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Abstract.  Quantitative versions of the central results of the metric theory of contin-
ued fractions were given primarily by C. De Vroedt. In this paper we give improvements
of the bounds involved . For a real number x, let
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A sample result we prove is that given € > 0,
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almost everywhere with respect to the Lebesgue measure.

Keywords. Continued fractions; ergodic averages; metric theory of numbers.

Mathematics Subject Classification.  Primary: 11K50; Secondary: 28D99.

1. Introduction

In this paper, we use a quantitative L2-ergodic theorem to study the metrical theory of the
regular continued fraction expansion of real number. Here and throughout the rest of the
paper, by a dynamical system (X, 8, u, T') we mean a set X, together with a o-algebra 8
of subsets of X, a probability measure x on the measurable space (X, §) and a measurable
self-map T of X that is also measure-preserving. By this we mean that if given an element
Aof Bandif weset T~!A = {x € X : Tx € A}, then u(A) = u(T~'A). We say a
dynamical system is ergodic if 7' A = A for some A in 8 means that ;(A) is either zero
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or one in value. For S-measurable f, let || f] denote the L? norm ((fX |f|2du)%). Asa
standard, for two functions f and g, we say f(x) = O(g(x)) if there exists C > 0 such
that | f(x)| < Clg(x)|. We say f(x) = o(g(x)), as x — 00, if limy_, o0 {;g)) = 0. The
central tool in this note is the following theorem.

Theorem 1. Let (X, 8, u, T) denote an ergodic dynamical system. Suppose that
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for B>0and N =1,2,.... Then given € > 0, we have
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for w almost all x.

For a real number x, let

X =co+ 1
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2+
c3 +
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denote its regular continued fraction expansion, which is also written more compactly
as [co; ¢1, €2, . . .]. The terms cp, ¢y, ... are called the partial quotients of the continued
fraction expansion and the sequence of rational truncates

[corct, el =22 n=1.2...)
qn

are called the convergents of the continued fraction expansion. In this paper, we use
Theorem 1 to study the metric theory of continued fractions. In particular, we refine results
of DeVroedt [2, 3]. For more historic background, see [4, 15] and for basic background
on continued fractions, see [6].

For a real number y, let {y} denote its fractional part. We now consider the particular
ergodic properties of the Gauss map, defined on [0, 1] by

o 1) 20
0, if x =0.

Notice that ¢, (x) = ¢,—1(Tx) (n = 1,2,...). Let (X, B, u, T) denote the dynamical
system where X denotes [0, 1], B is the o-algebra of Borel sets on X, u = y is the
measure on (X, B) defined for any A in 8 by

1 dx

A= — [ &
v =12 [ E



Quantitative metric theory of continued fractions 169

and T is the Gauss map. Note that (X, 8, u, T) is ergodic (see [1] for details). The ergodic
properties of the Gauss dynamical system (X, 8, i, T) are not quite enough to carry out
this investigation. We also need ergodic theoretic information about its natural extension
which we now describe. Let Q = ([0, 1) \ Q) x [0, 1]. Now let 8* be the o-algebra of
Borel subsets of €2 and let y* be the probability measure on the measurable space (2, 8*)
defined by

1 dxdy

*(A) = .
7= Gegd) ], Ty

Also define the map

1
Tx,y)=Tx,——].
o (x[%w)

Then the map 7 preserves the measure y* and the dynamical system (€2, 8*, y*,T)
is ergodic, which we call the natural extension of the Gauss dynamical system (see [8]
for details). Our results are obtained by applying Theorem 1 to the maps 7" and 7. In
particular we need the following theorem from [8] (see [1] for a definition of the natural
extension). In §2, we prove Theorem 1. In §3 we state and derive our results about the
metric theory of continued fractions.

2. Proof of Theorem 1

To prove Theorem 1, we need the following lemma.

Lemma 2.1. Suppose (X, B, u, T) is an ergodic dynamical system and suppose f : X —
R is pu-integrable with | x fdw = 0. Also suppose, for non-negative integer k, that

2
2k—1

/ > f(T"0)| du < B2,
X

n=0
for B > 0. Then also for k > 0,

j=] :

max T"x)| du = 0k>2%).
Xl§j§2k,§)f( )| du = 0(k*2%

Proof of Lemma 2.1. Let

N—1
F(M.N.x)= > f(I"x), (0<M <N)
n=M

and let

mn(fax)zlmlax |F(O,I,X))|, (nZ l)
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Suppose 1 < j < 2K+1 Note that any natural number j can be written uniquely in the
form j = 2% + ... 4+ 2% where a; depends on j with a; > --- > a; > 0. With our
bound on j, it follows that h = h(j) < K + 1. With this notation, we have

h—1

F(O0,j,x) =Y F(li,lis1,%),
i=0

where lp = 0,1; = [;(j) =2 +---+2% forl <i < h,and [, = j. Note that[; = 0
(mod 2%) for all i and all choices of j. By the Cauchy—Schwarz inequality,

h—1
IFO, j, 0 < (K+ DY 1FU L, O (G=12,....h).
i=0

Also, regardless of j or of the particular sequence of /; pertaining to j, we have

h—1 K+1 27—1
SOIFU i, 0P < Y0 0 [F@2KHD7P 4 12K )2,
i=1 p=1 v=0

Vv even

This is because every term on the left occurs as a term on the right.
Integrating over X, and using the premise that 7" is measure-preserving, we obtain that

K+1 2P—1
/mﬁx(f,x)duff (K+1DY Y FO.257 0P [du
. . =1y
K+1
:(K+1)22P—‘/ [F, 2517 x)2du.
X
p=1

By the hypothesis of this lemma, the last quantity is no more than

K+1 K+1
(K+1) Z 201 pK+1=ry — B(K + 1) Z or=lpK+l=p
p:l p:l

< BC'(K + )2K < c"Kk?2K

for some positive constants C’, C”. This completes the proof of Lemma 2.1.
We now complete the proof of Theorem 1. Given € > 0, we set

g(N) = (BN)Z (log )2 (log log )2

and set

N—1 fpomm oy
E. = xeX:limsup|Z"=0 f(T"x) fofdﬂ|>0 .
N—oo g(N)



Quantitative metric theory of continued fractions 171

To prove Theorem 1, we need to show w(E¢) = 0. Set

-1
Akz[x: max Zf(T"x)—lffdu
-0 X

4h=1<] <4k
o

> (log k>—€/2g<4’<>] :

One checks easily that

oo o0
EegﬂUAk.

r=1k=r
By the Borel-Cantelli lemma, we need to show Z,fi 1 m(Ag) < oo. Note that
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H(AD logh)~g(@)? < / max .

Ay 41 <l<4k

By the premise of Theorem 1, for all &,

2
2k—1

/ Z f(T”x)—2k/ fdu| dp < B2k,
X =0 X

Thus, by Lemma 2.1, there exists C1 > 0 such that

-1
> raro 1 [ gau
n=0 X

Hence, there exists Cp > 0 such that

2

max du < C"Kk*2%,

X 0<l<22k

w(Ar)(log k) ~€4¥ (k log 4)* (log(k log 4)) ¢ < Cok? - 4F

and so

1
0 =0 (Fmmyre )

It follows that Z,fi 1 W(Ag) < oo and so Theorem 1 is proved.

3. Mixing properties of continued fraction maps

Let BII‘ denote the o-algebra of the subsets of X generated by the sequence of functions
ay(a), ..., ar(e) and let BZ° denote the o -algebra generated by the sequence of functions
ar(a), ag+1(a), . ... For a Borel probability measure p on [0, 1) and for each natural
number 7, set

u(AN B)
Yu(n) =sup | ———— — 11,
u(A)p(B)
where the supremum is taken over all sets A € B’f and B € By, with u(A)u(B) # 0 for

all natural numbers k. We call the sequence (a,),eN ¥-mixing if ¥ (n) = o(1). In [14], it
is shown that ¥, (n) < p" where p € (0, 0.8). It then follows readily that yr,«(n) < p".
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From Chapter 1 of [5], we have

Lemma 3.1. Let (a(T"x)),eN, be a r-mixing for dynamical system (X, 8, u, T') and sup-
pose Y, N ¥ (n) < oo. Also suppose for a function f with domain containing the range
of a, that fX f(a(x))®du < oo. Then the series

2
o2 = / Fla()dp — ( f f(a(x))du)
X X

+22/X{(f(a(X))—/Xf(a(X))dM> (f(a(T"x))

neN

—/ f(a(X))du)}dM,
X

is absolutely convergent and non-negative and we have
2
=o(N + o0(1)).

N
> far o) =N [ fa

n=1

Evidently 2211 p" < oo. We have shown that v, (n), ¥« (n) = O(n) as n tends to
infinity.

4. Statistical properties of continued fractions

In this section, we use Theorem 1 to refine classical results of metric theory of continued
fractions [2, 3, 7, 9—11, 13]. See also [12] for related matter on subsequence averages.
This is possible because we use Theorem 1 instead of the classical and well known

method of I. S. Gél and J. F. Koksma, which for any € > 0 gives an error term of order
o(n_% (logn) %J’E). The improvement seems small but is the first in nearly 50 years.

For i™ = (i1,...,im) € N™, suppose S::T(z)) = [i,...,iy] m = 1,2,..))
are the convergents of the continued fraction expansion of the real number «, with

gc.d.(pp—1,gn—1) = g.c.d.(py,qy) = Ll and pg = qo = 1. Let

pm"l‘pm—] H H
KG@™y =1 gntan-1’ {f s odd,
Zﬂ, if m is even
m
and
PmtPm—1 : .
L(l (m)) = Im+4qm—1 ’ lfm ?S cven,
’q’—’”, if m is odd.
m

We have the following application of Theorem 1.
PROPOSITION 4.1

Suppose m € N and let F : N — R be such that

/ F2(c1(x), ..., cm(x))dy (x) < 00
X
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or equivalently that
> IFGM)ALGE™) - K(™)) < oo.
i(m)EN"l
Let

1 1+ K@G™)
o = —— F(i™)log ———.
' 10%2'<>ZN T )
lme m

Then

1 ‘
- 3 F (o). ckamo1(0)) = 8 + 0(n™ 2 (logn)? (log log n)!+)
k=1

almost everywhere with respect to Lebesgue measure.
Proof. Take f(x) = F(c1(x),...,cn(x)) in Lemma 3.1 . (I

Proposition 4.1 has a number of consequences, that follow from self-evident choices of
m and F, which we collect together in the following proposition. We do, however, need
the following lemma from [13].

0o (+pm+1? r(Hr?)
Lemma 4.2. We have " 108 i o5 oy = 108 <W .

For brevity set A(n, €) = n_%(log n)%(log log n)%“ n=1,2,...).
PROPOSITION 4.2

Given € > 0, we have

(@) L#{k € [1,n]: k() = i} = L log (1 n ﬁ) +o(A(n, )):;
(b) L#tk € [1.n]: () = i) = Slog () + 0(A(n, €));

(© Mk e [1,n):i < o) < j) = log (CEHED) + oA,
. - (m)
(d) ke [1,n]: (k). ..., Cham—1(x)) =i™} = ] log (—llilz((fu))) +o(An, €));
r(Lyres2
() L#t{k € [1,n]: cx(x) = mod m} = Llog <—('lz(),f1;" )) +0(A(n, €));
and

1
(f) for p < 1,p # 0 we have (M)P = K, + o(A(n, €)), where K| =

logi 1pyp %
H/fil (1 + m) % and K, = (% l(Lt,+J1) ) , almost everywhere with respect

to the Lebesgue measure.

To the sequence of strictly stationary random variables (a, (x)),eN, defined on the mea-
surable space ([0, 1), B([0, 1)) via the natural extension construction we can construct
the doubly infinite sequence of random variables (a,"),en on ([0, )2, B([0, 1)?)) defined
w almost everywhere on [0, 1)? for any probability measure i assigning zero to the
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measure of [0, 1)*\Q? (e.g. u = y*), where Q = [0, )\ Q. We define s} = [af, a] |, ...]
and y/ = Yl* Evidently s;" = s; o T and v =50 T'. Also for a € [0, 1), put s =a
°l

a __ 1
and 57’ = T

Samur [16, 17] showed that

= 2 dxdy
2 . *
o? = lim (log ¥} (x, y) —
729 J10,1)x ([0.1\Q) (,Z(; ’ 121og2 | (1 +xy)

exists and is positive. Theorem 1 applied to 7, for € > 0, gives

n—1

1 . dxd
S ST ) = X, )
i=0

fx,
/[o,nx([o,l)\o) I+ xy

+o(A(n, €))

for f € L?(y*). Let f = xp denote the characteristic function of the set B € B2([0, 1)).
Now noting that from the definition of (sk*),fi], the fact that

1
T(-xv )’) = (Tx’ —> ) (x’ )7) S ([07 1)\Q X [07 1))’
ci(y) +x
that for (i > 2),
T, ) = (T @), [ei @), ..., ca(x), cr)+yD, &, y) € (0, \Qx[0, 1)),

and that for (i > 0),
T y) = (TN, s, () € ([0, D\Q) x [0, 1.
Theorem 1 gives the following proposition.

PROPOSITION 4.3

Given € > 0, we have

2

1n—l 1n—l pu
* __ *
- Z;logyn =—- ;logsi = os2 + 0(A(n, €))

almost everywhere with respect to the Lebesgue measure on ([0, 1)\Q) x [0, 1).
We also have the following result.
PROPOSITION 4.4

Given € > 0, forany a € [0, 1),

2

1n—l 1n—l T
23 ogyF = —— Y logst = An,
. Z{; ogy; =-—7 ; 085 = Tlgga TOAM

almost everywhere with respect to the Lebesgue measure on [0, 1)\ Q.
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Proof. By the mean value theorem we can see that |1°g§:1;gy | < min(lx)y) for any 0 <
x,y < 1 with x # y. Now note that if (F,)5>_, denotes the Fibonacci sequence, then

L(i™) 1 1
<— 1< |— =
K(i(m)) Fm—lFm Fnzl
for any interval 7 (i) = [0, D\Q(K (™), L") e N™ and k € N), as follows
from basic properties of continued fractions. For a € [0, 1), we have

! i) =o(g*h),

’logs,*n — 10g531| < max <m, F2
- m

where g denotes the golden ratio, as m tends to oo for all (x, y) € ([0, 1)\Q) x [0, 1).
The proof of Proposition 4.3 is complete. U

In the case a = 0, we have s,? = q(k’—fl (k > 1) so we get the following Proposition.

PROPOSITION 4.5

Given € > 0, we have
1 72
qn (x) = e2le2 + o(A(n, €))

almost everywhere with respect to the Lebesgue measure on [0, 1)\Q.

PROPOSITION 4.6

Given € > 0, we have

2

T
= — A
61022 + 0(A(n, €))

Pn
x— 2

qn

1
—log
n

almost everywhere with respect to the Lebesgue measure on [0, 1)\Q.

Proof. Note the classical inequality Zqi < ’x - % < qLZ' The proposition now follows
n+1 n n
from Proposition 4.4. " O
PROPOSITION 4.7
LetI(ay,...,ay,) ={x €[0,1):c1(x) =ay,...,cn(x) =ay}. Given € > 0, we have
1 n?
—logA(I(ar,az,...,an)) = — + o(A(n, €))
n 6log2

almost everywhere with respect to the Lebesgue measure on [0, 1)\ Q.

Proof. Let A denote the Lebesgue measure, and let 7 (cy, ..., ¢;) be a cylinder in [0, 1).
Recall that s,, = q;}—;l and that A(I (cy, ..., cp)) = m This means that

logr(I(cy,...,cn)) = —2logq, — log(s, + 1)

for (n € N). Since s, € [0, 1), the proposition follows from Proposition 4.5. (]
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We also have the following proposition.

PROPOSITION 4.8

Given € > 0, we have

2

1 T
pi(x) = xne0E + o(A(n, €))

almost everywhere with respect to the Lebesgue measure on [0, 1)\Q.

Proof. This proposition follows from the inequality

1 1 1
Pn(X) — (xqn(x))7| < )
Fn+1 Fn "

for all x € [0, 1)\Q and n € N, which is easily checked. O
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