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Abstract. Several aspects of the convergence of a double series in the sense of Pringsheim are considered in analogy with some
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1. INTRODUCTION

Since Pringsheim introduced the notion of convergence of a numerical double series in terms of the
convergence of the double sequence of its rectangular partial sums in [9], several authors have contributed
to this topic during the last century. However, an exhaustive treatment giving analogues of all well-
known convergence aspects of single series seems to be unavailable. The purpose of this article is to
fill in some of the gaps in such a treatment, and also to point out some errors in previous attempts to
obtain results exactly analogous to those of a single series. In Section 2, we give some tests for absolute
convergence of a double series including analogues of Cauchy’s Condensation Test, Abel’s kth Term Test,
Limit Comparison Test, Ratio Test, Ratio Comparison Test, and Raabe’s Test. In Section 3, we give
necessary and sufficient conditions on a double sequence (ax¢) in order that the Cauchy product double
series Y ¢ ay ¢ * by would be convergent/boundedly convergent/regularly convergent whenever a double
series Y ¢ by ¢ is convergent/boundedly convergent/regularly convergent. We also show that if two double
series are boundedly convergent, then the Cauchy product double series is Cesaro summable and its Cesaro
sum is equal to the product of the sums of the given double series. We compare our results with those
obtained previously and give several examples to which our results apply. Although we shall consider, for
simplicity, only double series whose terms are real numbers, the treatment carries over to multiple series
whose terms may be complex numbers.

Throughout this article, N, N2, Ny, Ng, and R will denote the set of all positive integers, of all pairs of
positive integers, of all nonnegative integers, of all pairs of nonnegative integers, and of all real numbers,
respectively. We shall use the partial order on N§ given by ‘(k1,¢1) < (ka,£2) if and only if k; < k, and
{1 < 4. Monotonicity of a double sequence is defined in terms of this partial order. We shall adopt
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Pringsheim’s definition of convergence of a double series Y ¢ ax ¢ of real numbers: If A, , := Y;" | Y/_ | axe
for (m,n) € N2, then ¥; yax is said to be convergent if the double sequence (A,,,) of its partial sums is
convergent in the sense of Pringsheim, that is, there is A € R such that for every & > 0, there is (mg,ng) € N2
satisfying (m,n) > (mo,no) = |Am,n —A| < €. When every ay ¢ is nonnegative, Y, ;ax ¢ is convergent if and
only if (A, ») is bounded above. For each fixed k € N, the series Y, ax ¢ is called a row-series, and for each
fixed £ € N, the series Y ay ¢ is called a column-series corresponding to the double series }; ¢ ay. ¢

2. ABSOLUTE CONVERGENCE

If a double series is absolutely convergent, then evidently the corresponding row-series and the column-
series are all absolutely convergent. However, the converse is not true, as can be seen by considering ) ; ay ¢,
where ay; := 1 and ai ¢ := 0 for k # ¢. The following result gives necessary and sufficient conditions for
the absolute convergence of a double series.

Lemma 2.1. A double series Yy ¢ay ¢ is absolutely convergent if and only if the following conditions hold:
()  There are (ko,%o) € N? and oo > 0 such that

Z Z lake| < o forall (m,n) > (ko, o).

k=ko £=Ly
(i)  Each row-series as well as each column-series is absolutely convergent.

We shall provide a variety of conditions each of which imply condition (i) of the above lemma. These
yield convergence tests for double series which are analogous to well-known convergence tests for single
series. (See, for example, Chapter 9 of [6] and the exercises therein.)

The following test shows that we can study the convergence of certain double series by considering only
some of its terms.

Theorem 2.2 (Cauchy’s Condensation Test). Let (ay¢) be a monotonically decreasing double sequence of
nonnegative numbers. Then Y., ax converges if and only if Y71 2k+éa2k724 converges.

Proof. Given (m,n) € N2, leti, j € Ny be such that 2/ < m < 2°"! and 2/ < n < 2/*!. Since a;, > 0 for all
(k,?) € N2, we have

i—1j—1 [kl _q1pt+1_ j k+1_qpt+1 _
FY(X X a _ZZake<ZZ LY
k=00=0 \ y=2¢ v=2¢ =1(=1 u=2k y=2¢

and since (ay ) is monotonically decreasing, we obtain

i—1j—1

J
Xl: Z 2k+€azk72£ = Z Z 2 ke Aok+1 20+ < Z Zakg < Z Z 2k+za2k 20
k=1/(=1

-lk \

This shows that if the partial sums of }.°/_, 2"”(121(72( are bounded, then so are the partial sums of } ), ax s,
and if the partial sums of };°,_, ay ¢ are bounded, then so are the partial sums Y.’/ 2k+£612k72[. Further, if
Z,: /—1 Ak 1s convergent, then the row-series } ;" | a1 ¢ and the column-series ) ;” | ax | are convergent, where
(ax,) and (a;¢) are monotonically decreasing sequences of nonnegative numbers. In this case, the series
Yo Zkasz and Y/ ZEamg are convergent by Cauchy’s Condensation Test for single series. Hence the
desired result follows. O
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Example 2.3. Let p € R and ay := 1/(k+£)? for (k,¢) € N?. By Theorem 2.2, ¥, ax ¢ converges if
and only if the double series Y ,_ b,¢ converges, where by := 257 /(2 +2°)7 1f p <2, then

22k 1
bk = 5755 = 5,

k(2—
(2.2k)P — 2p2( p) >

1
2w for k € N,
and so the double series ZZE:O by¢ diverges. If p > 2, then

2k+€ 2k+€ 1

b=

ke
— 2—-p)/2 2
LT kg 20 = (k02 " 2p (2( P)/ ) for (k,¢) € N2,

and so the double series Y.;°,_ bx ¢ converges. It follows that the double series Y., 1/(k + £)” converges
if and only if p > 2.

If Y« s ax¢ is convergent, then ay ¢ — 0 as k, ¢ — oo. This (k,¢)th Term Test is useful for establishing the
divergence of a double series. The following variant of this test is analogous to Abel’s kth Term Test for a
single series.

Theorem 2.4 (Abel’s (k,¢)th Term Test). Suppose (ax () is a monotonically decreasing double sequence of
nonnegative numbers. If the double series Yy jay ¢ is convergent, then klayy — 0 as k,{ — oo,

Proof. Given (k,£) € N2, let i, j, € Ng be such that 2/ < k < 2%*! and 2/¢ < ¢ < 2/*!, and note that

0 < klagy <2120 ay, o = 425200 ay, .

By Theorem 2.2, 3", 2i+jazi72j is convergent, and so 2i+ja2i72j — 0 as i,j — oo. Hence klayy — 0 as
k,l — oo ]

Examples 2.5.

(i) Letp,q€ Rsatisfy p>0,g>0and (1/p)+(1/q) > 1, and define ay ¢ := 1/ (kP +£4) for (k,¢) € N2.
For k € N and ¢ = [k”/4], the integer part of k”/4, we have

ke k(k/e—1) — lklfﬁ(p/q)(l — kP9,

klay, = kP + pa = kp 4 (kp/9)a 2

which does not tend to 0 as k — oo since 1 — p+ (p/q) > 0 and p/q > 0. Hence by Theorem 2.4, the
double series Y, 1/(k” + £7) diverges.

(ii)  The converse of Theorem 2.4 does not hold. Define ay ¢ := 1/k¢(Ink)(In ) for (k,¢) € N2. Then (ay )
is a monotonically decreasing double sequence of nonnegative numbers and kfa; ¢ — 0 as k,{ — oo.

However,
LOgL mn 1 n 1
L L (k_Zl k(lnk)) (Z zang)) oo as mn— e

(=1

Theorem 2.6 (Limit Comparison Test). Let (ay ) and (by ) be double sequences such that ay g >0, by g >0
forall (k,¢) € N2, each row-series as well as each column-series corresponding to both Y oareand Yy by g
is convergent, and limy ¢ay ¢/by¢ = r, where r € R and r # 0. Then Yk ak is convergent if and only if
Y0 bi is convergent.
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Proof. Let the double series Y ,bi ¢ be convergent. Then there is B > 0 such that Y;" | Y7, br ¢ < B for
all (m,n) € N2. Since ay¢/bys — r as k,{ — oo, there is (ko,{y) € N? such that agy < (r+1)by for all
(k,¢) > (ko, o). Hence for all (m,n) > (ko, %), we have

m n m n
Y Ya<r+D) Y Y bie<(r+1)B
k=ko (=0 k=ko (=0

By Lemma 2.1, it follows that the double series }; ay ¢ is convergent.
Conversely, let the double series Y ,ay ¢ be convergent. Since limy ¢ by ¢ /axe = 1/r, the convergence of
the double series Y , by ¢ follows from the first part of the proof by interchanging ay ¢ and by . O

We shall now develop several convergence tests involving ratios of ‘consecutive’ terms of a double
series.

Theorem 2.7 (Ratio Test). Let (ayxs) be a double sequence of nonzero numbers such that either
lak o1/ |akel = a or |axs1 4| /|ake] — @ as k, € — oo, where a,d, € RU {eo}.

(1)  Suppose each row-series as well as each column-series corresponding to Y, ¢axe is absolutely
convergent. If a < 1 or a <1, then Y ¢ ay ¢ is absolutely convergent.
(i) Ifa>1lora>1,theny, jays is divergent.

Proof.

(i) Assume that a < 1. Then there are & € (0,1) and (ko, %) € N? such that |ay 1| < |ay| for all
(k, ) > (ko,%o). Hence

|ak71g| < (X|ak’g,1‘ <... < (X({igo‘akjoy for all (k,f) > (ko,f()—{— 1).

Since o < 1, we have }'j_, al < 1/(1 — ) for all n € N. Also, since the series } ; ai ¢, is assumed to
be absolutely convergent, there is 8 > 0 such that Y | |ax ¢,| < B for all m € N. Hence we obtain

m n —{y
Y Y lal< %P

k=ko {=lp+1

for all (m,n) > (ko,lo+1).

By Lemma 2.1, it follows that }'; ,ay ¢ is absolutely convergent. A similar argument holds if a < 1
instead of a < 1.

(i) Assume that @ € R with @ > 1 or @ = o. Then there are & € (1,%0) and (ko,%y) € N? such that
lak o411/ |ake| > o for all (k,£) > (ko, o). Hence

lagel > atlago 1| > > aOlag | >0 forall (k,0) > (ko,lo+1).

For a fixed k € N with k > ko, there is ¢; € N such that |az¢| > /=% |ay 4| > 1 for all £ > ¢;. Hence
ary 7+ 0 as k, £ — oo, so that Y ;ay ¢ is divergent. The same conclusion holds if @ € R with @ > 1 or
a = oo, O

Remarks 2.8.

(i)  The proof of part (ii) of Theorem 2.7 shows that if a > 1, then the row-series ), a; ¢ diverges for each
(fixed) large k. Hence if each row-series converges and the limit a exists, then @ < 1. Similarly, if
a > 1, then the column-series ) ; ax ¢ diverges for each (fixed) large £. Hence if each column-series
converges and the limit g exists, then @ < 1.

(i)  Suppose each row-series as well as each column-series corresponding to Y ,ay ¢ is absolutely
convergent. If a = d = 1, then the double series may converge or may diverge, as Example 2.3
shows.
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(iii)

(iv)
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For a double sequence (ay ) of positive numbers, consider the limits by := limyay ¢+ /ax ¢ for a fixed
ke N, and ¢/ := limg agy 1 ¢/a, for a fixed ¢ € N, whenever they exist. Biermann (page 123 of [2])
and Vorob’ev (§4 of Chapter 13 in [11]) claimed that if b; exists and is less than 1 for each k € N, and
if ¢y exists and is less than 1 for each £ € N, then the double series }; ¢ ay ¢ is absolutely convergent.
Although the Ratio Test for single series shows that each row-series as well as each column-series
corresponding to }; ay ¢ is absolutely convergent, the double series }; a; ¢ may not be absolutely

convergent. For example, define a; , := 1/(2¥2"/ 2k) for (k,¢) in N2, Then b < 1 for each k € N and
¢y < 1 for each ¢ € N. However, since for each fixed k € N,

Fo 45 (o) s
P k’g_zkgzl 21/2F _2k(21/2k_1)’

and since 1/2¢(2"/ 2 _ 1) — 1/In2 as k — oo, we see that the iterated series }; Y.y a ¢ diverges, and
so the double series Y , ax ¢ also diverges. Thus the claims of Biermann and Vorob’ev are incorrect.
Suppose ay ¢ > 0 for all (k,¢) € N2, and each row-series as well as each column-series corresponding
to Y i s ax ¢ is convergent. A rather involved version of the Ratio Test is given by Baron in §2 of [1] as
follows. If limy ¢ ay ¢ exists and if the limit

Q10 Ak 1 — k41,041
d:=1lim
k.l Qg

exists with d < 1, then the double series } ; ax ¢ is convergent. Let us compare Baron’s version of the
Ratio Test with our Theorem 2.7. Suppose both the limits a and & stated in Theorem 2.7 exist and are
in R. Then the limit d exists and

J — lim (ak+l,é L etst ki ak+1,e>  Gta—di.
k.t ag,¢ ag.¢ Aky10  Qkg

Since, in view of (i) above, we have a < 1 and @ < 1, and since 1 —d = (1 —a)(1 — a), we see that
d<1lifandonlyifa <1 and a < 1. Thus if one of @ and & is equal to 1 and the other is not, then
d =1, and hence Theorem 2.7 is applicable, but Baron’s version of the Ratio Test is not. For example,
if ag g := 1/k*2" for (k,¢) € N2, thena=1/2,d =1, and d = 1. Now suppose that the limit a exists
and it is a real number other than 1. If the limit d exists, then it can be seen that the limit d exists
and is equal to (d —a)/(1 —a). Thus if a < 1 and a does not exist, then the limit d cannot exist,
and hence Theorem 2.7 is applicable, but Baron’s version of the Ratio Test is not. For example, if
Ay = 1/2W+k+0/k then q = 1/2, while the limits @ and d do not exist.

Now we consider an analogue of the Ratio Comparison Test for single series. (See, for example,

Theorem 6 in Chapter 5 of [4].)

Theorem 2.9 (Ratio Comparison Test). Let (ax¢) and (byy) be double sequences with biy > 0 for all
(k,0) € N2,

@

(i)

Suppose each row-series as well as each column-series corresponding to Y ¢ |ay | is convergent. If
|ak,e11bie < |axelbrerr and |agy¢|be < |ax|bis1,c whenever k and € are large, and if Yy ¢ by is
convergent, then so is Y ¢ |ak ¢|.

If \are41|bre > larelbre+1 > O whenever £ is large and k € N, and |agy1¢|bre > ax|bi1,e > 0
whenever k is large and £ € N, and if Y ; by ¢ is divergent, then so is ¥ ¢ |ay .
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Proof.
(i) Let ko,4p € N be such that |ay s41|bke < |axe|bkes1 and |axi1¢|brse < |age|brs1,e for all (k,£) >
(k(),go). Then

|ak (| < |lak,i—1]
biy br o1

‘ak,fo ’ < ’ak—lfo ‘

< << el (k,€) > (ko, o)
bi.s, bi—1., ko,

<... <

Let )4 ¢ bx ¢ be convergent. Since B :=sup {221:1 Yi_1bie:(mn) e NZ} < oo, we obtain

n
Z Z la, \<| o]y Y Zbklgﬁi‘ak"’&)' for all m > ko and n > o,
k=ko (=l broty =17, biy £,

Hence by Lemma 2.1, the double series Yy s |ax ¢| converges.

(i)  Suppose ko € N is such that |axr1¢|bxe > |ake|br+1,0 > 0 for k > ko and £ € N, and ¢y € N is such
that |ag ¢ 1|bre > |axe|brey1 > 0 for £ > £o and k € N. Let Y ; by be divergent. If ¥ by o diverges
for some ¢ € N, then by the Ratio Comparison Test for single series, }; |a (| also diverges for that
¢. Similarly, if ¥, by, diverges for some k € N, then Y, |a | also diverges for that k. In these
cases, condition (ii) of Lemma 2.1 is not satisfied, and so the double series }; ; |ax ¢| diverges. In
the remaining case, the set {Zf:ko Yi—gybr: (m,n) € NQ} is unbounded. Reversing the inequality
signs in (i) above, we obtain

m n

| ko 0
Y Y > boo Z Zbkla
k=ko (=L ko,%o k=ko (=L
which tends to co as m,n — co. Hence by Lemma 2.1, Y /|ax ¢| diverges. O

Remarks 2.10.

(i) The following example shows that both the inequalities |ay ¢11|bx¢ < |ar¢|bre+1 and |agy1.0|bre <
|ak ¢|bi+1 ¢ are needed in part (i) of Theorem 2.9. Define
for (k,¢) € N2

g = and bkj =

1
(k+0)? 2K(k+10)?

Although each row-series as well as each column-series converges, the double series Y , ay ¢ diverges,
as we have seen in Example 2.3. However, the double series Y , bx ¢ converges, since 1/ (2K (k+10)?) <
1/(2%¢2) for all (k,¢) € N2. Here the first inequality mentioned above holds but the second does not.
To see that both the inequalities |ag ¢+1|bke > |ak¢|bke+1 and |ag1.¢|bke > |ax ¢|br+1,¢ are needed in
part (ii) of Theorem 2.9, we just interchange the roles of a; ¢ and by ¢ in (i) above.

(i) The requirement ‘|agi1|bke < |ake|brer1 and |axy1o|bre < |akelbiy1, Whenever k and ¢ are
large’, in part (i) of Theorem 2.9, is less stringent than the requirement ‘|aiyp o4 14q|Pktrits <

<|@k+14p,0+q|Ok+14r0+s forall k, £, p,q,r,s € N’ imposed

by Biermann for a similar result in [2], page 124.

As a consequence of the Ratio Comparison Test, we obtain an analogue of Raabe’s Test for single series.
It is useful in some cases when @ = @ = 1 in Theorem 2.7.

Theorem 2.11. Let (ay ) be a double sequence.

(i) Suppose each row-series as well as each column-series corresponding to Y ¢ |ay | is convergent. If
there is p > 1 such that

|lak 41| < (1 - %)

whenever k and { are large, then Y ;. ¢ |a | is convergent.

and |ags14] < (1 — %) |ak ]
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() If |age+1| > (1—1/0)|axe| > O for some k € N and all large £ € N, or if |ag41,¢] > (1 —1/k)|axe| >0
for some { € N and all large k € N, then Y ¢ |ay | is divergent.

Proof.
(i)  Suppose there is p > 1 with the stated properties. Using the inequality 1 — px < (1 —x)? for x € [0,1],

we obtain | ’
p p p
lag 1] < (1 - z)\akﬂ < (1 — ?> lak o] < (m> |ak 4|

whenever k and ¢ are large, and hence

1 1
— < —_—.
’ak75+1’kp£p — |akv[’kp(£_|_1)p

Similarly, we obtain

1 1
< -
|ak+l,€‘kp€p = ‘akﬁ‘ (k+ l)pep

whenever k and ¢ are large. By part (i) of Theorem 2.9 with by ; := 1/(k”4P) for (k,{) € N 2 we obtain
the desired result.

(i)  Suppose the assumption in (ii) holds. Then by Raabe’s Test for single series, Y |ax¢| diverges for
some £ € N or Yy |ay | diverges for some k € N. In any case, condition (ii) of Lemma 2.1 is not
satisfied, and so the double series Yy ¢ |ax (| is divergent. O

Examples 2.12.

(i) Let ay = 1, Ap+1,1 ‘= (Zk— l)ak71/(2k—|—2) for k € N and g p+1 = (25— 1)6%5/(25-1-2) for
(k,¢) € N2. By part (i) of Theorem 2.11 with p = 5/4, we see that the double series Y jay is
convergent.

(i) Letay;:=1,ap11:=kag1/(k+1) fork € Nand ay 41 :=Lage/(£+1) for (k,£) € N2. By part (ii)
of Theorem 2.11, we see that the double series ) ay ¢ is divergent.

In both examples, Theorem 2.7 is not applicable, since a = a = 1.

We deduce the following ‘limit’ version of Raabe’s Test from Theorem 2.11.

Theorem 2.13. Let (ay ) be a double sequence of nonzero numbers.

(i)  Suppose ((1 — |ag r+1/axe|) — o and k(1 — |ag41 ¢/ axe|) — O as k,l — oo, where o, & € RU {eo}.
Suppose each row-series as well as each column-series corresponding to Y ¢ |ay | is convergent. If
o >1and & > 1, then Y |ay | is convergent.

(i)  If for some k € N, the limit limy_... (1 — |a 411 /ar|) exists and is less than 1, or if for some £ € N,
the limit limy_,o k(1 — |ary 1,0/ ax¢|) exists and is less than 1, then Yy ¢ |ay 4| is divergent.

Remark 2.14. Suppose ax¢ > 0 for all (k,/) € N2, and each row-series as well as each column-series
corresponding to Y ¢ ax ¢ is convergent. A rather involved version of Raabe’s Test for double series is given
by Baron in §3 of [1] as follows. If limy ; a; ¢ exists and if the limit

. Ay 1,0+ Arep+1 — At 1,041 11,041
r::hm[(k—i-ﬂ)(l— mdt aax anSs >+ +’+}
Kt ay.r ag ¢

exists with r > 1, then the double series }; ax ¢ is convergent. Let us compare Baron’s version of Raabe’s
Test with our Theorem 2.13. Suppose both the limits ¢ and & stated in Theorem 2.13 exist and are in R.
Then since ay ¢+1/are — 1 and agy1 ¢/are — 1 as k,{ — oo, we see that the limit r exists and

ro= %g [k(]__gftbf>_%€<1__akﬁ+l>__‘%+11€(1__ak+1j+1>

g g o g0 A1,
Ak 041 Ak+1,041 k41,041 Ak 441
_ ’+k<1— +,+)_|_ +1,0+ ,+}
Qg.¢ Ak 0+1 Ak o+1  Qiy

= a+oa—oa—a+1=1.

In all such cases, Theorem 2.13 is applicable, but Baron’s version of Raabe’s Test is not. For instance, in
Example 2.12 (i), we have ¢« =2 = @&, but r = 1.
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3. CAUCHY PRODUCT

The Cauchy product of sequences (ax) and (b) with k € Ny is defined to be the sequence (ay * by), where
ag * by 1= Zf?:o aibi_; for k € Ny, and the Cauchy product of single series Y ;- jax and ) ;7 b is defined to
be the double series Y.;”,ax * bi. Analogously, the Cauchy product of double sequences (ax¢) and (by )
with (k,¢) € NJ is defined to be the sequence (ay ¢ * by ¢), where

k /
(7% *bkj = Z Z a,;/jbk_i’g_j for (k,f) S Ng,
i=0 j=0

and the Cauchy product of double series Z,:[:O are and Z,:[:O biy is defined to be the double series
ZZ[:() are* bryg. A classical result of Mertens states that if one of the given single series is absolutely
convergent and the other is convergent, then their Cauchy product series is convergent. Another result due
to Abel states that if both the given single series and their Cauchy product series are convergent, then the
sum of the Cauchy product series is equal to the product of the sums of the given series. It has been known
for long that the exact analogue of Mertens’ result does not hold for double series. (See the examples given
on page 1036 of [10] and on page 190 of [S5].) The example below shows that the exact analogue of Abel’s
result does not hold for double series.

Example 3.1. Consider double sequences (ax ) and (by ) defined by ag ¢ := 1 and a; ; := —1 for £ € Ny,
whereas ay ¢ := 0 for k € No \ {0, 1} and ¢ € Ny, while by o := 1 and by ; := —1 for k € Ny, whereas by s :=0
for £ € No\ {0, 1} and k € No. Then }¥; yax ¢ and Y s br¢ are convergent and the sum of each is equal to 0.
Also, it is easy to see that ag o *bo o = 1 and ay ¢ * by ¢ = 0 for all (k,¢) € Ng \{(0,0)}, sothat Y7, ak¢*bi e
is convergent and its sum is 1. /

We shall now prove analogues of the theorems of Mertens and Abel for double series which are
boundedly convergent, that is, which are convergent and their partial sums are bounded. In fact, we shall
show that Mertens’ result admits a converse for such double series in respect of absolute convergence. Our
proofs will be based on the following result for a transformation of a double sequence by a 4-fold infinite
matrix. It is an analogue of the well-known Kojima—Schur Theorem (given, for instance, in Theorem 2.3.7
of [3]) for boundedly convergent double sequences.

Let 0y, n k¢ € R and consider the matrix A := (0, x.¢). We say that A maps a double sequence x := (xy¢)
to the double sequence Ax defined by

[Ax]m,n = Z Ok 0Xk, 0
il

provided the double series on the right side converges for each fixed (m,n).

Lemma 3.2. A matrix A := (O, k) maps each bounded convergent double sequence to a bounded
convergent double sequence if and only if

() sup Xy o |Omnel < oo,
(i1) tr;z;l limit o := lnlgll Y .0 O ke, €XIStS,
(iil)  the limit oy ::71’1i1r}11 Oy nic¢ exists for each fixed (k,0), and
V) lim X G0 — 0| = O for each fixed ¢,
lr}lrzl Y10 nke — | = 0 for each fixed k.

In this event, the double series Y ;O ¢ is absolutely convergent, and for any bounded convergent double
sequence (xy¢), we have the limit formula

lim [A)C]mﬁ = (a — Zk,éak’g) I}}lIglxmﬁ —+ Zk7£ak7KXk’g.

m,n
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See [8], especially conditions (c1),(d3), and (d4) in §3, condition 20. S.BC — BC and limit formula (11.1)
in §6, and a remark in §7 about the necessity of S. conditions. (See also Theorem 4.1.2 of [12].)

Theorem 3.3. Let (ary) be a double sequence. Then the Cauchy product double series ZZE:O age * bry
is boundedly convergent for every boundedly convergent double series }.;°_o by if and only if the double

series Y ,—_oak ¢ is absolutely convergent. In this event, we have Y ,_q ay ¢ * by o = (Z;Z:O Akt ) (Zzo.z:o bre )

Proof. For m,n € Ny, let

m n m n m n
App = Z Z axe, Bmn = Z Z biye, and Cp, = Z Zak,Z * by g.
k=00=0 k=00=0 k=00=0
Then
m n k ¢ m n k ¢
Cn = LY (X X aiosbis) =Y Y ansno( XY bis)
k=00=0 \i=0j=0 k=00(=0 i=0j=0
m n
= Z Z Am—in—t¢Bry for (m,n) € Ng.
k=00=0

Now the double series szzo ay * by (respectively, Y.i°y_o by ¢) is boundedly convergent if and only
if the double sequence (C,,,) (respectively, (B ,)) is boundedly convergent. Consider the matrix A :=
(G k), where

) amip—r f0<k<mand0</{<n,
Omnkt. =9 otherwise.

Then [A(By.¢)lmn = Cnn for all (m,n) € NZ. It is clear that the matrix A satisfies condition (i) of Lemma
3.2 if and only if

SUp Y it o Xi—ol@m—tn—e| = sup Lo Xi_olake| < oo,

m,n m,n

that is, if and only if the double series }  , ay ¢ is absolutely convergent, and in that case, we have

o :=1mYy 10k =0mY" oYy gare =Yg pane,

m,n m,n
Oy ¢ :=1im 0y, 4 ¢ = lima,, , =0 for each fixed (k,{) € Ng,
’ m,n Y m,n
Hm Y |G ke — Ok o] =limY .y laxn—¢| =0 for each fixed £ € Ny,
m,n : : ’ n :

BmY |G ke — Ol =HmY olam—re| =0 for each fixed k € Ny,
m,n : m

that is, conditions (ii), (iii), and (iv) of Lemma 3.2 are automatically satisfied. Hence the
desired result follows from Lemma 3.2 with Y7y are * bry = (Zzg:odk,e—o) limy, By + 0 =
(XX o) (X7 =0brr)- 0

Remark 3.4. It is interesting to compare the above analogue of Mertens’ theorem with the following
result stated by Sheffer in Theorem 3 of [10]. Let }°,_,bx¢ be a convergent double series. Then the
Cauchy product double series Y ;°y_ax ¢ * by ¢ is convergent for every absolutely convergent double series
ZZK:O ai e if and only if the partial sums of ZZE:O by ¢ are bounded, and in that event, ZZ‘:(Z:O ake* by =

(Zzzzo ak,f) (Zzézo b ) :

We proceed to prove an analogue of Abel’s theorem for boundedly convergent double series. Its proof
is based on the following result which uses a matrix transformation considered in Lemma 3.2.
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Lemma 3.5. Let (ay,,) with (m,n) € Ng be a bounded convergent double sequence and a = lim,, , a .
If Gmp = (LioXi—oare)/(m+1)(n+1), then (Gmy) is a bounded convergent double sequence and
limyy, , Gy n = a. Further, if (by,,) is a bounded convergent double sequence and b := lim,, ,, by, », then

am n * bm n

lim 122 g,
mn (m+ D(n+1)  ©

Proof. Consider the matrix L := (A, x.¢), Where

{1Am+nm+u if0<k<mand0</<n,
0

A = )
kL, otherwise.

Then [L(ak¢)|mn = dmn for all (m,n) € Ng. Also,
SUp Yox | Akt = hmZkankf = hm):k oLt—0rmnie =1,

m,n

Mg :=1im A, g o = lim =0 foreach fixed (k,?) € Ng,

o (m+ D)(n+1)

1
HmY | A nie — Akl =lim—— =0 for each fixed ¢ € Ny and
m,n W Ey Ry 5 n (l’l + 1)
1
HmY | Ay pke — M| =lim——— =0 for each fixed k € Ny,
m,n R ’ m (m—|— 1)
that is, conditions (i)—(iv) of Lemma 3.2 are satisfied, and so by the limit formula, we obtain lim,, ,, G, , =
(1-0)a+0=a.

Next, let (b,,,) be a bounded convergent double sequence and b := lim,, , by, ,. Consider the matrix
A = (Qupir), Where

o ) amip—t/(m+1)(n+1) f0<k<mand0</¢<n,
mnkt, = 0 otherwise.

Then [A(beo)lmn = (dmn * bmy)/(m + 1)(n + 1) for all (m,n) € NZ. Also, since B :=
sup {|amu| : (m,n) € N3} < oo, we obtain

Suka,Aam.n,k,A = sup 221:0 ZZ:Oam,n,k,f < ﬁv

m,n mn

o= lniglle,éam,n,k,Z = 1}%2?:0 Y 0Omn it = lr}gllam,n =a,

O ¢ = hmamnkg = hm% =0 for each fixed (k,?) € Ng,

mn (m+1)(n+1)
B

(n+1)
1im Y| Q.0 — O] < lim P 0 foreach fixed k € N,
m.n T ’ m (m_|_1)

that is, conditions (i)—(iv) of Lemma 3.2 are satisfied, and so by the limit formula, we obtain lim,, ,(a, , *

bmn)/(m+1)(n+1) = (a—0)b+0=ab. 0

lim Y| O pp — Ok | < lim =0 foreach fixed ¢ € Ny and
m,n ’ n

A double series Y.;°,_( ax. ¢ is said to be Cesaro summable if

Ir}ln (m+1 )(n+1) kzz)ez: kot

exists, where Ay ¢ is the (k,¢)th partial sum of the double series. In that event, the above limit is called the
Cesaro sum of the double series. It follows from Lemma 3.5 that a boundedly convergent double series is
Cesaro summable, and its Cesaro sum is equal to its sum.
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Theorem 3.6. Let Y. oaxe and Y.y bre be boundedly convergent double series. Then the Cauchy
product double series ZZZ:O Ak * by is Cesaro summable and its Cesaro sum is equal to AB, where A and
B are the sums of the given double series. In particular, if the double series Y’y a¢ * by ¢ is boundedly
convergent, then its sum is equal to AB.

Proof. We use the notation introduced in the proof of Theorem 3.3. We have
m n
Coun=Y, Y aro*bis=amp*Bun=Anpn*bmn for (m,n)€Nj.
k=0£=0
Replacing ay ¢ and by ¢ by Ay, and by, ,, wWe obtain
P g )
Z Z Cmn - Z ZAm,n *bsz :Ap,q *Bp,q for (p,CI) € I\IO'
m=0n= m=0n=0

Hence by Lemma 3.5, we have

A, *B
Iim———— Cpp=lim—24 P49
P.g (p+1 (g+1) Z Z g (p+1)(g+1)

m=0n=

=AB.

Thus szzo ai ¢ * by e 1s Cesaro summable and its Cesaro sum is equal to AB. The last sentence in the
statement of the theorem follows easily. O

Remark 3.7. In Theorem 1 of [5], Cesari gives the following analogue of Abel’s theorem. Let Y%y ak ¢
and Y7’ br ¢ be convergent double series such that

lim akngf hm bie.

+[~>oo ~>oo

Then the double series }.;°y_ ak ¢ * by ¢ s restrictedly Cesaro summable to AB in the following sense: For
any positive real numbers r, s with r <s,

m n
m};l}l}oo Omn = AB, where Ompn '= m ; Z Ck!f.

nr<m<ns

We shall now consider a notion of convergence which is stronger than bounded convergence. Let us
recall that a double sequence (ay ¢) is said to be regularly convergent if it is convergent, and further, for each
fixed k € N, the sequence given by ¢ — a; ¢ is convergent and for each fixed ¢ € N, the sequence given by
k +— ay ¢ is convergent. A double series is regularly convergent if the double sequence of its (rectangular)
partial sums is regularly convergent, that is, the double series is convergent, and further, each corresponding
row-series as well as each corresponding column-series is convergent. It is easy to see that a regularly
convergent double sequence is bounded, and a regularly convergent double series is boundedly convergent.
We have the following analogue of Theorem 3.3 for regularly convergent double series.

Theorem 3.8. Let (ay () be a double sequence. Then the Cauchy product double series ZZEZO o * by is
regularly convergent for every regularly convergent double series Y ;°_o by ¢ if and only if the double series

Z;’é:o ai g is absolutely convergent. In this event, we have Zzzzo Ak * by = (ZI:Z:O ak:g) (Z/c:z:o bk_’({).

Proof. An argument along the lines given in the proof of Theorem 3.3 yields the desired result if we note
the following. A matrix A := (0, ,¢) maps each regularly convergent double sequence to a regularly
convergent double sequence if and only if conditions (i)—(iii) of Lemma 3.2 hold, and also the following
condition holds:
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(iv)’ the limit B := limY, 0y, . x.¢ exists for each fixed k,
m,n e

the limit Y, := lim} ; 0y, » k¢ eXists for each fixed ¢,
m,n ’

where the convergence indicated in each of the conditions (ii), (iii), and (iv)’ is regular. In this event, the
double series Y ; 0k ¢ is absolutely convergent, the series Y, Bx and }, ¥ are absolutely convergent, and for
any regularly convergent double sequence (xx /), we have the limit formula

lim [Ax] i = (004 Li00r — XiBr— L) 1o, + Yk 0Otk X 0

+Xx Kﬁk - Z({ak/) <1i?1xk,é>} +Y [(Yé - Zkak,€> <1i,£nxk,z)} .

See [8], especially conditions (c),(d1),(d2), (d3), (f1), (f2), and (f3) in §3, condition 132. S.RC — RC and
limit formula (9.1) in §6. (See also Theorem 4.1.1 of [12].) In our case, with the matrix A as defined in the
proof of Theorem 3.3, we have o4y = B = ¥ = 0 for all (k,¢) € NJ and ot = Y pax s O

Remarks 3.9.

(i) The ‘if’ part of the above theorem was proved in Theorem 3 of [5]. The ‘only if” part of the above
theorem as well as of Theorem 3.3 can be strengthened as follows. If the Cauchy product double
series Y. i— k¢ * by ¢ is boundedly convergent for every regularly convergent double series Y7y b ¢,
then the double series ) ;°,_qax ¢ is absolutely convergent. To see this, one only has to note that
condition (i) of Lemma 3.2 is a necessary condition for a matrix A to map each regularly convergent
double sequence to a bounded convergent double sequence. (See condition (c;) in §3, condition
134. S.RC — BC of §6, and a remark in §7 about the necessity of S. conditions.)

(i)  In view of (i) above, it is worthwhile to observe that if };’,_ ax ¢ is an absolutely convergent double
series not all of whose terms are equal to zero, then there is a boundedly convergent double series
Y i t—obi,¢ such that the double series Y ;°/_qax ¢ * b ¢ is not regularly convergent. To see this, let
Yk r—oak be absolutely convergent and ay, ¢, # 0 for some (ko, %) € Ng. Define ay := ay, for
k € No. We note that } ;> ay is an absolutely convergent series and ay, # 0, so that there is a series
Y+ o b having bounded partial sums such that the series ) ;_ ,a * by is divergent. Now define

b, ifkeNgpand /=0,
bk,é = —b, ifkeNgandl=/¢y+ 1,
0 ikaNoandEGNo\{O,fo—{—l}.

Then
kYl

k
g0y * brgy = Z Z a; ibk_igy—j = Z a; rybk—i0 = ap * by.
i=0 j=0 i=0

Hence Y ;7 ax. ¢, * bi ¢, diverges, and so thzzo ai ¢ * by ¢ is not regularly convergent.
Examples 3.10.
(i) Letx,y€ (—1,0) with x+y= —1. Define
: k+/¢
Ay ¢ =xf' and bry:= < —]{; ) for (k,0) € Ng.

Then } ;s ax, converges absolutely and }.;°y_ bx¢ converges regularly (but not absolutely). The
Cauchy product series is }.;"_ ¢k ¢, Where

k Y/ . .
1+ k+0+2
ij:ZZ( iJ>XkyZ: |:( k_|_l >1]xky£ for (k,g)ENg,

i=0 j=0

the last equality being a consequence of Pascal’s 3rd identity.
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(i) Letx,ye (—1,1], a,d >0, and b,b € (—1,0]. Define

. (a a ¢ o b b k.l 2
au.—(k)(g)xky and bkl'_(k) (€>xy for (k,¢) € Nj.

Then Y.’/ ax converges absolutely and Y%y bx ¢ converges regularly (but not absolutely when
x =1 ory=1). The Cauchy product series is Z/c:z:o k¢, where

BB ) O (2= () ()

for (k,0) € NO, the last equality being a consequence of Vandermonde’s Convolution Formula.

(iii)  Let p € (0,2]. Define ay ¢ :=1/25 and by := (= 1)K/ (k+ £+ 1)? for (k,£) € N3. Then ¥,_o ay.¢
converges absolutely and };°,_ bx¢ converges regularly (but not absolutely). The Cauchy product
series is Y7'y_o ck¢» Where

i+j z+j

Cké_lzojzozk 1+K /l+]+1 2k+£lZO]ZO +]+1

for (k,¢) € N3.

In each of the above cases, the Cauchy product double series Y.’/ ¢k is regularly convergent by
Theorem 3.8.

As we have seen at the beginning of this section, absolute convergence of };",_, ax ¢ and convergence of
ZZ‘:ZZO by ¢ do not guarantee convergence of the Cauchy product double series Y7’y ax ¢ * b ¢. In fact, the
next result gives precise conditions on the double sequence (ay ¢) for such convergence.

Theorem 3.11. Let (axy) be a double sequence. Then the Cauchy product double series Z}:ZZO Ak * by
is convergent for every convergent double series Y i’ y_o by if and only if the set {(k,() € N3 :age # 0} is
finite.

Proof. As in the case of Theorem 3.8, an argument along the lines given in the proof of Theorem 3.3
yields the desired result if we note the following. One of the six necessary and sufficient conditions for
a matrix A := (@) to map each convergent double sequence to a convergent double sequence is the
following: For each fixed k € Ny, there is py € Ny such that ¢, , ¢, = 0 whenever m,n,¢ > po, and for
each fixed ¢ € Ny, there is go € Ny such that ,, ,x¢ = O whenever m,n,k > go. In our case, with the
matrix A as defined in the proof of Theorem 3.3, this condition entails that the set {(k,¢) € N3 : a;, # 0}
is finite, and then the remaining five conditions are automatically satisfied. See [8], especially conditions
(a1),(a2),(b1),(b2),(d;), and (d3) in §3, condition 14. S.C — C in §6. (See also Theorem 4.1.3 of [12].) [

Remark 3.12. We conclude this section by making some comments about the companion problem
of determining conditions on a double sequence (ax,) (with (k,¢) € N?) in order that, for every
convergent/boundedly convergent/regularly convergent double series }.°,_;bis, the double series
Yk r=1k,ebre would be convergent/boundedly convergent/regularly convergent, as per the assumption
on Y,'y_ybry. For this purpose, let us say that a sequence (ax) is of bounded variation if the series
Yi-1lax — ari1] is convergent, and that a double sequence (ay¢) is of bounded bivariation if the double
series Y |ak ¢ — Q41,0 — Ak p+1 + Ags1,041| is convergent. In the case of regular convergence, necessary
and sufficient conditions on (ay ) are as follows: (ay,) is of bounded bivariation and (ay ;) as well as
(a1,) is of bounded variation. In the case of bounded convergence, necessary and sufficient conditions

n (ay) are as follows: (ay ) is of bounded bivariation, limy (ax ¢ — ax ¢+1) = 0 for each fixed ¢ € N, and
limy(ax ¢ — ax+1,¢) = 0 for each fixed k € N. In the case of convergence, necessary and sufficient conditions

n (ag) are as follows: (ai.) is of bounded bivariation, for each fixed ¢ € N, there is k, € N such that
aye = ay e+ for all k > ky, and for each fixed k € N, there is ¢; € N such that ax y = a1 for all £ > /.
See [7] for these results.
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Koonduvustunnused kahekordsete ridade jaoks

Balmohan V. Limaye ja Maria Zeltser

On tdestatud iihekordsete ridade histi tuntud koonduvustunnuste analoogid Pringsheimi mottes koonduvate
kahekordsete ridade jaoks. Muuhulgas on tuletatud absoluutse koonduvuse eri tunnused ja Cauchy korrutise
koonduvuse kriteerium. Samuti on tdpsustatud monede teiste autorite tulemusi antud valdkonnas.



