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1. Introduction

Throughout the paper, k denotes a fixed algebraically closed field of characteristic zero.
Quiver is the terminology in representation theory for a directed graph. So a quiver con-
sists of a set of vertices and a set of directed edges or arrows. We shall only consider finite
quivers, i.e., those quivers whose set of vertices and the set of arrows are finite. A k-linear
representation (representation, for short) of a quiver Q assigns a k-vector space to each
vertex and a k-linear map to each arrow of Q. If we fix a natural number d; for each ver-
tex i of the quiver Q, then the representations of Q of dimension vector d = (d;) form an
affine space rep (d). The linear algebraic group GL(d) = P GL(d;, k) acts on rep o(d)
by conjugation, so that the GL(d)-orbits in rep , (d) correspond bijectively to the isomor-
phism classes of representations of Q of dimension vector d (see §2 for a brief account of
quiver representations).

It is an interesting task to study geometric properties of the Zariski closures —
being affine varieties — of GL(d)-orbits in repy(d), as well as their connections with
representation-theoretic properties of the quiver Q and its representations. Among the
geometric properties of orbit closures that have attracted a lot of attention are the normal-
ity and the Cohen—Macaulayness. For instance, if Q is a Dynkin quiver of type A or D,
then Bobinski and Zwara [2, 3] proved that GL(d)-orbit closures in repQ(d) are normal

and Cohen-Macaulay. If Q is the extended Dynkin quiver of type Ay (i.e., the quiver con-
sisting of one vertex and one loop), then orbit closures are normal and Cohen—Macaulay
by a classical result of Kraft and Procesi [4]. On the other hand, there exist orbit clo-
sures that are neither normal nor Cohen-Macaulay [8]. We refer to the survey [9] for more
results on singularties of orbit closures of modules and quiver representations. In partic-
ular, it is shown in section 2 of [9] that in studying singularties of orbit closures, we may
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restrict our consideration to the quiver representations whose annihilators are admissible
ideals (see §2 for definitions).

In [5, 6], we characterize the quiver representations for which the orbit closures are
hypersurfaces. More precisely, we have the following two theorems (the first one holds in
any characteristic).

Theorem 1.1 (Theorem 2.1 of [5]). Let Q be a quiver and d € N Q0 pe a dimension
vector. Let N be a representation in repQ(d) such that the annihilator Ann(N) is an

admissible ideal in k Q. Then the orbit closure Oy is a non-singular variety if and only if
Ann(N) = 0and Oy = repy(d).

Theorem 1.2 (Theorem 1.4 of [6]). Let Q be a quiver and d = (d;)ie o, be a dimension
vector. Let N be a representation in rep 0 (d) such that Ann(N) is an admissible ideal in k Q.

Then Oy is a singular hypersurface if and only if one of the following conditions hold:

(A) Ann(N) = (y?), where y is a loop in Q at a vertex i with di = 2,
and Ext; 0/ (N N) =0.
(B) Ann(N) = (p), where p is a relation in Q from a vertex i to a vertex

jwithd; =d; =1, and Ext,{Q/m) (N,N) =0.
(C) Ann(N) = 0 and Ext}cQ(N, N) k.

Since a hypersurface is a complete intersection, it is Cohen—Macaulay. Our next aim is
to prove the normality of the orbit closure which is a (singular) hypersurface. The main
result of the paper states as follows.

Theorem 1.3. Let Q be a quiver and d = (d;)icg, be a dimension vector. Let N bg a
representation in repQ(d) such that Ann(N) is a non-zero admissible ideal in kQ. If Oy
is a hypersurface, then Oy is a normal variety.

This theorem deals essentially with the cases (A) and (B) of Theorem 1.2. The normal-
ity of the orbit closure Oy in the case (C) of Theorem 1.2 is an open question in general,
and we shall handle it in a separate paper.

Since Oy is an irreducible affine hypersurface, then, by a well-known criterion of Serre
(see, for example, section II1.8 of [7]), its normality is equivalent to the non-singularity
in codimension 1, i.e., the singular locus Sing(@N) is a closed subvariety of @N of
codimension at least 2. This is our strategy for proving the normality of Oy

In §2, we recall some notions on representations of quivers that are necessary. The proof
of Theorem 1.3 is presented in §3. We illustrate Theorem 1.3 with two examples in §4.
For basic background on the representation theory of algebras and quivers, we refer to [1].

2. Representations of quivers

Let QO = (Qo, O1;s,t : Q1 — Qo) be a finite quiver, i.e., Qp is a finite set of vertices,
Q1 is a finite set of arrows « : s(a) — f(«), where s(«) and 7 («) denote the starting and
terminating vertex of «, respectively. By an oriented path (path, for short) of length » > 1
in 0, we mean a sequence of arrows in Q1:

w=qa...a],
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such that s(oj4+1) = t(oy) forl = 1,...,r — 1. In this situation we write s(w) = s(a)
and t(w) = t(®,), and say that w is a path from s(«1) to 7 (o). We agree to associate to
each vertex i € Qq a path ¢; in Q of length zero with s(¢;) = t(¢;) = i. We call a path w
of positive length with s(w) = 7(w) an oriented cycle. By a primitive cycle, we mean an
oriented cycle which does not contain other oriented cycles as proper subpaths. A loop is
an oriented cycle of length one.

The paths in Q form a k-linear basis of the path algebra k Q, in which the product of
two paths w and p is the path wp if s(w) = #(p), and is zero otherwise. A relation from a
vertex i to a vertex j is a k-linear combination of paths from i to j of length at least two.
In particular, a relation is an element in the vector space ¢ - kQ - ¢;. Given an element p
ing;-kQ -¢;, we denote by (p) the two-sided ideal in kQ generated by p.

By a representation of Q, we mean a collection V = (V;, V) of finite dimensional
k-vector spaces V;, i € Qo, together with linear maps Vy : Vi) = Vi), @ € Q1. The
dimension vector of the representation V is the vector

dim V = (dim;V;) € N0,

A morphism f : V — W between two representations is a collection of linear maps

fi : Vi = Wi, i € Qo,such that f;)Vy = Wy fs(«) for each a € Qy. The category of

representations of Q is an abelian k-linear category, which is naturally equivalent to the

category mod (kQ) of finite-dimensional left k Q-modules (see section III.1 of [1]).
For a path w = «, ... a1 and a representation V of Q, we define

sz aro"'Ole IVs(w)—> Vt(w)

and extend easily this definitionto V,, : V; — V; forany ping;-kQ-¢;, wherei, j € Qo,
as p is a linear combination of paths w with s(w) = i and t (w) = j. We set the annihilator
of the representation V to be

A(V) ={p € kQ | Ve;.pe; =0foralli, j € Qo},

which is a two-sided ideal in kQ. In fact, it is the annihilator of the kQ-module
corresponding to V.

A two-sided ideal / in kQ is called admissible if (Rg)" € I C (RQ)2 for some
integer r > 2, where R denotes the two-sided ideal in kQ generated by arrows in Q.
For such an ideal /, the category mod (kQ/1) of finite-dimensional left k QO /I-modules
is equivalent to the full subcategory consisting of all the representations V of Q such that
Ann(V) D I. We shall identify these two categories.

Letd = (di)ieg, € N 90 pe a dimension vector. The representations V = (V;, V) of
Q with V; = k% i € Qy, form an affine space

repo(d) = @ Homi (Via), Vi) = D My xdyiey K,

aeQ aeQ)

where My, 47 (k) stands for the space of d’ x d”-matrices with entries in k. The group

GL(d) = P GL(d;. k)
i€Qo
acts regularly on rep, (d) by simultaneous conjugation

(8)ie0o * (Ve)aeo, = (&) * Va * &5a)acr-
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The action of an element of GL(d) on rep, (d) corresponds to a change of basis at each

vector space k%, i € Qo, so that two representations in rep (d) are isomorphic if and only

if they belong to the same GL(d)-orbit. Given a representation W = (W;, W,,) of Q with

dimW = d, we denote by Ow the GL(d)-orbit in rep, (d) of representations isomorphic

to W, and by O the Zariski closure of Ow in repy(d). Notice that Ow being the image

of GL(d) under an orbit map, is irreducible. Thus Oy is an irreducible affine variety.
The algebra of polynomial functions on the affine space rep (d) is

k[repQ(d)] = k[Xot,p,q lae Q1,1 =< p= dt(a)a 1< q = ds(ot)]-

Here, Xg , , maps a representation W = (W,,) to the (p, g)-entry of the matrix Wpg. Let
X stand for the d;(y) x dg()-matrix whose (p, g)-entry is the variable X j 4, for any
arrow o € Q1. We define the d; x d;-matrix X, for p € ¢; - kQ - &;, with entries in
k[repy(d)], in a similar way to that for representations of Q. For example, if p = o is a
path in Q from the vertex 1 to the vertex 3, as illustrated below:

o B,
1 2 3

andd; =d; = 1,d, = 2, then X, is the polynomial Xg 1,1 X¢ 1,1 + Xg,12Xe2,1-
We shall need the following auxiliary result.

Lemma2.1. Let § = «,...o1 be a path in the quiver Q such that d;;) > 2 forl =
1,...,r—1andthe arrows oy, . .., oy are pairwise distinct. Then the entries of the matrix
X¢ are irreducible polynomials in k[repQ(d)]. In particular, if dyey = dy) = 1, then the
polynomial X¢ is irreducible in k[rep g (d)].

The proof of the lemma is straightforward. Indeed, we may assume that £ is a path with
dsgy = diy = 1, so that X¢ is a polynomial (all the entries of X¢ in general case are
of this form). Suppose there is a non-trivial factorization X¢ = hg in k[repQ(d)]. Let H
(respectively, G) be the set of all arrows o € Q1 such that some variable X, , , appears
in the polynomial & (respectively, g). Then clearly HUG = {o1, ...,a,}and HNG = .
Since d;(q) = 2forl =1,...,r — 1, it follows that ig has a term which is not a term of
X¢. Hence the lemma follows.

3. Proof of Theorem 1.3

Let N be a representation in rep,(d) such that Ann(N) is a non-zero admissible
ideal in kQ. Assume that the orbit closure Oy is a hypersurface. Then, by Theorems
1.1 and 1.2, @N is a singular variety and we have either case (A) or case (B) of
Theorem 1.2.

Remark 3.1. Tt is shown in [6] that in the case (A), y is a unique primitive cycle in Q,
while in the case (B), either the quiver Q contains no oriented cycles, or p is a subpath of
a unique primitive cycle that is not a loop in Q.

Remark 3.2. In the case (B), since d; = d;j = 1, so N,, is a scalar for any path @ from
i to j. Assume that Q contains no oriented cycles. Then the vector space ¢; - kQ - &; is
of dimension at most 2, i.e., there are at most two paths from i to j in Q. Indeed, assume
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there are two paths w and & from i to j. Then there exist scalars a and b, not both zero,
such that

Nawt+pe = aN, + bNeg = 0.

This implies aw + b€ € Ann(N) = (p). Hence, up to a scalar, p = aw + b, and clearly
there is no more path from i to j.

As usual, the zero set in the affine space A" = A" (k) of a subset T of k[ X1, ..., X,]
is denoted by Z(T'). We shall use several times the following simple fact.

Lemma 3.3. The zero set of two coprime polynomials in k[ X1, ..., X,] is of codimension
2 in the affine space A".

PROPOSITION 3.4

Let = a, ...aza1 be a path in the quiver Q of length r > 2 such that dy () = di(w) =
L di) = 2forl = 1,...,r — 1 and the arrows «; are pairwise distinct. Then the
singular locus of Z(X) is of codimension at least 4 in repQ(d). In particular, Z (X ) is
a normal variety.

Proof. The singular locus Sing(Z (X)) of Z(X,,) is given by the following equations in
repy (d):

X,
Xw = 07 T Xa,.“a/_,_hl,p[ . Xa/_|...a1,q[,l = 0»
BXQI’PI"II
forl =1,...,rand 1 < p; < di(o), 1 < q1 < dy(qo)). Here, Xq, . 4,,.1,p, denotes the

(1, pr)-entry of the matrix X, . ¢, ,, and analogously for X¢, | .a;.q.1-

Let Z be an irreducible component of Sing(Z(X,)). The vanishing of partial differ-
entials of X,, with respect to the variables Xy, 14, for 1 < g, < dy(,) implies that Z
is contained in the zero set of all the entries of the matrix X4, . «,, Which is denoted
by Z(Xq, ,..) Let1 < s < r — 1 be the least number such that Z C Z(Xq, «,).
Then the vanishing of partial differentials with respect to the variables X, . 4 for
P = di,), 9 < dg(a,), leads to the inclusion

Z g Z(Xocr...ole) U Z(Xas_l...a])-
Since Z is irreducible, it follows from the choice of s that Z C Z(Xy, . «,,,). Hence
ZC Z(Xgyap0) N Z(Xay.oo0p)-

We define three subquivers I', IV and I'” of Q suchthat I'o = T’y = [ = Qo, '} =
{og, .. o), T = {agy1, ...,y and Ty = Q1 \ (I} UTY). By Lemma 2.1, the entries
of the matrix X, o, are irreducible polynomials, and thus are mutually coprime. Since
di(a;) = 2,thesetV = Z(Xy,. o) is of codimension at least 2 in repr(d), by Lemma 3.3.
We get an analogous claim for the set W = Z(X,, . «,.,) in repps(d). Since

Z(Xar...aj_,_]) N Z(Xas...oq) =V xWx repr (d)a

so Z is of codimension at least 4 in rep,(d). As a consequence, Sing(Z(X)) is of
codimension at least 3 in Z(X,). Therefore, by Serre’s criterion, Z(X,,) is a normal
variety. (]
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Proof of Theorem 1.3 Let [ (@ ~n) denote the defining ideal of the variety Oy in
k[repQ(d)]. In the case (A), by Corollary 3.12 of [6], we have

1ON) = Xy 11+ Xy22, Xy 11Xy 20 — Xy 12X, 2.1).
So @N is the zero set of the polynomial X)z/ 11+ Xy.1,2Xy,2,1 in the affine space
rep*(d) = {(Va)acg, € 1epo(@) | Vy1.1+ V22 =0}

It follows easily that codim@N Sing(Oy) = 2. Therefore Oy is a normal variety.

In the case (B), it follows from the proof of Proposition 3.10 and Corollary 3.15 in [6]
that 7 (Oy) = (X,). By definition, p is a linear combination of paths from i to j of length
at least 2. If p is a single path, then the claim follows from Proposition 3.4. In particular,
this is the case when Q contains an oriented cycle (see Remark 3.1). Hence, in view of
Remark 3.2, we may assume that p = 7(a - p; + b - p2)w, where a, b € k*, and the paths
T, p1, p2 and w have no arrow in common. Let

PlL=0p...A1, P=Pu...01, T=Vr...VI.

Let Z be an irreducible component of Sing(Oy ). Analogously to the proof of Proposi-
tion 3.4, the vanishing of partial differentials of X, with respect to the variables X, p...qm
implies that

ZCZ(X;) or ZC Z(Xotm_|...ot1a))-

In the former case, we proceed as in the proof of Proposition 3.4 and obtain
Zc Z(X)’rmVs+l) n Z(X)/x---)’l (a-p|+b~pz)w)

for some 0 < s < r — 1. Since the polynomial X, is irreducible, we have dy(, ) > 2.
Then it follows from Lemmas 2.1 and 3.3 that Z is of codimension at least 3 in repQ(d).

We consider the latter case, when Z C Z(Xy,, |..00)- If Z € Z(X,,), then we are in
a similar situation as above. Thus assume Z Z Z(X,). Let 1 < u < m — 1 be the least
number such that Z € Z (X, ...« »)- Then the vanishing of partial differentials of X, with
respect to the variables Xy, p, .4, implies that

Z C Z(Xrayays) N Z(Xo,..a10)- (3.1

In this case, however, d;(y,) may equal 1. Then we consider the path po = B, ... B and
by using the same arguments, we obtain

Z S Z(Xep,..p11) N Z(Xp,..10) (3.2)

for some 1 < v < n — 1. Let I', I'" and I'” be subquivers of Q such that 'y = I'}, =
I'j = Qo. I'} consists of the arrows appearing in the paths w, &, ...y and B, ... 1, I'f
consists of the arrows appearing in the paths o, . ..ay+1, By - - - Bv+1 and 7, and finally
't = 01\ (", UTY). Then, by Lemma 3.3, the set

V= Z(Xotu.‘.otlw) N Z(Xﬂv...ﬂlw)

is of codimension at least 2 in rep (d), where the entries of the corresponding matrices
are considered as polynomials in k[rep (d)]. We get an analogous claim for the set

W= Z(Xfam---alt+l) N Z(Xfﬁn---ﬂv+l)
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in repp» (d). Now it follows from (3.1) and (3.2) that
Z CV x W xrepr(d),

so Z is of codimension at least 4 in rep, (d).
To sum up, we have codimyep Q(d)Z > 3. Since Oy is of codimension 1 in repQ(d), we

obtain codim@N Sing(@N) > 2. Hence, by Serre’s criterion, @N is a normal variety. [

4. Examples

We give two examples of normal orbit closures of quiver representations to illustrate The-
orem 1.3. Note that the quiver Q in Example 4.1 is a wild quiver, i.e., it is not a Dynkin
or extended Dynkin quiver, while the one in Example 4.2 is an extended Dynkin quiver
of type As.

Example 4.1. In the case (A) of Theorem 1.2, the loop y is a unique primitive cycle in
the quiver Q, see Remark 3.1. Hence the simplest and typical example of this case is the
representation

298]

of the quiver consisting of one vertex and a loop. The corresponding orbit closure is the
normal variety of nilpotent 2 x 2-matrices.
For another example, let Q be the quiver

and N be the representation
1
L eth

of Q of dimension vector d = (1, 2). Here the linear maps N, and N,, are represented
by their matrices in the canonical bases of k and k2. Observe that Ann(N) = (y?2) is an
admissible ideal in k Q. Moreover, N is a projective kQ/(y?)-module (see Lemma IIL.2.4
of [1]). Thus Ext! 2>(N, N) = 0. Therefore Oy is a hypersurface. By Theorem 1.3, it

) CkQ/(y
is a normal variety.

Example 4.2. Let Q be the quiver
[ ]
/ \
[ ] 7 L]

and N be the representation
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of Q of dimension vector d = (3, 2, 1). Then Ann(N) = (yBa) is an admissible ideal
in kQ. Consequently, the orbit closure Oy is contained in the irreducible subvariety
Z(Xypa) of rep(d) of dimension 10. On the other hand, the stabilizer of N,

Stab(N) = {g € GL() | g x N = N},

is precisely the group of automorphisms of N. It is an open and dense subset of the
space End(NV) of endomorphisms of N. A simple calculation shows that the vector space
End(N) is four-dimensional. Thus we get

dimOy = dimOy = dimGL(d) — dimStab(N)
dimGL(d) — dimEnd(N) = 10.

It follows that @N = Z(X,pa). Hence @N is a hypersurface, and by Theorem 1.3, it is
normal.
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