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1 Introduction

Let F be a real Banach space, E* the dual space of E. Let C' be a nonempty closed convex
subset of £ and © a bifunction from C' x C to R, where R denotes the set of numbers
and ¢ : C' — R be a real-valued functionand B : C — E* be a nonlinear mapping. The
generalized mized equilibrium problem, is to find x € C such that

O(z,y) + (Br,y — ) + ¢(y) —p(x) 20, VyeC. (1.1)
The set of solutions to (1.1) is denoted by €2, i.e.,
Q={z€C:0(z,y) + (Bz,y —z) + ¢(y) —p(x) >0, VyeC}h (1.2)

If B =0, the problem (1.1) reduce into the mized equilibrium problem for ©, denoted by
MEP(©, ), is to find € C such that

O(z,y) +¢(y) —p(x) 20, Vyel. (1.3)

If o = 0, the problem (1.1) reduce into the equilibrium problem for ©, denoted by EP(0©),
is to find = € C such that

O(x,y) >0, VyeCl. (1.4)

If © = 0, the problem (1.1) reduce into the minimize problem, denoted by Argmin(p), is
to find x € C such that

p(y) —p(x) >0, Vyed. (1.5)

The above formulation (1.4) was shown in [6] to cover monotone inclusion problems, sad-
dle point problems, variational inequality problems, minimization problems, optimization
problems, variational inequality problems, vector equilibrium problems, Nash equilibria
in noncooperative games. In addition, there are several other problems, for example, the
complementarity problem, fixed point problem and optimization problem, which can also
be written in the form of an EP(O). In other words, the EP(©) is an unifying model for
several problems arising in physics, engineering, science, optimization, economics, etc. In
the last two decades, many papers have appeared in the literature on the existence of solu-
tions of EP(O); see, for example [6, 12, 19, 34] and references therein. In 2005, Combettes
and Hirstoaga [10] introduced an iterative scheme of finding the best approximation to
the initial data when E'P(©) is nonempty and they also proved a strong convergence the-
orem. Some solution methods have been proposed to solve the EP(©); see, for example,
[10, 12, 14, 15, 29, 30, 31, 34] and references therein.

Let A : C — E* be an operator. The classical variational inequality, denoted by
VI(A,C), is to find u € C such that

(Au,v —u) >0, YveC. (1.6)

Recall that let A : C — E* be a mapping. Then A is called
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(i) monotone if
(Ax — Ay,x —y) >0, forall z,y € C,

(ii) a—inverse—strongly monotone if there exists a constant a > 0 such that

(Az — Ay,x —y) > allz —y||?, forall z,y € C.

Let E be a real Banach space with norm || - || and let J be the normalized duality
mapping from E into 2F" given by

Jr={a" € E": (z,2%) = [l|[[«"[|, l[«] = [l="[}

for all x € E, where E* denotes the dual space of E and (-,-) the generalized duality
pairing between FE and E*. It is well known that if £* is uniformly convex, then J is
uniformly continuous on bounded subsets of E.

Recall that a mapping T : C' — C is said to be nonexpansive if |Tx — Tyl < ||z —
yll, Vz,y € C. A point x € C is a fixed point of T provided Tz = x. Denote by F(T)
the set of fixed points of T that is, F(T) = {x € C : Tz = x}.

Consider the functional ¢ defined by

o(z,y) = HJJH2 — 2z, Jy) + Hy\|2 for z,y € E. (1.7)

Observe that, in a Hilbert space H, (1.7) reduces to ¢(z,y) = ||z — y||?, z,y € H. The
generalized projection llo : E — C'is a map that assigns to an arbitrary point € E the
minimum point of the functional ¢(z,y), that is, IIcx = Z, where Z is the solution to the
minimization problem

z,x) = inf ¢(y, 1.8
(@) = inf 6(y,7) (1.8)
existence and uniqueness of the operator Ilo follows from the properties of the functional
¢(x,y) and strict monotonicity of the mapping J (see, for example, [1, 2, 8, 13, 32]). In
Hilbert spaces, Il = P¢. It is obvious from the definition of function ¢ that

(lyll = llzl)?* < ¢y, =) < (lyll + ll2l)?, Yo,y € B. (1.9)

Let C be a closed convex subset of FE, and let T' be a mapping from C into itself. A
point p in C' is said to be an asymptotic fixed point of T" [26] if C' contains a sequence {x, }
which converges weakly to p such that lim,_,« ||z, — Tx,|| = 0. The set of asymptotic

fixed points of 7" will be denoted by F(T'). A mapping T from C into itself is said to be

—

relatively nonexpansive [20, 28, 40] if F(T) = F(T) and ¢(p,Tz) < ¢(p,z) for all x € C
and p € F(T). The asymptotic behavior of a relatively nonexpansive mapping was studied
in [5, 7]. T is said to be ¢-nonexpansive, if ¢(Tz, Ty) < ¢(x,y) for z,y € C. T is said to
be quasi-¢-nonexpansive if F(T) # 0 and ¢(p, Tx) < ¢(p,z) for x € C and p € F(T).

Remark 1.1 The class of quasi-p-nonexpansive mappings is more general than the class
of relatively nonexpansive mappings [5, 7, 17] which requires the strong restriction: F(T) =

P

F(T).
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Recall that an operator T" in a Banach space is call closed, if x, — z and Tz, — v,
then Tx = y.

As we all know that if C' is a nonempty closed convex subset of a Hilbert space H and
Po : H — (' is the metric projection of H onto C, then Po is nonexpansive. This fact
actually characterizes Hilbert spaces and consequently, it is not available in more general
Banach spaces. In this connection, Alber [1] recently introduced a generalized projection
operator Il in a Banach space E which is an analogue of the metric projection in Hilbert
spaces.

Matsushita and Takahashi [18] introduced the following iteration sequence {z,}: de-
fined by

T = o HapJz, + (1 — ay)JTx,) (1.10)

where the initial guess element xy € C is arbitrary, {«,} is a real sequence in [0, 1], J is
the duality mapping on E, T is a relatively nonexpansive mapping and IIo denotes the
generalized projection from F onto a closed convex subset C of E. They proved that the
sequence {x,} converges weakly to a fixed point of 7.

In 2005, Matsushita and Takahashi [17] proposed the following hybrid iteration method
(it is also called the CQ method) with generalized projection for relatively nonexpansive
mapping T in a Banach space E:

xg € C' chosen arbitrarily,

yn = J HanJzn + (1 — ay)JT2y),

Cn={2€C:9(z,yn) < d(z,20)}, (1.11)
Qn=12€C:{(xy—2zJrg— Jx,) >0},

Tpt1 = lle,nq, (o)

They proved that the {z,} converges strongly to II F(T)%0, where g7y is the generalized
projection from C onto F(T).

In 2007, Plubtieng and Ungchittrakool [23] proved the new generalized processes of two
relatively nonexpansive mappings in a Banach space. Let C' be a closed convex subset of

a Banach space E and S,T : C' — C two relatively nonexpansive mappings such that
F:=F(S)NF(T) # 0. Define {z,} in the following ways:

(

xo=x € C,

yn = J HanJz, + (1 — an)Jz),

Zp = Jfl(ﬂg)(]xn + 67(12)JT:1:” + @(lg)JSwn),
Hp ={2€ C:¢(z,yn) < é(z,20)},
W,={2€C:{(xy —2z,Jx — Jzx,) >0},
Tn+1 = P, nw,x, n=20,1,2 ..,

(1.12)

where {a,, }, {Br(ll)}, {6,(12)} and {B,(L?’)} are sequences in [0, 1] with 5,(11) + 57(12) +ﬁ,(13) =1 for
all n € NU{0}. They proved that the {z,} converges strongly to IIrz.
In 2009, Qin et al. [25] modified the Halpern-type iteration algorithm for closed quasi-
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¢-nonexpansive mappings defined by:

xg € E chosen arbitrarily,

C1 =0,

x1 = e, o,

yn = J Hand(21) + (1 — ) JT(20)),

Cny1 =1{2 € Cn: 9(2,yn) < and(z,71) + (1 — an)o(2,70) },
Tny1 =g, 71, Vn > 1.

(1.13)

\

Then they proved that under appropriate control conditions the sequence {z,} converges
strongly to Hpr)1.

In 2009, Qin et al. [24] proved that {z,} be a sequence generated by the following
manner:

(

xg € E chosen arbitrarily,
C,=0C,
xr1 = HC1 Zo,

Yn = J_l(aann + ﬁnJTxn + ’Yn‘]sx”)’ (1 14)

1
up € C such that O(uy,,y) + 7(7; — Up, Jup — Jyn) > 0,Vy € C,

Cni1 ={2€Cp: d(z,up) < P(z,zy)},
Tp41 = HCnJrl:EOa

where J is the duality mapping on E. Then {z,} converges strongly to Up(s)nr(1m)nEP©)T0-
Recently, Takahashi and Zembayashi [35], proposed the following modification of iter-
ation process (1.10) for a relatively nonexpansive mapping:

ro=x€C, Cy=0C,

yn = J HanJzn + (1 — ay)JSxy),

up € C such that O(uy,y) + i(y — Up, Jup — Jyn) >0, VyeC,
Co = {2 € C: §(z,un) < (2, )},
Qn={z€C:(xy— 2z Jor— Jx,) >0},

\ Tn+l = HCann.T,

(1.15)

where J is the duality mapping on F, and Il¢,ng, is the generalized projection from E
onto Cy, N Q. They proved that the sequence {z,,} converges strongly to U r(s)nEP©)%0-

Very recently, Cholamjiak [9] introduce process for finding common elements of set of
equilibrium problems, set of variatinal inequality problems and the set of the fixed points
for quasi-¢-nonexpansive mappings in Banach spaces

xg € C, 1= HCll‘o, ci=C

2n = Mo " HJz, — MAzy),

Yn = J_l(anjxn + BpdTxy, + ’VnJSZn)a

Uy € C such that O(up,y) + %(y — Up, Jup — Jyn) >0, Vy e C,

Cn+1 = {Z € C : ¢(z7un) S ¢(27mn)}7
Tny1 = le,ng, %o,

(1.16)

then, {z,} and {u,} converge strongly to ¢ = IIpxo, where F = F(T)NF(S)NEP(O)N
VI(A,C).
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Motivated and inspired by the work of Plubtieng and Ungchittrakool [23], Qin et al.
[24], Takahashi and Zembayashi [35], Wattanawitoon and Kumam [37] and Cholamjiak
[9], we introduced the hybrid projection iterative scheme (so-call the CQ method) define
by (3.1) below for finding a common element of the set of solutions of an equilibrium
problem, set of solution of the variational inequality and the set of a common fixed points
of two quasi-¢-nonexpansive mappings in the framework Banach spaces. Moreover, we
obtain new result for finding a zero point of maximal monotone operators in a Banach
space. The results obtained in this paper improve and extend the recent ones announced
by Takahashi and Zembayashi [35], Cholamjiak [9] and many authors.

2 Preliminaries

A Banach space E is said to be strictly convez if |25 < 1 for all ,y € E with |z| =
llyl| =1 and = # y. It is said to be uniformly convex if lim,_,« ||zn — yn|| = 0 for any two
sequences {z,} and {y,} in E such that [|z,,| = [lyn| = 1 and lim,_,e [|Z2522]| = 1. Let
U= {x € E: || =1} be the unit sphere of E. Then the Banach space E is said to be
smooth provided

et iyl

t—0 t
exists for each x,y € U. It is also said to be uniformly smooth if the limit is attained
uniformly for x,y € E.

The modulus of convexity of E is the function ¢ : [0,2] — [0, 1] defined by

x+y

6(¢) = inf{1 — | @,y € E,[lzf = |lyll =1, [z — yl| = &} (2.1)
A Banach space F is uniformly convez if and only if §(¢) > 0 for all € € (0,2]. Let p be a
fixed real number with p > 2. A Banach space FE is said to be p-uniformly convex if there
exists a constant ¢ > 0 such that d(g) > ceP for all € € [0,2]; see [3, ?] for more details.
Observe that every p-uniform convex Banach space is uniformly convex. One should note
that no a Banach space is p-uniform convex for 1 < p < 2. It is well known that a Hilbert
space is 2-uniformly convex and uniformly smooth. For each p > 1, the generalized duality
mapping Jp: E — 2" is defined by

Jp(z) = {2* € E* : (w,a") = ||z|]?, 2" = [P~} (2.2)

for all x € E. In particular, J = Jy is called the normalized duality mapping. If E is a
Hilbert space, then J = I, where [ is the identity mapping. It is also known that if F is
uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded subset
of E.

We know the following (see [?]):

(1) If E is smooth, then J is single-valued;

(2) if E is strictly convex, then J is one-to-one and (z — y,z* — y*) > 0 holds for all
(2,2%), (4,5") € J with = # y;

(3) if £ is reﬂexive, then J is surjective;

(4) if E is uniformly convex, then it is reflexive;

(5) if E* is uniformly convex, then J is uniformly norm-to-norm continuous on each
bounded subset of E.
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The duality J from a smooth Banach space F into E* is said to be weakly sequentially
continuous [?] if x,, — x implies Jx,, =* Jz, where —* implies the weak™ convergence.

Lemma 2.1 ([4, 38]). If E be a 2-uniformly convex Banach space. Then for all z,y € E,
2
lz =yl < ZlJz = Jyl,
where J is the normalized duality mapping of E and 0 < ¢ < 1.

The best constant — in Lemma is called the 2-uniformly convex constant of F; see [3].
c

Lemma 2.2 ([4, 39]). If E be a p-uniformly convex Banach space and let p be a given
real number with p > 2. Then for all x,y € E, J, € Jp(x) and J, € Jp(y)

Cp

(x —y,Jr — Jy) > 92,

[ =y,

1

where J, is the generalized duality mapping of E and — is the p-uniformly convexity con-
c

stant of E.

It is obvious from the definition of ¢ that (||z|| — ||y||)* < ¢(x,y) < (||z] + [|ly||)? for all
xz,y € E. We also know that

¢(x>y) :QS(a:,z)+¢(z,y)—|—2<w—z,Jz—Jy>, (23)
for all z,y € F.

Lemma 2.3 (Kamimura and Takahashi [13]). Let E be a uniformly conver and smooth
Banach space and let {x,} and {y,} be two sequences of E. If lim,,_,c0 (2, yn) = 0 and
either {xn} or {yn} is bounded, then lim, o ||Tn — ynl| = 0.

Lemma 2.4 (Alber [1]). Let C be a nonempty closed convexr subset of a smooth Banach
space B and x € E. Then, xo = lcx if and only if

(xo —y,Jx — Jxg) >0, VyeC.

Lemma 2.5 (Alber [1]). Let E be a reflexive, strictly convex and smooth Banach space,
let C' be a nonempty closed convex subset of E and let x € E. Then

o(y,ex) + ¢(Ucx,x) < ¢y, x), VyeC.

Lemma 2.6 (Qin et al. [24, Lemma 2.4.]). Let E be a uniformly convex and smooth
Banach space, let C' be a closed convex subset of E, and let T be a closed and quasi-¢-
nonexpansive mapping from C into itself. Then F(T) is a closed convex subset of C.

Lemma 2.7 (Cho et al. [11]). Let X be a uniformly convex Banach space and By(0)
be a closed ball of X. Then there exists a continuous strictly increasing convex function
g :]0,00) = [0,00) with g(0) =0 such that

1Az 4 gy + 2l < Ml + pllyl® + vll21? = Aug(lz = yl),
for all x,y,z € B-(0) and A\, u,y € [0,1] with A+ p+ v = 1.
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Lemma 2.8 (Kamimura and Takahashi [13]). Let E be a smooth and uniformly convex
Banach space and let r > 0. Then there exists a strictly increasing, continuous, and conver
function g : [0,2r] — R such that g(0) =0 and g(||x — y||) < ¢(x,y) for all z,y € B,.

We make use of the following mapping V' studied in Alber[1]:
V(z, o) = [l = 2(z, %) + [l2*], (2.4)
for all x € E and z* € E*, that is, V(z,2%) = ¢(x, J~H(z*)).

Lemma 2.9 (Alber [1]). Let E be a reflexive, strictly conver and smooth Banach space
and let V be as in (2.4). Then

V(z,a*) +2(J 7 (z*) = 2,¢%) < V(z, 2" +y),
for allx € E and x*,y* € E*.

A set valued mapping T : H — 2" is called monotone if for all z,y € H, f € Tx
and g € Ty imply (x —y, f —g) > 0. A monotone mapping 7' : H — 27 is mazimal
if the graph G(T') of T is not properly contained in the graph of any other monotone
mapping. It is know that a monotone mapping 7' is maximal if and only if for (x, f) €
H x H,(x —y,f—h) >0 for every (y,g) € G(T) implies f € Tx. Let A be an inverse-
strongly monotone mapping of C' into E* is said to be hemicontinuous if for all z,y € C,
the mapping F of [0,1] into E* defined by F(t) = A(tx + (1 — t)y) is continuous with
respect to the weak* topology of E*. We define by N¢(v) the normal cone for C at a
point v € C, that is,

Ne(w)={z*€ E*: (v—y,2%) >0, VyeC}. (2.5)

Theorem 2.10 (Rockafellar [27]). Let C be a nonempty, closed convex subset of a Banach
space E and A a monotone, hemicontinuous operator of C into E*. Let T C E x E* be
an operator defined as follows:

_— { Av+ Ne(v), v e G (2.6)

0, otherwise.
Then T is mazximal monotone and T=0 = VI(A,C).

For solving the mixed equilibrium problem, let us assume that the bifunction © : C'x C' —
R and ¢ : C'— R is convex and lower semi-continuous satisfies the following conditions:

(A1) O(z,x) =0 for all x € C;
(A2) © is monotone, i.e., O(z,y) + O(y,z) <0 for all z,y € C,
(A3) for each z,y,z € C,

limsup ©(tz + (1 —t)z,y) < O(x,y);
£10

(A4) for each x € C, y — ©O(x,y) is convex and lower semi-continuous.
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Lemma 2.11 (Blum and Oettli [6]). Let C be a closed convex subset of a smooth, strictly
convez, and reflexive Banach space E, let © be a bifunction from C x C to R satisfying
(A1)-(A4) and let r > 0 and x € E. Then, there exists z € C' such that

1
@(z,y)—}—;(y—z,Jz—J:c) >0, VyeC.

The following lemma was also given by Combettes in [10].

Lemma 2.12 (Takahashi and Zembayashi [36]). Let C be a closed conver subset of a
uniformly smooth, strictly convex and reflexive Banach space E, and let © be a bifunction
from C x C to R satisfying (A1)-(A4). Forr >0 and x € E, define a mapping T, : E — C
as follows:

1
Tix={2€C:0(z,y)+ ;(y—z,Jz— Jzr) >0, VyeC},

for all x € C'. Then the following hold:

(1) T, is single-valued;

(2) T, is a firmly nonexpansive-type mapping, i.e., for all x,y € E,

(Thx — Ty, JTrx — JTy) < (Trx — Tyy, Jo — Jy);

(3) F(T;) = EP(©);

(4) EP(O) is closed and conver.
Lemma 2.13 (Takahashi and Zembayashi [36]). Let C be a closed conver subset of a

smooth, strictly convex and reflexive Banach space E, let © be a bifunction from C x C' to
R satisfying (A1)-(A4), and let r > 0. Then, for xz € E and q € F(T,),

¢(Q7TTx) + d)(T?"xv .%') S ¢(qa .’L')

Lemma 2.14 (Zhang [41]). Let C be a closed convex subset of a smooth, strictly convex
and reflexive Banach space E. Let B : C — E* be a continuous and monotone mapping,
p: C — R is convex and lower semi-continuous and © be a bifunction from C x C to R
satisfying (A1)-(A4). Forr >0 and x € E, then there exists u € C' such that

1
O(u,y) + (Bu,y —u) + ¢(y) — p(u) + —({y —u,Ju—Jz) 20, VyeC.
Define a mapping K, : C — C as follows:
1
Ko(x) = {u € € O(u,y) + (Bu,y — u) +ply) — plu) + —(y —w, Ju—Ja) 2 0, ¥y e Cf2.7)

for all x € E. Then, the followings hold:

1. K, is single-valued;
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2. K, is firmly nonexpansive, i.e., for all x,y € E, (K,x — K,y, JK,xz — JK,y) <
<Kr-1' - Ky, Jr — Jy);

3. F(K,) =
4. § is closed and convez.

5. d)(pa KTZ) + QZ)(KTZ,Z) S ¢(pa Z) Vp € F(Kr‘); z € E.

Remark 2.15 (Zhang [/1]). It follows from Lemma 2.12 that the mapping K, : C — C
defined by (2.7) is a relatively nonexpansive mapping. Thus, it is quasi-¢-nonexpansive.

3 Strong convergence theorems

In this section, using the CQ hybrid method, we prove a strong convergence theorem
for finding a common element of the set of solutions of a mixed equilibrium problem,
the set of solutions of the variational inequality problem and the set of fixed points of
quasi-¢-nonexpansive mappings in a Banach space.

Theorem 3.1 Let C' be a nonempty closed convex subset of a smooth and 2-uniformly
convex Banach space E. Let © be a bifunction from C x C to R satisfying (A1)-(A4)
and let p : C — R be a proper lower semicontinuous and convex function, let A be an
a-inverse-strongly monotone operator of C into E* and let T, S : C'— C be closed quasi-
¢-nonexpansive mappings such that F := F(T)NF(S)NVI(A,C)NMEP(©,¢) # 0 and
|Ay|| < ||Ay — Aul| for ally € C and u € F. Let {x,} be a sequence generated by the
following manner:

o =x € C,

wy, = HeJ H(Jzy — M\ Axy),

2n = J N BpJzn + I Ty + 6, Swy,),

Yn = J HanJzn + (1 — an)Jz,),

up € C' such that O(un,y) + ¢(y) — o(u,) + %(y — Up, Jup, — Jyp) >0, Vy e C,
Co = {2 € C: 95, un) < 62,20},

Qn={z€C:(xy— 2 Jor— Jx,) >0},

Tn+1 = Ue,nQ, o,

(3.1)

for every n € NU {0}, where J is the duality mapping on E. Assume that {can}, {Bn},
{1} and {6,} are sequences in [0,1] satisfying the restrictions:

(i) limsup,,__ . an < 1;
(i) Bn+v +0n=1;
(iii) liminf, o0 Bnyn > 0, iminf, ,~ 5nd, > 0;

(iv) {rn} C [a,00) for some a > 0;
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a 1
(v) {A\} Cld, €] for some d,e with0 < d <e < = where - is the 2-uniformly convex

constant of K
Then {z,} converges strongly to p € F', where p = llpx.

Proof. We first show that C), N @, is closed and convex for each n > 0. It is obvious
that C), is closed and @, is closed and convex. Since

Az, un) < (2, 2n)

is equivalent to
2(z, Jup) — 2(2, Jag) < H“n”2 - ||xn||2’

C, is convex. So, C),, N @y, is closed and convex subset of E for all n € NU {0}.
Put v, = J Y(Jz, — A\pAz,). We observe that u, = K, y, for all n > 1 and let p € F, it
follows from the definition of quasi-¢-nonexpansive that

o(p,un) = o(p, Kr,yn)

< &(p,yn)

= ¢(p, J anJzy + (1 — an)Jz,)

= |IpI? = 2(p, anJan + (1 = an) T 20) + [l Jn + (1 = an)J 2|
<l = 20m(p, Jzn) — 2(1 — an)(p, J 20) + amllzn|® + (1 — an) || 2n]®

= apd(p, Tn) + (1 — an)d(p, 2n), (3.2)

and then

¢(p> Zn) = ¢<p7 J_l(ﬂnt]xn +WmJTx, + (5njswn))
= ||pH2 - 26n<pa an> - 2’Yn<pa JT:Un> - 2(5n<p7 Jw$n>
+||Bn<]33n + 7nJT$n + 5n<]5wn|‘2

< Pl = 2B, Jn) — 29m(p, JTn) — 26, (p, JSwn)
+/8n||an||2 + '7n||JT$nH2 + 5n||J5wn||2
= ﬁn¢(pa $n) + 7n¢(p, Txn) + 6n¢(pv Swn)
< ﬁn¢(pa SUn) + 7n¢(pa xn) + 6n¢(p7 wn)~ (33)
From Lemma 2.5 and Lemma 2.9
d)(pa U]n) = ¢(pa HC’Un)
< ¢(Pa Un) = ( aJ_l(an - )\nASUn))
< Vip, Jzn — MAxy, + \Axy,) — 2<J71(Jmn — MAzxy) — p, \Axy)

= V(p7 J‘Tn) - 2)\n<vn - D Awn>
= o(p,xn) — 22 (xp — p, Axy) + 2(vy, — Ty, =N\ Axy,). (3.4)

Since p € VI(A,C) and A is a-inverse-strongly monotone, we have

_2)\n<$n - D, Axn> = _2>\n<xn - D, Az, — Ap> - 2)\n<xn - D, Ap>
—2a\,|| Az, — Ap|?, (3.5)

N
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and we obtain

2(vp — Ty, —ApAzy) = 2<J_1(J$n — MAxy) — xp, — A\ Azy)
< 2\|J_1(an — MAzy) — zp ||| A Az ||

4
= 120 = AnAwn — Jaa|[|An Az

4
= A2 Az?

4
< Az, — Ap|?. (3.6)

Replacing (3.5) and (3.6) into (3.4), we get

2
¢(p> wn) S (b(p, xn) - 2)\71(05 - ?An)HAxn - Ap”2
From (3.2), (3.3) and (3.7), we have
d)(pa un) < gb(p,xn). (3'8)

Hence, we have p € C,,. This implies that
FcdC,, VneNuU{0}. (3.9)

Next, we show by induction that F' C C,, N @, for all n € NU{0}. From Qo = C, we
have F' C Cp N Q. Suppose that F' C Cy N Qy, for some k € NU {0}. Then there exists
ZTp+1 € Cp N Qg such that x4 = lg,ng,x. From the definition of x4, we have, for all
z € Cp N Qg,

(xpy1 — 2z, Jx — Jxpy1) > 0. (3.10)
Since F' C C, N Qp, we have
(xgs1 — p, Jxog — Jxps1) >0, Vp € F, (3.11)
and hence p € Qx41. So, we have
F C Q1. (3.12)
Hence by (3.9) and (3.12) we obtain
F C Cry1 N Qpy1-

So, we have that F' C Cy N Qy, for all n € NU {0}. This means that {x,} is well defined.
Using z,, = Ilg, x, from Lemma 2.5, one has

(n, ) = ¢(Ilg, =, x) < d(p,x) — d(p,2n) < (p, x),

for each p € F C @y, and z, = Ig,x. Thus ¢(xy,x) is bounded. Then {z,}, {Swy,} and
{Tz,} are bounded.
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Since xp41 = g, nQ,* € C, N Qy and z, = g, z, we have
¢(xn, x) < P(@nt1,2), Vn € NU{0}.

Therefore, {¢(zy,x)} is nondecreasing. It follows that the limit of {¢(zy,,x)} exists. By
the construction of @, we have @, C @, and z,, = Ilg,,x € @, for any positive integer
m > n. It follows that

(X, Tp) ¢($maHQn$)
d(Tm, ) — ¢(Ilg,z, x) (3.13)
¢($ma 33') - gb(xnv .T)

Al

Letting m,n — oo in (3.13), we have ¢(xy,,z,) —> 0 as n — oo. It follows from
Lemma 2.3, that ||z, — x| —> 0 as m,n — oo. Hence, {z,} is a Cauchy sequence.
Since E is a Banach space and C is closed and convex, one can assume that x, — & € C
as n — 00. Since

¢(l‘n+1a$n) = ¢($n+1a Hin') < ¢($n+17$) - qf)(Hin‘,l’) = ¢($n+1a J,‘) - ¢($n,l'),

for all n € NU {0}, we have lim,,o¢(Tn41,2n) = 0. From z,41 = Ilg,ng,z € Cy, we
have

O (Tnt1,un) < G(Tpt1,7,), Yn € NU{0}.

Therefore, we also have

nh—r>noo¢(xn+17 un) =0.

Since E is uniformly convex and smooth, we have from Lemma 2.3 that

h_r}noo\|xn+1 —an| = nh_r)noonn-s-l — un| = 0.
So, we have
lim ||z, —uy| =0.
n—aoo

Since J is uniformly norm-to-norm continuous on bounded sets, we obtain
lim ||Jzp, — Juy| = 0.
n—=o0

Since FE is uniformly smooth Banach spaces, one knows that E* is a uniformly convex
Banach apace. Let r = sup,enugoy{l|znll, [Tz ll; [[Swn [} From Lemma 2.7 and (3.7), we
have

d(p,zn) = &(p, I (BuJzn + VI Tan + 6pJ Swy))
= HpH2 - 2611 (p, an> — 27, <p7 JT$n> — 20, (p, szn>
HBudxn + Ynd Ty + 0 J Swy ||?

< ||p”2 - 28 <p7 an> — 27, (p, JT$n> — 20, (p, szn> (3'14)
"‘Bn”xNHQ + 'YN||Txn||2 + 5n”‘swn||2 = Bang([|JTxy — Jxp||)
= Bnqb(p, xn) + 7n¢(pa Txn) + 5n¢(pa Swn) - Bn'Yng(HJTxn - an||)
2
< (P, n) = Bavng (| T 0 — Jon|) — 2A0 (o — g)‘n)dnHAxn - Ap”2.
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Substituting (3.14) into (3.2), we have

¢, un) < nd(p,n) + (1 = an)[d(p 2n) = BuYng(|JTon — Ja|)
-2\ (o — 622/\n)5n”z4$n — Apl?]
and(p, ¥n) + (1 = an)@(p, 2n) — (1 = an) Bnmg ([T Tan — Janl|)
=2\ (1 — ap) (a0 — 022/\,1)5””1495” — Apl?.

(3.15)

IN

Therefore, we have
(1 = ) Bn g (| JTxn — Jan|)) < ¢(p, 2n) — ¢(p, un)-
On the other hand, we have

¢(p, zn) — &(p; un) 2 |* = Nunl® = 2{p, Jan — Jun)

< lzn = unl[(znll + flunll) + 2[p | J2n = Jun]-

It follow from ||z, — uy|| — 0 and ||Jxy, — Juy,|| — 0 that

im (¢(p, zn) — ¢(p, un)) = 0. (3.16)

n—-aoo

Observing that assumption liminf,,_ 8,7, > 0 and by Lemma 2.8, we also
lim g||Jx, — JTz,| = 0.
n—aoo
It follows from the property of g that

lim ||Jz, — JTz,| = 0.
n——oo
Since J~! is also uniformly norm-to-norm continuous on bounded sets, we see that
lim ||z, — Tz,| =0. (3.17)
n—oo
Similarly, one can obtain

lim ||z, — Swy,|| =0. (3.18)

n—:aoQ

By (3.15), we have

2
2>\n(a - gAn)5n||A$n - AP||2 < (b(pvxn) - ¢(p7 un)7
which yield that
lim | Az, — Ap| = 0. (3.19)
n—>aoo

From Lemma 2.5, Lemma 2.9, and (3.6), we have

¢(xnawn) = Qb(xanCUn) (b(xn,vn)

&2, J 1Tz — MAzy))

V(xn, Jrn, — ApAxy)

V2, (JTn — AAzy) + MAxy) — 2(J Tz — MAzy) — 20, A\ Azy)
O(xp, ) + 2(vy, — T, A\ Azp)

2(vp — X, AnAzxy,)

2X2 || Az, — Ap||®.

A I IA

IA I
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From Lemma 2.3 and (3.19), we have
lim ||z, —wy| =0. (3.20)
n—ao0
Since J is also uniformly norm-to-norm continuous on bounded sets, we see that
lim |[[Jx, — Jw,| = 0. (3.21)
n—oo
By (3.18) and (3.20), we obtain
lim [|Sw, —w,]|| = 0. (3.22)
n—ao0

From (3.20), we have
lim || Sz, —z,|| = 0.
—00

Since S and T are closed operators and z,, — &, hence Z is a common fixed point of §
and T, i.e., z € F(T)N F(5).
Next, we show that & € MEP(0O, ). Since u, = K, yn. From Lemma 2.13, we have

B (un, yn) = ¢(Kr, Yn» Yn)
< ¢(2,yn) — O(2, K, yn)
< o(&,20) — O(2, Ky, yn)
= (2, mn) — O(Z, un)
= H$n||2 - ||un||2 = 2(2, Jzn — Jup)

< Nz — wall(lzall + nll) + 2012 Tn — i
It follows from ||z, — u,|| — 0 and ||Jx, — Ju,| — 0 that
O (Un,yn) = 0, asn — oo.
and so
lim |Jup —yn| = 0. (3.23)

n—m=oo
Since J is uniformly norm-to-norm continuous on bounded sets, we obtain

nh_r)noo | Jw, — Jyn|| = 0. (3.24)

From (3.1) and (A2), we also have

1
o(y) — p(un) + —(y — un, Jun — Jyn) > O(y,un), Vye C.

Tn

Hence,

JYn;
oY) — P(tn,) + (y =y, 2% > O(y, uy,,), Wy € C.

Jun, — JYn;

From ||x, — uy| — 0, we get u,, — Z. Since — 0, it follows by (A4) and

Tn,
the weakly lower semicontinuous of ¢ that

Oy, ) + () —p(y) <0, VyeC.
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Fort with0<t<1landye€ C,let y, =ty + (1 —t)u. Since y € C and & € C, we have
y¢ € C and hence O(yt, ) + p(&) — ¢(y:) < 0. So, from (A1), (A4) and the convexity of
, we have

0 O(yt, yt) + () — ¢(t)
t0(yr,y) + (1 = )O(ye, u) + to(y) + (1 — )e(y) — (ye)

t(O(yt,y) + ¢(y) — ¢(yt))-

INIA

Dividing by ¢, we get O(y:,y) + ¢(y) — ¢(y¢) > 0. From (A3) and the weakly lower semi-
continuity of ¢, we have ©(Z,y) + ¢(y) — ¢(Z) > 0 for all y € C implies & € MEP(O, ¢).

Next, we show that & € VI(A,C). Define T' C E x E* be as in (2.6). By Theorem
2.10, T is maximal monotone and 710 = VI(A,C). Let (v,w) € G(T). Since w € Tv =
Av + N¢(v), we get w — Av € Ne(v). From w,, € C, we have

(U — Wy, w — Av) > 0. (3.25)
On the other hand, since w,, = HcJ_l(JSL'n — MAxy,). Then by Lemma 2.4, we have
(v — wp, Jwy, — (Jxn, — A\yAxy,)) > 0,
thus

M — Azy) < 0. (3.26)

(v — wp,

It follows from (3.25) and (3.26) that

(V= wp,w)y > (v—wy, Av)

Jx, — Jwy,

> (v—wn,Av>+(v—wn,)\7—Al’n>
nJa:n—an
= (v—wn,Av—Axn>—l—<v—wm)\7>
! Jx, — Jw,
= (v —wp, Av — Awy,) + (v — wy, Aw, — Ax,) + (v — wy, )\7>
T — Juwp, "
> o= gzl g 17 ]
|wn — x|l [Tz — Jwy||

> —M
— ( o b )7

where M = sup,,>1{/[v — wy|}. From (3.20) and (3.21), we obtain (v — Z,w) > 0. By
the maximality of T, we have & € T710 and hence # € VI(A,C). Hence & € F :=
VIC,A)NT~1(0)N MEP(0, ).
Finally, we prove that & = IIpzg. From z,, = Il¢,ng,*, we have
(Jr — Jap,xy —2) >0, Vz € CpNQy.
Since F' C C,, N @, we also have

(Jr — Jxp,xy —p) >0, VpeF. (3.27)
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By taking limit in (3.27), one has
(Jr —Jz, &z —p) >0, VpelF.

At this point, in view of Lemma 2.4, one sees that & = IIgpxy. This completes the proof.
O

Corollary 3.2 Let C be a nonempty closed convex subset of a smooth and 2-uniformly
convex Banach space E. Let © be a bifunction from C x C' to R satisfying (A1)-(A4) and
let o : C' —> R be a proper lower semicontinuous and convex function, let T, S : C — C
be closed quasi-¢-nonexpansive mappings such that F := F(T)NF(S)NMEP(©, ) # 0.
Let {x,} be a sequence generated by the following manner:

9=z € C,

2n = J Y BpJzn + Y J T2y + 6,0 Sxy),

Yn = J Handzn + (1 — an)Jz,),

up € C' such that O(up,y) + ¢(y) — ©(u,) + %(y — Up, Jup, — Jyp) >0, VyeC,
Co = {2 € C: 92, un) < 62,20},

Qn={z€C:(xy— 2 Jz— Jx,) >0},

Tpy1 = Ille,nQ,,

(3.28)

for every n € NU {0}, where J is the duality mapping on E. Assume that {an}, {6n},
{v} and {6,} are sequences in [0, 1] satisfying the restrictions:

(i) limsup,,__ . an < 1;

(i) Bn+m+on=1;
(iii) liminf, o0 Bnyn > 0, iminf, o 5nd, > 0;
(iv) {rn} C [a,o0) for some a > 0.

Then {x,} converges strongly to p € F', where p = px.

Proof. In Theorem 3.1 if A =0, then (3.1) reduced to (3.28). O

Since every relatively nonexpansive mapping is a quasi-¢-nonexpansive mapping, we
obtain the following result.

Corollary 3.3 Let C be a nonempty closed convex subset of a smooth and 2-uniformly
convex Banach space E. Let © be a bifunction from C x C to R satisfying (A1)-(A4)
and let ¢ : C — R be a proper lower semicontinuous and convex function, let A be an
a-inverse-strongly monotone operator of C into E* and let T : C' — C be closed relatively
nonexpansive mappings such that F := F(T) N F(S)NVI(A,C)N MEP(©) # 0 and
|Ay|| < ||Ay — Aul| for ally € C and u € F. Let {x,} be a sequence generated by the
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following manner:

(xg=x € C,
wy, = Mo J Y (Jz, — M\ Axy),
2n = J Y Bpdzn + I Ty + 6, J Swy,),
Un = J HanJzn + (1 — an)Jzy),
un € C' such that O(un,y) + ¢(y) — o(uy) + %(y — Up, Jup, — Jyn) >0, Vy e,
Co = {2 €.C: Bz un) < 62 2)),
Qn={2€C:{(xy—2Jx— Jzx,) >0},
Tn+1 = He,nQ, T,

(3.29)

for every n € NU {0}, where J is the duality mapping on E. Assume that {an}, {6n},
{} and {6,} are sequences in [0,1] satisfying the restrictions:

(i) limsup,,_ . an < 1;
(i

) Brn 4 Yn + 0 =1;
(iii) liminf, o0 Bpyn > 0, liminf, o Bpdy > 0;
)

(iv) {rn} Cla,00) for some a > 0;

a 1
(v) {\n} C[d,e] for some d,e with0 < d < e < 5 where — is the 2-uniformly convex
c

constant of E

Then {x,} converges strongly to p € F', where p = px.

4 Applications

4.1 A zero point of monotone operator

Next, we consider the problem of finding a zero point of an inverse-strongly monotone
operator of F into E*.

Theorem 4.1 Let E be a smooth and 2-uniformly convexr Banach space. Let © be a
bifunction from E x E to R satisfying (A1)-(A4) and let p : E — R be a proper lower
semicontinuous and convex function, let A be an a-inverse-strongly monotone operator of
E into E* and A0 ={u € E: Au=0} # 0 and let T,S : E — E be closed quasi-¢-
nonexpansive mappings such that F := F(T)NF(S)NA'0N MEP(©,¢) # 0. Let {x,}
be a sequence generated by the following manner:

(g =x € E,
wy, = J N Tz — MAzy,),
2n = J Y Bpdxn + I Ty + 6pJ Swy,),
Yn = J N anJzn + (1 — ap)Jz,),
up € B such that O(un,y) + o(y) — o(un) + %(y — Up, Jup, — Jy,) >0, Vy e E,
Co = {2 € B+ 4(2,um) < 6z, 7n)},
Qn={z€E:{(x,—zJx— Jx,) >0},
Tnt1 = e, ng, 7,
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(4.1)

for every n € NU {0}, where J is the duality mapping on E. Assume that {an}, {6n},
{w} and {6,} are sequences in [0,1] satisfying the conditions (i)-(v) in Theorem 3.1.
Then {z,} converges strongly to p € F', where p = llpx.

Proof. Setting C' = E in Theorem 3.1, we have Iz = I. We also have VI(A, E) = A~10
then the condition ||Ay| < ||Ay — Au|| holds for all y € E and u € A~10. So, we obtain
the result. O

4.2 A zero of maximal monotone operator

Let B be a multivalued operator from E to E* with domain D(B) = {z € F : Az #
0} and range R(B) = U{Bz : z € D(B)}. An operator B is said to be monotone if
(1 — x2,91 — y2) > 0 for each x; € D(B) and y; € Ax;,i = 1,2. A monotone operator B
is said to be maximal if its graph G(B) = {(z,y) : y € Az} is not property contained in
the graph of any other monotone operator. We know that if B is a maximal monotone
operator, then B~1(0) = {z € D(B) : 0 € Bz} is closed and convex. Let E be a reflexive,
strictly convex and smooth Banach space, and let B be a monotone operator from F to E*,
we know that B is maximal if and only if R(J+rB) = E* for all > 0. Let J, : E — D(B)
defined by J, = (J +rB)~'J and such a J, is called the resolvent of B. We know that .J,.
is a relatively nonexpansive (closed relatively quasi-nonexpansive for example; see [24]);
and B~1(0) = F(J,) for all » > 0 ( see [16, 21, 22, 32] for more details).

Theorem 4.2 Let E be a smooth and 2-uniformly convexr Banach space. Let © be a
bifunction from E x E to R satisfying (A1)-(A4) and let p : E — R be a proper lower
semicontinuous and convex function, let A be an a-inverse strongly monotone of E into
E*. Let B be a mazximal monotone operator of E into E*, let J,. be a resolvent of B and
a closed mapping and let T, S : E — E be two closed quasi-¢p-nonexpansive mappings such
that F := B~1(0)NVI(A,C)NMEP(O,¢) # 0 and |Ay|| < ||Ay — Aul| for ally € E and
u€ VI(AE). Let {x,} be a sequence generated by the following manner:

(g =x € E,
wy, = HeJ N (Jz, — N\ Azy),
2n = J Y Bndzn + nd Jrxn + Snd Jrwy),
Yn = J N anJzn + (1 — ap)Jz,),
up € B such that O(un,y) + ©(y) — o(un) + %(y — Up, Jup, — Jyn) >0, Vy € E,
Co = { € s 4(2,1m) < H(z,7n)},
Qn={z€E:{(x,—zJx— Jx,) >0},
Tn+1 = He,nQ, T,

(4.2)

for every n € NU {0}, where J is the duality mapping on E. Assume that {an}, {6n},
{m} and {6,} are sequences in [0,1] satisfying the conditions (i)-(v) in Theorem 3.1.
Then {z,} converges strongly to p € F, where p = Ilpx.

Proof. Since J, is a closed relatively nonexpansive mapping and B~'0 = F(.J,.). So, we
obtain the result. O
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4.3 Complementarity problems

Let C be a nonempty, closed convex cone in E, A an operator of C into £*. We define its
polar in E* to be the set

K*={y* € E*: (z,y*) > 0,Vz € C}. (4.3)
Then the element u € C' is called a solution of the complementarity problem if

Au e K*, (u,Au) = 0. (4.4)
The set of solutions of the complementarity problem is denoted by C'P(A, K).

Theorem 4.3 Let K be a closed convex subset of a smooth and 2-uniformly convex Ba-
nach space E. Let © be a bifunction from K x K to R satisfying (A1)-(A4) and let ¢ :
K — R be a proper lower semicontinuous and convex function and let A be an a-inverse
strongly monotone of E into E*. Let S and T be two closed quasi-¢p-nonexpansive map-
pings of K into itself such that satisfies F := F(S)NF(T)NMEP(©,p)NCP(A,K) # 0
and [|Ay|| < ||Ay — Aul| for ally € K and u € CP(A,K). For an initial point xg € E,
define a sequence {x,} as follows:

(xo=x €L,

wy = Mg J N (Jz, — N\ Axy),

2n = J Y Bpdzn + I Txy + 6, J Swy,),

Un = J Handzn + (1 — an)Jz),

up € K such that ©(un,y) + ¢(y) — p(un) + %(y — Up, Jup — Jyp) >0, Vy €K,
Cn={z€ K:9¢(2,un) < ¢(2,7,)}, |

Qn=12€ K :{(x,— 2z Jr— Jx,) >0},

Tn+l1 = HCannfUa

(4.5)

for every n € NU {0}, where J is the duality mapping on E. Assume that {cn}, {Bn},
{} and {6,} are sequences in [0, 1] satisfying the the conditions (i)-(v) in Theorem 3.1.
Then {x,} converges strongly to p € F, where p = llpx.

As in the proof Lemma 7.1.1 of Takahashi in [33], we have VI(A, K) = CP(A, K). So,

we obtain the desired result.
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