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Abstract. We use the finite-size, density-matrix-renormalization-group (DMRG)
method to obtain the zero-temperature phase diagram of the one-dimensional,
extended Bose—Hubbard model, for mean boson density r =1,intheU-V plane(U
and V are respectively, onsite and nearest-neighbour repulsiveinteractions between
bosons). The phase diagram includes superfluid (SF), bosonic-Mott-insulator (M1),
and mass-density-wave (MDW) phases. We determine the natures of the quantum
phase transitions between these phases.
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1. Introduction

The study of systems of interacting bosons has been attracting a lot of attention over
the past decade or so. Progress in this field has been driven by an interplay between
theory,>™° numerical simulations,**** and experiments. The latter include studies of
liquid “He in porous media like vycor or aerogel,'® Bose—Einstein condensates trapped in
optical lattices,*®" micro-fabricated Josephson-junction arrays,®%° the disorder-driven
superconductor-insulator transition in thin films of superconducting materials like bis-
muth,?* and flux lines in type-ll superconductors pinned by columnar defects aligned
with the external magnetic field.?? Theoretical and numerical studies™*"'? have
concentrated on the Bose—Hubbard model which exhibits superfluid (SF) and bosonic-
Mott-insulator (M) phases and, if onsite disorder is included, a Bose-glass (BG) phase
too. As we will show below, a mass-density-wave (MDW) phase can also be obtained in
an extended-Bose-Hubbard model. Mean-field theories®™® of such models yield the
phases mentioned above and physically appealing pictures of the natures of these phases.
However, especialy in low dimensions, such mean-field theories cannot always uncover
the types of correlations present in these phases or the natures of the transitions between
these phases. We have shown earlier that, for one-dimensional Bose-Hubbard models,
the density-matrix-renormalization-group (DMRG) is a reliable method for the eluci-
dation of such correlations and the universality classes of quantum phase transitions.
Here we give a brief overview of our recent calculation of the zero-temperature phase
diagram of the extended-Bose—Hubbard model in one dimension by the DMRG method.
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2. Resultsand discussion

The Hamiltonian for the extended-Bose-Hubbard model is

0 :-té(a?aj+hc)+ an(n-1)+Van érriﬁi, @

a,jn 4,jn

where t is the amplitude for the hopping of bosons between nearest-neighbour pairs of
sites &, jfi &' (a) isthe boson creation (annihilation) operator at sitei, and A, =a'a, the
associated number operator with eigenvalues O, 1, 2,--- . The onsite interaction U and the
nearest-neighbour interaction V are positive (i.e. repulsive). We restrict ourselves to the
physically relevant region V £ U and set the energy scale by choosing t = 1. The random
chemical potential mcan be used to model onsite disorder.

This model has been studied by a number of groups and several interesting results have
been obtained especially in the case V=02 |n particular, if V=0 and there is no
disorder, only an SF phase is obtained at noninteger densities. For integer densities an M1
phase is obtained at large U; as U is lowered the system shows an MI-SF transition,
which is of the Kosterlitz—Thouless type® in one dimension. The most detailed study of
this transition in the Bose—Hubbard model was carried out by usin Ref. [7] by using the
DMRG method.

We will not review our DMRG scheme since it has been described in detail
elsewhere.”?* For our purposes here it suffices to note that, especially in one dimension
and with open boundary conditions, the DMRG method allows us to calculate the
ground-state energy E°(N), the first-excited-state energy E; (N), and the associated
eigenstates |yo.f and [y, of models such as (1) as a function of the size L for asystem
with N bosons. Given these we can calculate the energy gap G, ° [EO(N +D+EY)(N-D)-
2EL(N)], the order parameter for the MDW phase M ypw ° La:(-D'ayo (A -1)]
Yo fi and the associated correlation function GMPW(r)° & gt é i-D'& oL (A -T)
(A - T) Iy o fi Where r is the mean density of bosons the correlanon function that
characterlses the SF phase G¥ (r)° L& & |a/a., [y o fi and its second moment

°[&,r’G*¥ (N)/[&, G (r)]. Note that X isthe correlation length for SF ordering in
a system of size L. In a phase with a gap, lim_e yG_. =Gy > 0. By contrast, in a critical
phase, such as the SF, which has long-range correlations, X divergesas L ® ¥ and the
gap vanishesas G, ~Xx|

The correlation Iength is extrapolated to the L ® ¥ limit by using finite-size scaling.®
In the critical region,

X t» L (L/x), @

where f(L/XY is a scaling function. Thus plots of L/x or, equivaently, LG, vs U, for
different system sizes L, consist of curves that intersect at the critical point, at which the
correlation length x diverges if L =¥. We show such a plot in figure 1 for V=0. The
infinite-system gap Gy >0 at large U in the MI phase. However, it vanishes for
U £ U.» 34, where the SF phase is obtained. The curves for different values of L
coalesce for U £ U.» 3. This indicates that the MI-SF transition is of the Kosterlitz—
Thouless (KT) type and that the SF phase is critical. In particular, the SF phase, in this
one-dimensional model, has a diverging correlation length, and a vanishing gap. For a
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full elucidation of the KT nature of the MI-SF transition, we refer the reader to the
analysis, via b functions, of Ref. [7]. Note that a d-dimensional, zero-temperature,
quantum phase transition lies in the universality class of a finite-temperature phase
transition in an associated, classical system in (d + 1) dimensions; here d = 1 and the M1-
SF transition lies in the universality class of the KT transition in the two-dimensional,
classical XY model.

Recently Kiihner et al® have studied model (1) by using the finite-sze DMRG?® (FS-
DMRG) method. They have shown that, for V=04, an SF-MDW transition is obtained
for r =1/2; an MI-SF transition is obtained for r = 1. We have extended their FS-DMRG
calculation to obtain the zero-temperature phase diagram of model (1) in the U-V plane
for U>V and for r =1 (figure 2). The number of states in the density matrix is chosen
such that the truncation error is always less than 5 10°°. We al'so restrict the number of
bosons per site to 4, which suffices for the values of U we consider (large values of U
disfavour large boson numbers at any given site). Further details of our calculation are
givenin Refs[7, 24].

The phase diagram of figure 2 shows an SF phase at small values of U and V asisto be
expected since the bosons interact relatively weakly here. However, as the interaction
strengths increase, the M1 and MDW phases get stabilised. The former dominates when
U is much larger than V whereas the latter dominates if U and V are both large and
comparable. This is to be expected since a large, repulsive V disfavours a phase with a
uniform density of bosons on nearest-neighbour sites; instead, an MDW phase, with a

LG,

Figurel. A plotof LG_asafunction of U for different system sizes LforV=0.
The coalescence of different curves for U < 3¥ showsaKogterlitz—Thoul esstype S
MI transition. The inset shows the infinite-system gap Gy, obtained by extrgpolation,
versus U.
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Figure2. The zero-temperature phase diagram of the extended Bose—Hubbard
model (1) obtained, for mean boson density r = 1, from our FS-DMRG cdculaion.
Superfluid (SF), bosonic-M ott-insulator (M), and mass-density-wave (MDW) phases
are obtained in the physically relevant region U >V to which werestrict ourselves.
The MI-SF phase boundary liesin the Kosterlitz—Thouless (KT) universdlity class.
The MDW-SF phase boundary has both KT and two-dimensional-lsing characters.
The MI-MDW phase boundary is first-order (dashedline) at largevaluesof Uand V.

periodic variation of the boson density, is stabilised by V. The lattice we consider is
bipartite and has two sublattices A and B (say odd-numbered and even-numbered sites);
the ground state in the MDW phaseis, therefore, doubly degenerate since the peaksin the
mass-density wave can lie either on the A or the B sublattice. If the bosons are charged
thisMDW phase is a charge-density-wave (CDW) phase.

The MI-SF phase boundary in figure 2 lies in the Kosterlitz—Thouless (KT) uni-
versality class. We have confirmed this explicitly from plots of LG, vs U, which coalesce
for different values of L as shown in the illustrative plot of figure 3 (compare this with
figure 1). This is to be expected for the SF phase of model (1) in one dimension. The
MDW-SF phase boundary has both KT and two-dimensional-Ising characters as we have
checked explicitly by plots similar to figures 1 and 3. The KT character follows from the
XY-symmetry of the SF order parameter; the two-dimensional-Ising character follows
from the double degeneracy of the MDW ground state mentioned above. The MI-MDW
phase boundary is first-order (dashed line in figure 2) at large values of U and V. This
follows from the sharp change in Mypw with V as shown in figure 4 for U = 12; we have
also checked for this transition that plots of LG versus V do not intersect or coal esce for
different values of L indicating that thisis not a continuous transition. The precise nature
of the multicritical point at which the phase boundaries of figure 2 intersect will be
explored elsewhere.*
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Figure3. A plotof LG, asafunction of U for different system sizesL for V=0%.
The coalescence of different curves for U < 29 showsaKosterlitz—Thoul esstype S
MI transition (compare figure 1 for the case V = 0).
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Figure4. The order parameter of the MDW phase Mypw Vs V, for U = 12 and
L =90 and L =100, showing a sharp jump which indicates that the MI-MDW
transition isfirst order.
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3. Conclusions

In conclusion, then, we have studied the complete phase diagram of the one-dimensional,
extended Bose-Hubbard model for mean boson density r =1 by using the FS-DMRG
method. In addition to the well-known SF and M1 phases, we find an MDW phase; we
also determine the phase boundaries between these phases. We have looked for, but not
found, a supersolid phase which has both SF and MDW order. We hope our study will
stimulate experimentalists to ook for such MDW phases in systems of interacting bosons.

Acknowledgements

One of us (RVP) thanks the Department of Physics, Indian Institute of Science, Banga-
lore for hospitality during the time when a part of this paper was written. This work was
supported by Department of Science and Technology, Govt. of India. We thank HR
Krishnamurthy for discussions.

References

1. MaM, Halperin B | and Lee P A 1989 Phys. Rev. B34 3136; Nissamoniphong P, Zhang L and
MaM 1994 Phys. Rev. Lett. 71 3830
Fisher M P A, Weichman P B, Grinstein G and Fisher D S 1989 Phys. Rev. B40 546
Krauth W, Caffarel M and Bouchaud J P 1992 Phys. Rev. B45 3137
Sheshadri K, Krishnamurthy H R, Pandit R and Ramakrishnan T V 1993 Europhys. Lett. 22
257; Sheshadri K, Krishnamurthy H R, Pandit R and Ramakrishnan T V 1996Phys. Rev. Lett.
75 4075
5. Ramakrishnan T V 1994 Ordering disorder: Prospect and retrospect in condensed matter
physics (eds) V Srivastava, A K Bhatnagar and D G Naugle (AlP Conference Proceedings)
286 38, and references therein
6. Amico L and PennaV 1998 Phys. Rev. Lett. 80 2189
7. Pai RV, Pandit R, Krishnamurthy H R and Ramasesha S 1996 Phys. Rev. Lett. 76 2937
8. Baltin R and Wagenblast K H 1997 Europhys. Lett. 39 7
9. Kuhner T D and Monien H 1998 Phys. Rev. B58 R14741; Kuhner T D, White SR and Monien
H 2000 Phys. Rev. B61 12474
10. Kashurnikov V A and Svistunov B V 1996 Phys. Rev. B53 11776
11. Batrouni G G, Scalettar R T, Zimanyi G T and Kampf A P 1995 Phys. Rev. Lett. 74 2527;
Niyaz P, Scalettar R T, Fong C Y and Batrouni G G 1991 Phys. Rev. B44 7143
12. Krauth W, Trivedi N and Ceperly D 1991 Phys. Rev. Lett. 67 2307; Trivedi N and Makivic M
1995 Phys. Rev. Lett. 74 1039
13. Wallin M, Sorensen E S, Girvin SM and Y oung A P 1994 Phys. Rev. B49 12115
14. Zhang S, KawashimaN, Carlson Jand Gubernatis J E 1995 Phys. Rev. Lett. 74 1500
15. Chan M HW, BlumK I, Murphy S Q, Wong G K S and Reppy J D 1988 Phys Rev. Lett. 61
1950
16. Greiner M, Mandel O, Esslinger T, Hansch T W and Bloch L 2002 Nature (London)415 39
17. Jaksch D, Bruden C, Cirac J 1, Gardiner C W and Zoller P 1998 Phys. Rev. Lett. 81 3108
18. Chow E, Delsing P and Haviland D P 1998 Phys. Rev. Lett. 81 204
19. van Oudennarden A and Mooji JE 1996 Phys. Rev. Lett. 76 4947
20. van Oudennarden A, van Leeuwen B, Robbens M P M and Mooji J E1998Phys Rev.B57
11684
21. Haviland D B, Liu'Y and Goldman A M 1989 Phys. Rev. Lett. 62 2180
22. Nelson D and Vinokur V M 1993 Phys. Rev. B48 13060
23. KosterlitzJM and Thouless D J1973 J. Phys. C6 1181
24. Pai RV and Pandit R (in preparation)
25. Barber M N 1990 Phase transition and critical phenomena (eds) C Domband JL Lebowitz
(New York: Academic Press) 8 145
26. White SR 1992 Phys. Rev. Lett. 69 2863; White S R 1993 Phys. Rev. B48 10345

ApwN



