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1. Introduction

Let X be a topological vector space and 7" a bounded linear operator on X. The T-orbit
of a vector x € X is the set

O(x,T):={T"(x):n € NU{0}}.

The operator T is said to be (weakly) hypercyclic if there exists a vector x € X such
that O (x, T) is (weakly) dense in X. Such a vector x is said to be (weakly) hypercyclic
vector for 7. The operator T is called (weakly) supercyclic if the set of scalar multiples
of the elements of O(T, x) is (weakly) dense. In this case, the vector x is called (weakly)
supercyclic vector for 7.

It is known that the direct sum of two hypercyclic operators need not be hypercyclic.
de la Rosa and Read [5] gave an example of a hypercyclic operator whose direct sum
T @® T is not hypercyclic. But Salas gave an example of weighted shifts on cg or [,
(1 < p < o00) for which their direct sum is hypercyclic [9]. Finitely many hypercyclic
operators acting on a common topological vector space are called disjoint if their direct
sum has a hypercyclic vector on the diagonal of the product space.

DEFINITION 1.1

For N > 2, the operators 11, 1>, ..., Ty are called disjoint hypercyclic or d-hypercyclic if
the direct sum 71 DT> ®- - - Ty has a hypercyclic vector of the form (x, x, ..., x) € X N
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In 2007, Bernal [1], and independently, Beés and Peris [2] initiated the study of the dis-
jointness in hypercyclicity. In 2010, Martin in his dissertation [8] gave a characterization
of disjointness among hypercyclic and supercyclic linear fractional composition operators
on the classical Hardy space. For some sources on these topics, we refer to [1] through
[15].

2. Disjointness among weighted composition operators on H (D)

Let D denote the open unit disk in the complex plane. In this section, we give some con-
ditions under which weighted composition operators are disjoint hypercyclic on the space
H (D) of analytic functions on D. If K is a compact subset of D, for f € H(D), define
Pk (f) = sup,ck|f(2)|. Then {Px : K € D, K compact} is a family of seminorms that
makes H (D) a locally convex space. In fact, this topology is the topology of uniform con-
vergence on compact subsets of unit disk, the so-called usual topology for H (D), which
is a F-space.

Each w € H(ID) and holomorphic self-map ¢ of D, induces a linear weighted compo-
sition operator Cy, o : H(D) — H (D) by Cu,o(f)((2) = MyCy(f)(2) = w(z) f(¢(2))
for every f € H(D) and z € D, where M,, denotes the multiplication operator by w and
C, is a composition operator. The mapping ¢ is called composition map and w is called
the weight. For a positive integer 7, the n-th iterate of ¢ is denoted by ¢!, and when ¢ is
invertible ¢!~ is the n-th iterate of ¢!, also ¢!% is the identity function. We note that

n—1

Cffw(f) = 1_[ w o (p[j](f ° (p[ﬂ])

j=0

forall f andn > 1.
The following proposition that is due to Yousefi and Rezaei limits the kind of maps that
can produce hypercyclic weighted composition operators [11].

PROPOSITION 2.1

If Cy, is hypercyclic on H (D), then

(i) ¢ has no fixed point in D and w(z) # O for every z € D
(i) ¢ is univalent.

Hereafter, we may assume that all composition maps are univalent and also all weights
are non-zero bounded functions on D.

DEFINITION 2.2
For N > 2, we say the operators 711, ..., Ty in L(X) are d-topologically transitive pro-
vided for every non-empty open subsets Vp, ..., Vy of X, there exists m € N so that

VonT, ™ (V)N ---NTy"(Vy) # 9.

For the proof of the next theorem we need the following proposition.
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PROPOSITION 2.3

Let N > 2 and Ty, ..., Ty be operators in L(X). Then Ty, ..., Ty are d-topologically
transitive if and only if the set of d-hypercyclic vectors for Ty, ..., Ty is a dense Gy.

Theorem 2.4. Let N > 2 and Cy, ¢, ..., Cuy.oy be hypercyclic weighted composition
operators on H(D). If for each compact set K C D, there exists n > 1 such that the sets
K, (p{"](K ) PN gpl[\';](K ) are pairwise disjoint, then the weighted composition operators
Cuwi,ps -+ Cuwy,py are d-hypercyclic on H(DD).

Proof. We show that Cy;, ¢, ..., Cuy,ey are d-topologically transitive. Let Vp, ..., Vy
be non-empty open subsets of H (D). There exist € > 0, compact subsets Ko, ..., Ky of
D and functions fy, ..., fv € H(D) such that

{h e HD) : sup g |h(z) — fj(R)< €} S V; (0=<j=<N).

N
Put K = U OKj.Hence
j=

{h € HD) :sup,x |h(z) — fi(<e} S V; (0<j<N).

Since K is compact, we can choose two closed discs By, By in D such that K € B] C Bg .
By hypothesis, there exists n > 1 so that B>, (pgn](Bg), el (p%”(Bz) are pairwise disjoint.
Now, consider the map

fo(2), ifz e B

_ n
R = Lo frod @), ifzegB) (1<) <N).

k=1 Wi 0905-7](](2)
The complement of By U cp%"](Bl) U---u (pj[(,’] (By) is connected, so by Runge’s theorem,
there exists a polynomial P such that

€

|P(z) — R(z)|< min {e, S
I w; 1%

,j:l,...,N}

forall z € B U 905"](81) u.-.-u (pj[g](Bl). So for all z € By, we have

[fo(z) — P(2)l< €
which implies that P € Vj. Also, for all z € (pE._"](B 1) we get

- ! [—n] € ,
HTfjo% @)= p@)| < ——-, (1 =j=N),
k=1 Wj 0(0] (Z) ” w; ”00

which implies that

Icll P(z) — fi()l<e (1<j<N),

wj,Qj
for all z € By. Therefore P € Vo N Cl[l,_lf1¢],] VHon---nN CI[U_N"JN(VN), and the theorem
follows from Proposition 2.3. (]
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The holomorphic self-maps of the unit disk are divided into two classes, elliptic and
non-elliptic functions. The elliptic type is an automorphism and has a fixed point in D.
The non-elliptic one has a unique fixed point p € D, called the Denjoy—Wolff point of
¢, which is known as attractive fixed point, that is the sequence of iterates of ¢, {<p[”]},,
converges to p uniformly on compact subsets of ID (see [4] for more details).

Remark 2.5. Let ¢ be a univalent self map of the disk with no interior fixed point. If there
exists a compact subset K of I such that ¢"1(K) N K # ¢ for all n € N, then there is
a sequence {Z,}, in K, such that for all n € N, ¢"l(¢,) € K, so, ¢!")(¢,) — «, where
« is an attractive fixed point of ¢ (in fact, o is Denjoy—Wolff point of ¢ [4]). Since K is
compact we must have « € K C D, which is a contradiction.

COROLLARY 2.6

Let Cy, g5 - - - » Cuy oy be hypercyclic weighted composition operators on H (D), where
O1, ..., 0N are linear fractional transformations of D. If the attractive fixed points of
@1, ..., @n are all distinct, then Cy, ¢, , ..., Cuy oy are d-hypercyclic on H(DD).

Proof. Iffor 1 < p # g < N and for some compact subset K of I, ng,’”(K) = (p([]”](K)
for all n € N, then there exist two sequences {¢,}, and {¢,}, of elements of K such that

PP (gn) = o (g

for all n € N. On the other hand, {<p£,”](§n)},, and {<p[[1"](§,;)},, converge to the distinct
attractive fixed point of ¢, and ¢,, respectively. This is a contradiction. (I

COROLLARY 2.7

Let Cy, 015 -+ s Cuy.on be hypercyclic weighted composition operators on H (D). Sup-
pose ¢1, ..., pN are different linear fractional composition operators that have the same
attractive fixed point o and the condition (p;, () = <p(; () < 1 does not hold for any
1<p#q=<N.ThenCy, g, ..., Cuy ey are d-hypercyclic.

Proof. For1 <k < N,let Yy = T, o g o Ta’l, where Ty (z) = g‘l—i‘i Then v, is a linear
transformation of right half plane and is of the form

Y (2) = Akz + by,

where 0 < ¢ (o) = ﬁ < 1 (page 6 of [3]) and Re by > 0. Let K’ be a compact subset
of right half plane and 1 < p # ¢ < N. Also suppose that 1//,[,"](1(’) N w[gn](K’) # ¢ for
all n € N. Then there exist two sequences {1,}, and {n),}, in K’ such that l/f,[,”](nn) =
(. for all n € N. So
bP n—li

Ao \" b i
— e o) )y = g / 4 sn=1yJ 7P
P p P P

By our assumption we have two cases: A, = A, = 1lord, #A,. If A, = A, = 1, then
passing through a subsequence, if necessary,

e = b Wi = ), + (bg — bp)n — oo
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as n — oo, which is a contradiction. Now, suppose A, # A,. Without loss of generality,
we may assume 1 < A, < A,. Hence passing through a subsequence

A n 1= 17" b )Ln—l 1
[=n] oy ]/ yy — q / q _ “P7p n—1
Kﬁp (Wq (77")) - ()‘-p> (nn + bq )"(1 —1 )"Z Ej:() )»] —

p

as n — 0o, which is also a contradiction. Thus in both cases wl[f'](K/) N chn](K/) =0
for some n € N. So this is true for ¢, and ¢, and every compact subsets of the open unit
disk and so the corollary follows from Theorem 2.4. U

3. Weakly d-supercyclicity and d-hypercyclicity on a Hilbert function space

In this section, we first introduce the concept of weakly d-supercyclic and then investigate
this concept for weighted composition operators.

DEFINITION 3.1

For N > 2, we say that T, ..., Ty are weakly d-supercyclic operators on a topological
vector space X, if the projective orbit of their direct sums has a weakly supercyclic vector
of the form (x,...,x) € X™. The vector x is called a weakly d-supercyclic vector of
Ti,...,Tn.

Throughout this section A is a non-trivial Hilbert space of analytic functions on ID such
that 1, z € H and for each A € D, the linear functional of point evaluation at A given by
f — f (X&) is bounded.

For any A € D, let e; denote the linear functional of point evaluation at A on #, that
is, ex(f) = f(&) for every f in ‘H. Since e, is a bounded linear functional, the Riesz
representation theorem states that

e.(f) = (f. k)

for some k; € H. A well-known example of such spaces is the weighted Hardy space.

Theorem 3.2. If ¢y, @2 have their attractive fixed points a, B in D, then Cy, 4, Cuy, 0,
are not weakly d-supercyclic on H.

Proof. Let f be a weakly d-supercyclic vector for Cy, 4, Cu,,¢,. Since the constant
function 1 is in H, (eq, eg) is a continuous map from H @ H onto C x C. Therefore,

(0L, o @), (ACl, ) PY(B) :n = 0,4 € C)
= {(A(w1(@)" f(e), A(wa(B)" f(B) :n >0, € C}

is dense in C x C, hence f(«), f(B) should be non-zero. Let g(z) = 1 and € > 0. Without
loss of generality, we may assume that | wy () |<| w2(8) |. Put

U=1{heH:|(h—g k)| <e)
V="{heH:| (h ks |<el}.
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Since U x V is a weak neighborhood of (g, 0), there exist n > 1 and a scalar A € C such
that

(AChy, 00 o ka) — g@)] = | Mwi ()" fa) — gla) [< €

and

ACy, 0 [ k)l = | M(w2(B))" f(B) |< €. ()

Note that wy(8) # 0. Hence we have

n

@

lg(@)] <€+ [A(wi(@)" f(a)] = 6

Mw2(B)" f(B) | -

‘wl(a)

w2(B)

Note that Iz’iggﬂ < 1. So for every ¢ > 0, by (%) we get |g(a)] < €(1 + C), where

C = |A% |. It is a contradiction with the fact that g(a) # 0. So Cy; ¢, Cuy,,g, cannot
be weakly d-supercyclic. (]

Theorem 3.3. Let H € H*, Cy, 4> Cu,,p, are weakly d-supercyclic on H, and o € D

is a fixed point of ¢1. Then the sequence {H"_Ow2 o ¢£]](ﬂ)/(w1 ()"}, is unbounded
forevery B € D — {a}.

Proof. Let f be a weakly d-supercyclic vector for Cy; ¢, Cu,,¢,- Put g(z) = z — a and
let ¢ > 0. Since

{heH : [(h—g ko)l <&} x{heH:|[h—0kg)l< e}
is a weak neighborhood of (g, 0), there exist » > 1 and A € C such that
LChy, o [ (@) —g()] = A(wi ()" fle)|< & (%)

and
Py o f (B) — 8(B) = AT Zywaopy (B) £ (0} (B)) — g (B)I< e.

Puta, = H"_Ow2 o <p2 (ﬂ)/(wl (). Assume on the contrary that there is a constant C
such that | a, | < C for all n. Thus by using (**), we get

lgB) < e+ [AITZ “ow20@y (ﬁ)f(fﬂ KG

< e+ ‘)»(wl(a))"f(a)
L, fca
N |f()]

where f is bounded by C;. Note that the last inequality follows from (x). Since ¢ > 0 is
arbitrary, g(B) = 0, which is a contradiction. This completes the proof. (]

(ﬂ))’
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COROLLARY 34

Suppose H C H™> and ¢ has a fixed point a in D. If there is a point B € D — {a} and a
positive integer N such that |w2(¢£"](,3))| <|wi(a)| foralln > N, then Cy, ¢, Cu, ¢,
are not weakly d-supercyclic.

Recall that a multiplier of # is an analytic function ¢ on D such that ¢ H C H. The set
of all multipliers of H is denoted by M (H). If ¢ is a multiplier, then the multiplication
operator My, defined by My, f = ¢f, is bounded on H. It is known that every multiplier
is a bounded holomorphic function on ID. The following definition is a generalization of
the well-known hypercyclicity criterion to the setting of disjointness.

Theorem 3.5 (d-Hypercyclicity criterion). Suppose X is a topological vector space and
Ti, T, ..., Tn are bounded linear operator on X. If there exist an increasing sequence
of positive integers {ny} and dense subsets Xo, X1, ..., Xy of X and mappings Sy i :
Xm — X wherek e N, 1 <m < N, such that

(i) Tk — 0 pointwise on Xq as k — oo,
(i) Sk — 0 pointwise on X,, as k — oo and
(iii) (T,-”kSm,k — 8i.mldx,,) — 0 pointwise on X,,(1 <i < N), then T\, T, ..., Ty are
d-hypercyclic.

Note that if the operators 71, 15, ..., Ty are d-hypercyclic, then each of them must be
hypercyclic.

PROPOSITION 3.6

Let g1, 2 be non-constant multipliers of H. If M , M, are d-hypercylic operators, then
©1/¢@2 must be non-constant.

Proof. Assume that, to reach a contradiction, ¢p = Ag for some A € C. Let f # Obe a
d-hypercyclic vector for My, , M}, . There exist subsequences (1) and (my) of integers
for which (Mg* f, M;"* £) — (f,0) and (My"* f, My f) — (0, f). We know that

_ Api _ Aoy
M3, = A"Mg foralln € N. So Mg f — f and A" Mg* f — 0. So we must have
|A| < 1. On the other hand, since My,"* f — 0 and A" My"™* f — f,so|x| > 1. This is
a contradiction. O

By the following theorem, Godefroy and Shapiro [6] characterized the hypercyclicity
of M on H.

Theorem 3.7. Suppose ¢ is a non-constant multiplier of H. Then the operator M; is
hypercyclic, if (D) intersects the unit circle. Conversely, if every bounded function ¢ in
H* (D) is a multiplier of H, with || My, ||=|| ¢ |loo and the operator M;j is hypercyclic,
then ¢ (D) intersects the unit circle.

We mean by D, 91D the unit disk and unit circle, respectively.

Theorem 3.8. Let @1 and ¢ be non-constant multipliers of H and suppose M, ; ,and M ;’fz
are hypercyclic. If 1 (95 ' (D)) N 9D # @ and g2 (7 ' (D)) N D # @, then M, and M},
are d-hypercyclic.
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Proof. Put

Vo=1{zeQ:lp1(@)] < 1,]lp2(2)] < 1}
Vi={zeQ:lpi(@] > 1,]lp22)] < 1}

and

Vo={zeQ:lp1(@)| < 1,lp2(2)| > 1}.

Note that since ¢; is a non-constant analytic map, by open mapping theorem, ¢ (¢, )
is open and intersects the unit circle. So the open sets Vjy, V> are both non-empty. Note that
the sets Xo = span{k, : z € Vo}, X1 = span{k; : z € V} and X, = span{k, : z € V»}
are dense in H. To see this, suppose that f € H and (f, k;) = O for all z € Vj. Then the
zero set of f has a limit point in € and so f = 0; i.e., Xo = H. Similarly X; = H and
X, = H. Note that Mk, = ¢1(2) k2. and M}"k. = @2(2) k. If 2 € Vo, 1 ()] < 1
and |¢2(z)| < 1. By this fact and the linearly of M:;l , M:;2 we get that ||M;ff|| — 0,
||Mj;"|| — 0 pointwise on Xg. Set V| = {k, : z € Vi}. First we suppose that V/ is

2
a linearly independent set. In this case we can define a linear map S; : X; — H by

extending the definition S1k; = ¢ (z)fll’cZ (z € Vp) linearly to X. Since |¢1(2)| >
1 for each z € Vi, there is no possibility of dividing by zero, and moreover S{k, =

¢1(2) "'k. = 0asn — oo. Clearly for each z € Vi, M} Sik; = k; and M7 STk, =

mnm_nkz — 0. Now, assume that V| is not linearly independent. In this case,
we use the same method as one used by Godefroy and Shapiro in Theorem 4.5 of [6].
Consider a countable dense subset F1 = {z, € D : n > 1}, and by using induction
choose a sequence {A,} as follows: Take A; = z1, F2 = F| — {z € F| : k; € span{ky,}}.
Denote the first element of I, by A and let F3 = I, — {z € F, : k; € span{ky,, k;,}}.
Continuing this process, we obtain a subset L = {X, : n > 1} of V| for which the set
Vi = {k, : & € L} is linearly independent and dense in H. Define S;, : X; — H by
Stk = m_"k,\. Clearly M;?Sl,,,k;h = k; for all k;, € X . Furthermore, S1, — 0
as n — oo pointwise on Xz. Now put V; = {k; : z € V,}. The same process can be done
for V; to obtain S} or S5 ,, respectively where V; is linearly independent or not. So the
condition of d-hypercyclicity criterion are satisfied and the proof is complete. (I

COROLLARY 3.9

Let o1, @2, . .., N be non-constant multipliers of H, and suppose that M:;l, M;’;z, R M(;',‘N
are hypercyclic. If ¢; ((pj_l(]D))) NoD # @ forall 1 < i,j < N withi # j, then
M(Zl, M;fz, o, M(’;N are d-hypercyclic.

Example 3.10. Let 1(z) = z + 3 and ¢2(z) = z — 1. Then |p2($)| < 1, [p1(3)| = 1,
and so q)]((pz_l(ID))) N oD # (. Similarly, since |¢2(0)] = 1 and |¢1(0)] < 1, we get
<pz(<pf1 (D)) N 3D # @, so by Theorem 3.5, M* M:;z are d-hypercyclic.
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