

I < [AA f(k+1)7r/n Z’A D,(x)]dx]

f(k+1)1r/n

L E A4, ZD(x)

v=n+1 i=0

= Ill + Ilz.

If D*¥(x) denotes the kth derivative of D,(x), then to estimate I, we use the
equality (Aljanci¢ [1], Ram [3])

- B i%*1 0<x<7

3.2 Do) ={"% k=12,

(3.2) | DO (x) | {Bk:"x", 0<x<m ( )
and obtain

U
I < Byt Y 84 f"‘“)"/" ( Y | D®(x + 62)]] dx
v=1 i=0
(0<0,<k)

<Bn Y A4, (v+ 1)
v=1

To estimate /,,, we use the inequality (Timan [7])

1[‘/"(0()zdx <Zlog+o(1), c>0,0>n,

v

and obtain

é[log% " 0(1)])

i

[e ]
< Bk( }: AA,
v=n+1

( AA [(v+ Diog 2 +(v + 1)])
=n+1
It follows therefore that

(3.3) I, <Bn*Y (v+1)'A4

v=1

o]

+Bk[ ¥ (u+1)( + log )AA]

v=n+1
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To estimate I,, we have

L={ AX d
z ‘/(‘k+l)'lr/nl itg(X)l x

Z AavAki tbv(x)

v=1

< dx

(k+V)yn/n

Akit E Aaubv(x)

v=n+1

+ dx

(k+1ym/n
=1y + 1.

We now write
n—1

(k+1ya/m
Iy < f

n
Z AavAk+ tbu(x)
m=1 “(k+D7/(m+1) -

v=1

dx.

By virtue of t < w/n and x > (k + 1)7/(m + 1), it follows that
k+1 k  « +k( 1 __l)> 7
m+1" n" m+1 "m+1 n)"m+1"
Therefore in the subinterval [(k + 1)a/(m + 1), (k + 1)7/m], using (3.2), we
have

x—kt>

Aa,
A

v

n
< Bt* Y

v=1

Z AavAk;t lbv(x)

v=1

A, max  |DR(§)|

x—kt<ég<x+kt

Aa Btk X

A, 2+ 25— Y
A, x~ktv=m+1

Aa,

m
k k+1
< Bkt z v A”T
v=1 v

n

m
S B* Y o¥TU 4+ Bitfm Y, v*A

v

v=1 v=m+1
But
m m v m
Z Uk+1AU= Z AAuZ jk+l +Am+1z FLaR!
v=1 v=1 i=0 i=0
o k+2
< Y (v+1D)PAA4, + m2U L,
v=1
and

n v n m
Z vav= E AAUZ ik+An+l Z ik _Am+1 Z ik
v=m+1 i=0 i=0 i=0
n

< Y (v+1)k+1AAv+nk+lAn+1.

v=m+1
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Therefore

m=1 v=1

n-1 m
I, < Bkn"‘[ Y m'z( Y (v+1) a4, + m"”AmH)]

m=1

n—-1 n
+Bkn“"[ Y m’l( Y (v+1)*a4, + n"“AnH”
v=m+1

n-1 m n—1
= Bkn"‘[ Y m2Y (v+1) a4, + ¥ mM,,,,
v=1 m=1

m=1

m=1 v=m+1 m=1

n—1 n n—1
+ Y mt Y (v+ 1)k+1AAU+ Y m'ln"“A"H].
The first term in the square bracket is
n—1 k42 n—1 n—1 00
Y, (v+1)"F AA‘,( Y m‘z) <) (v+ 1)k+2AAv( Y m'z)
v=1 m=v

v=1 m=v

n—1
<B Y (v+1)'a4,,

v=1
the second term is
n—1 n—1 m n
k = -k -k
ZmAm+l-ZAAm+lZl +Anzl
m=1 m=1 i=0

i=0
n—1
+
< Y, mtAAd, L+ kY,
m=1

and the third term is

v=m+1

n—1 n n—1 v—1
Y mt Y (v+1)A4,= Y (v+1)*A4, Y m
m=1 v=1 m=1

n—1
<B, Y (v+1)*"A4,logv
v=2

n—1
< B logn Y (v+1)'a4,.

v=1

Therefore

n
I, < Bnflogn Y (v +1)*"'A4,.

v=1
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Lastly, making use of Abel’s transformation and Fomin’s Lemma (Ram [4],
Lemma 1), we have

122 {: ( )/‘-rriul

(k+1)m/ntat
nm+kw/n
<Bf

Y Aa,D,(x)|dx

v=n+1

'Y Aa,D,(x)|dx

”/n c=n+1
k+)r | & Aa
< B Y a4,—2D,(x)|d
kl’/n v=n+1 A
m A .
= B, (k+1) [ E AA E a,D,(x) +A,,+12 aD(x):ldx (ai=%)
n/n v=n+1 i=0 i=0 i

Zn: aibi(x)

i=0

> aD(x)

k+1
e+ Ay [
i=0

o0
Bkl: Z AAvf(k+1)"
v=n+1 0

T (0+1)AA, +(n + 1)A,,+1]

v=n+1

<B, Y (v+1)AA4,.

v=n+1

Hence

(34) I,< Bk[n"‘logn Yw+1)Ma4,+ ¥ (v+1)A4,

v=1 v=n+1

The conclusion of the Theorem follows from (3.1), (3.3), and (3.4).
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