Proc. Indian Acad. Sci. (Math. Sci.) Vol. 125, No. 3, August 2015, pp. 413-447.
© Indian Academy of Sciences

h-p Spectral element methods for three dimensional elliptic
problems on non-smooth domains, Part-II: Proof of stability
theorem

P DUTT!, AKHLAQ HUSAIN?*, A S VASUDEVA MURTHY?
and C S UPADHYAY*

IDepartment of Mathematics & Statistics, Indian Institute of Technology,
Kanpur 208 016, India

2Department of Mathematics, The LNM Institute of Information Technology,
Jaipur 302 031, India

3TIFR Centre For Applicable Mathematics, Tata Institute of Fundamental Research,
Bangalore 560 065, India

4Department of Aerospace Engineering, Indian Institute of Technology,
Kanpur 208 016, India

*Corresponding Author.

E-mail: pravir@iitk.ac.in; akhlaq @Inmiit.ac.in; vasu@math.tifrbng.res.in;
shekhar @iitk.ac.in

MS received 13 March 2013; revised 20 April 2014

Abstract.  This is the second of a series of papers devoted to the study of /- p spectral
element methods for three dimensional elliptic problems on non-smooth domains. The
present paper addresses the proof of the main stability theorem. We assume that the dif-
ferential operator is a strongly elliptic operator which satisfies Lax—Milgram conditions.
The spectral element functions are non-conforming. The stability estimate theorem of
this paper will be used to design a numerical scheme which give exponentially accu-
rate solutions to three dimensional elliptic problems on non-smooth domains and can
be easily implemented on parallel computers.
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1. Introduction

Many stationary phenomena in science and engineering are modelled by elliptic boundary
value problems. It is well known that the regularity of solutions of these problems is
severely affected by the presence of corners and edges in a three-dimensional domain €.
There are three types of singularities caused by non-smoothness of domains in R3: the
vertex, the edge, and the vertex-edge singularities. In such cases, the standard numerical
methods such as finite element method (FEM) and finite difference method (FDM) yield
poor convergence results for numerical solutions of most of the practical problems. In
order to have reliable and economical approximate solutions, it is desirable to find an
efficient and accurate numerical technique.
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This paper is the second of a series of papers devoted to the study of the h-p spectral
element method for solving three dimensional elliptic problems on non-smooth domains
using parallel computers. The first paper [5], which deals with the regularity of the solu-
tion in the neighbourhoods of vertices, edges and vertex-edges and description of the main
stability theorem, will be published separately. The present paper develops the proof of
the basic stability estimate of [5] based on the work in [13]. In the forthcoming work,
we shall provide the numerical scheme, the parallel preconditioner, error estimates and
the solution techniques based on the stability estimates. It is shown that the error decays
exponentially with respect to the number of refinements in the geometric mesh and the
number of degrees of freedom in each variable on each element. Theoretical results have
been validated on parallel computers independently in [6].

The h-p version of the finite element method for solving three dimensional elliptic
problems on non-smooth domains with exponential accuracy was proposed by Guo in [9,
12]. To overcome the singularities which arise along vertices and edges they used geo-
metric meshes which are defined in neighbourhoods of vertices, edges and vertex-edges.
We refer to [1-4, 10—12] for a detailed discussion on the regularity and the /#-p FEM for
three dimensional elliptic problems on non-smooth domains.

In [13], we proposed an exponentially accurate /-p spectral element method to solve
elliptic boundary value problems on non-smooth domains in R>. For Dirichlet problems,
we use spectral element functions which are non-conforming and hence there are no com-
mon boundary values. For problems with mixed boundary conditions, the spectral element
functions are essentially non-conforming except that they are continuous only at the wire-
basket (union of vertices and edges) of the elements. Hence the cardinality of the set of
common boundary values which is equal to the values of the function at the wirebasket of
the elements is much smaller than the cardinality of the common boundary values for the
standard finite element method.

To overcome the singularities which arise in the neighbourhoods of the vertices, vertex-
edges and edges we use local systems of coordinates. These local coordinates are modified
versions of spherical and cylindrical coordinate systems in their respective neighbour-
hoods. Away from these neighbourhoods standard cartesian coordinates are used. In each
of these neighbourhoods, we use a geometrical mesh which becomes finer near the cor-
ners and edges. The geometrical mesh becomes a quasi-uniform mesh in the new system
of coordinates.

We assume our spectral element functions to be a sum of tensor product of polynomials
of variable degree bounded by W. Let N denote the number of layers in the geomet-
ric mesh imposed on each of the neighbourhoods of vertices, edges and vertex-edges.
It is assumed that N is proportional to W. We remark that throughout the paper % and
W refer to h and p respectively for notational simplicity. We then define a quadratic
form VN-W ({F,}) which measures the sum of the squares of the residuals in the partial
differential equation and a fractional Sobolev norm of the residuals in the boundary con-
ditions and enforce continuity across inter element boundaries by adding a term which
measures the sum of the squares of the jump in the function and its derivatives at inter
element boundaries in appropriate Sobolev norms suitably weighted to the functional
being minimized. We prove that there is another quadratic form UN-W ({F,}) consist-
ing of the weighted H> norms of the spectral element functions which is bounded by
YN-W ({ F,}) multiplied by a factor which grows logarithmically in W for problems with
Dirichlet boundary conditions. For problems with mixed boundary conditions, this factor
may grow rapidly as N* and thus the method is difficult to parallelize. To resolve this
difficulty of parallelization, we can make the spectral element functions conforming at the
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wirebasket. We prove a stability theorem for mixed problems when the spectral element
functions vanish on the wirebasket.

We remark that having obtained our approximate solution consisting of non-
conforming spectral element functions we can make a correction to the approximate
solution so that the corrected solution is conforming and the error between the corrected
and exact solution is exponentially small in N in the H' norm over the whole domain.
Throughout this paper, (x1, x2, x3), (0, ¢, 0) and (r, 6, x3) denote the standard cartesian,
spherical and cylindrical coordinates, respectively.

This paper is organized as follows. In §2, we quote the notations, definitions of various
spaces, structure of the neighbourhoods of the vertices, edges and vertex-edges and the
modified local systems of coordinates in these neighbourhoods from [13]. In §3 and §4,
we derive estimates on the second order derivatives and the lower order derivatives of the
solution. Estimates for terms in the interior and on the boundary of the polyhedron 2 are
quoted in §5 and §6. In §7, we combine all the results of sections 3, 4, 5 and 6 to complete
the proof of the main stability estimate.

2. Preliminaries

Let Q denote a polyhedron in R3, as shown in figure 1(a). We shall denote the boundary of
QbyoQ. Letl;,ieZT={1,2,...,1}, be the faces of the polyhedron. Let D be a subset
of Z and N'=T7\ D. We impose Dirichlet and Neumann boundary conditions on the faces
I;,ieDand I'j, j € N, respectively. Further, let 3Q =T U T, TN = J._/,T; and
P = pls.

We consider an elliptic boundary value problem posed on €2 with mixed Neumann and
Dirichlet boundary conditions:

Lw = F inQ,
w =g for x e T,

9
<—w) — ¢ forxertl, 2.1)
on )4

where n denotes the outward normal and (%—’r‘;) A is the usual conormal derivative. It is
assumed that the differential operator

3 3
Lw(x) = Z —(a,-ijj)x,. + Zbiwxl' + cw (2.2)

ij=1 i=1

is a strongly elliptic differential operator which satisfies the Lax—Milgram conditions.
Moreover, a;j = aj; forall i, j and the coefficients of the differential operator are analytic.
The data F, g!% and g are analytic on each open face and g!°! is continuous on Uiep I;.
In [5, 13], we divided the domain €2 into a regular region, a set of vertex neighbour-
hoods, a set of edge neighbourhoods and a set of vertex-edge neighbourhoods. A set of
modified coordinates have been defined in these neighoubrhoods which are modifications
of the standard spherical and cylindrical coordinates. Here, we briefly recall the notations,
definitions and the description of these neighbourhoods. For a detailed structure of these
neighbourhoods in various regions of the polyhedron €2, we refer to [13].
LetS;,jeJ={L,2,..., J}betheedgesand Ay, k € K={1,2, ..., K} be the vertices
of the polyhedron. We shall also denote an edge by e, where e € £ ={S1, S2, ..., Ss},
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the set of edges, and a vertex by v, where ve V={A], A, ..., Ak}, the set of vertices.
Now consider a vertex v and let e denote one of the edges passing through it, which we
assume to coincide with the x3-axis. Let ¢ denote the angle at which x = (x1, x2, x3)
makes with the x3-axis. By @Y, we denote the vertex neighbourhood of the vertex v
(figure 1(b)) defined by

QU= (pr(v) U V,,v,d,v(u,e)) M«

eV

where B, (v) = {x :dist(x, v) < py}and V), 4, (v, &) ={x € 2:0 < dist(x, v) < py, 0 < ¢
< ¢y}, where ¢, is a constant. For every vertex v, p, and ¢, are chosen so small that
By, (v) N By, (v") =4 if the vertices v and v’ are distinct and V), ¢, (v, €') [V, 4,
(v, ¢”) =0 if ¢’and ¢” are distinct edges having v as a common vertex. Moreover, p, and
¢, are chosen so that p, sin(¢,) = Z, a constant for all v € V, the set of vertices.

Next, let e denote an edge, which we assume to coincide with the x3-axis, whose end
points are the vertices v and v’. Then we define the edge neighbourhood of the edge ¢
denoted as ©2¢ shown in figure 1(c) by

Q={xeQ: §y<xz3<l,—8y,0<r <27},

where [, is the length of the edge e, 8, = p, cOs(¢y), 8y = Py COS(¢y) and r =/ x12 + x22.
Now, by QV~¢ we denote the vertex-edge neighbourhood of the vertex v and the edge
e shown in figure 1(d) defined by

Q={xeQ:0<9¢ <y, 0<x3 <8 =pycosgy}.

Finally, Q" denotes the portion of the polyhedron €2 obtained after the closure of the
vertex-neighbourhoods, edge neighbourhoods and vertex-edge neighbourhoods have been
removed from it. Thus, let

A={UQ”}U{UQe}u U o
veV ee€ v—eeV-E&
Then

QL =Q\A.

To overcome the singularities which arise in the neighbourhoods of the vertices, vertex-
edges and edges we use local system of coordinates introduced in [13]. These local
coordinates are modified versions of spherical and cylindrical coordinate systems in their
respective neighbourhoods. Away from these neighbourhoods, standard Cartesian coordi-
nates are used in the regular region of the polyhedron. Table 1 summarizes the system of
coordinates used in various regions of the polyhedron 2. For details, we refer to [13].

3. Estimates for the second derivatives of spectral element functions
3.1 Estimates for the second derivatives in the interior

We first obtain estimates for elements in the regular region Q" of Q. Divide " into N,
elements, Ql’ for 1 <1 < N, consisting of curvilinear cubes, tetrahedrons and prisms.
Consider an element €2;. Then 2] has n; faces { I‘[’, H<i<n- LetdT l”i denote the boundary
of the face Fii.
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Figure 1. (a) Polyhedral domain 2, (b) vertex neighbourhood €2V, (¢) edge neigh-
bourhood ©2¢, and (d) vertex-edge neighbourhood QV~¢.

Table 1. System of coordinates used in various parts of €2.

Region Coordinates Type

Regular X1, X2, X3 Standard cartesian
Vertex neighbourhood Xl =¢,x) =0,x{ =x=Inp Modified spherical
Edge neighbourhood x{=t=Inrxj=0,x5=x3 Modified cylindrical
Vertex-edge neighbourhood  x]™“ = ¢ = In(tan¢),x; “ =6, Hybrid

x;_e =¢= Inx3
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To proceed, we need to review some material in [8]. Let O be a bounded open subset of
R3 with a Lipschitz boundary 8 0. Assume in addition that 3 O is piecewise C2. Let P be
a point on d O in a neighbourhood of which d O is C2. It is possible to find two curves of
class C? in a neighbourhood of P, passing through P and being orthogonal there. Let us
denote these curves by Cy, C; and by T1, T3 the unit tangent vectors to Cy, C; respectively
and by s, sp the arc lengths along these curves. We assume that Tp, T2 has the direct
orientation at P. Let v be the unit normal at P defined as v=1y x T3. Then at P, Bp,
the second fundamental form at P is the bilinear form

2

ad
@ml— = Y =g, 3.
jk=1 5

where ¢, 1 are the tangent vectors to 0O at P and ¢ = ({1, ¢2) and 1 = (1, n2) in the
basis {T, T2}. In other words,

9
B(C,n) = —% -m, (3.2)

where % denotes differentiation in the ¢ direction.

Let w be a vector field defined in a neighbourhood of O. If P is a point on 90, then by
w, we shall denote the component of w in the direction of v, while we shall denote by
wr, the projection of w on the tangent hyperplane to 90, i.e.

W, =WV, (3.3)
W7 =W — W,V =W, T| + W,T). (3.4)

Here, w;, = w-T; fori =1, 2.
We shall denote by V7 the projection of the gradient vector on the tangent hyperplane

Viu=Vu——v=9Y —1j. (3.5)

Let h be a vector field defined on dO such that h is tangent to O except on a set of zero

measure. Then
2

oh
J

j=1

We now cite Theorem 3.1.1.2 of [8].

Theorem 3.1. Let O be a bounded open subset of R® with a Lipschitz boundary 90.
Assume, in addition that 30 is piecewise C2. Then for all w € (H?(0))> we have

3
ow; dw;
/(div(w))zdx—g fﬁﬂ dx:f {divyp(wywp) 2wr -Vrw, }do
0 o 0x; 0x; 90

— / ((tr ByW? + B(wr, wr)}do.
" (3.7)

Here, dx denotes a volume element and do an element of surface area.
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Consider an element $2; which is assumed to be a curvilinear cube as shown in figure 2.
Let I';; denote one of the faces of €. Let Q be a point inside I'/ ;. The unit tangent
vectors T1, T2 and the unit normal vector v at Q are shown in ﬁgure 2 Consider a point
P € 90I'/; and assume that P is not a vertex of €2;. Then we can define the vector n at
P as the vector belonging to the tangent hyperplane which is orthogonal to the tangent
vector to the curve 917 ; at P. Moreover, n is chosen to point out of I'; 1.i- Recall that Ais
the matrix (a;_ ;). Deﬁne

<8—”> (P) = (X - AVu) (P), where X =n, Ty, T2, V. (3.8)
X ),

Let s1, 52 denote arc lengths along T; and T, and s denote arc length measured along
oI’ ;. Since the differential operator L is strongly elliptic, there exists a positive constant
1o such that

3
> aijgy = polgl. (3.9)
ij=1
Let us write
3
Mu= (i juy;)y; = div(AV,u). (3.10)

i,j=1

We can now prove the following result.

li

P

Figure 2. The element ;.
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Lemma3.1. Letu € H3 (). Then

P2 sin () / 5>

11/1

<pvsm2(¢v)/ LuPdx—p2 sin’ () Zf (8”) (8—”> ds

T, 5(E) ) el g

2 o<t
(3.11)

2

8x, 8x,

Here, C denotes a constant. Moreover, dx denotes a volume element, do an element of
surface area and ds an element of arc length.

Proof. The proof is similar to the proof of Lemmas 3.1 and 3.4 in [7]. We define the
vector field w by w = AV, u. Then using (3.8), we get

9 9
Mu = div(w), (a_i) —w, and (-”) = we,. (3.12)
A A

Applying Theorem 3.1,

aw,‘ Bwj .
|Mu|?dx — f —L dx = / divy (w,wr)do
/ Z r 8)6‘/' 0x; Z ¥ '

i,j=1

=3[ 56 (), 2, en(R),

L,i —1

+B<é1 (;T@)Ar,-, i (aa—gj)Ar,)}da. (3.13)

j=1

Now by Lemma 3.1.3.4 of [8] the following inequality holds for all u € H*():

MOZ

a.e. in Q. Integrating we have

%zf

i,j=1

2 3 3

8wl~ 8wj
+2
8x dxi ij;_l

8%u daj; du

ai;,

Bxl ij 8xj 0xi 0X; E)xl

3 ow; dw;
SZf—LJm
8x,3x] ii=1 Q]r axj 8x,-

+C/,Z

ou
0Xx; axl 0x;

3
2
L]
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The constant C in the above inequality depends on M, where M is a common bound for
all C! norms of the a;, ;. Hence,

s
0
22 [E

ow; dw; / 5
dx+C D"‘ d
Z/Q,ax,ax, el 3 ingutar

0x;0x;
10Xj 2 a)=1

(3.14)

Here, C denotes a generic constant. Now from Lemma 3.2 we have

Z/ divy (wywp)do = Z/ W, W, ds.
i 1—‘lr‘i i ar;i

Here, w, = w - n and n is the vector depicted in figure 2 lying on the tangent hyperplane
at the point P and orthogonal to the tangent vector to the curve 3I'; ;. Now

3
Mu:Lu—Zb,-uxi —cu. (3.15)
i=1

Combining (3.13) and (3.14) and proceeding as in Lemma 3.4 in [7], we obtain

Py sin”(¢) [ Z e
i0Xj
<p sin (¢U)/ |Lu|2dx pv sin (d)v Zfi)r < > ( )ds
Li
ou
_22/’ Z<3T1> 351 ((3_V>A) do

ll]]

+c/ > | D2l dx—i—DZ/ 3 |p%ul? do. (3.16)

2 Jal<1 Tl jal=1

Now for any € > 0, there exists a constant K, such that

/ > |D“”| do <e/ > |Dtul dx+KE/ > |D°‘u| dx.

|a| 1 Y Ja|=2 Y lee|=1
Using this in (3.16) and choosing € small enough (3.11) follows. (I
We now prove the following result which we have used in the proof of Lemma 3.2.

Lemma 3.2. Let w € H2(er) and ', denote one of the faces of $2;. Then

/.

T
Lk

divy (w,wr)do = / W, W, ds. (3.17)
T4

Here, do denotes an element of surface area and ds an element of arc length.
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Proof. We shall use geodesic coordinates to prove the result. For any point P €
closure(Fl” i) there is an open subset U of R? containing (0, 0) such that 7 : U — R3 is
an allowable surface patch for I‘lr’ « in a neighbourhood of P. Moreover, the first funda-
mental form of 7 is d¢2 + G(¢, n)dn?, where G is a smooth function on U such that
G(0,7) =1 and G¢(0, n) =0 whenever (0, n) € U. Hence, for any € >0 we can choose
a fine enough triangulation of I'j ; so that on each triangle there is a set of geodesic coor-
dinates such that |G, /G| < € for all (¢, n) € U; for all i. Here, the curve corresponding
to ¢ =0 is chosen to be a geodesic. All the curves n = constant are geodesics orthogonal
to the curve ¢ =0. This can always be done if the surface patch is small enough. Such a
system of coordinates is called Fermi coordinates [14].
Now integrating over one such triangle we obtain

f divy wywr)do = f Z—(wv(wT T)do

7 (Uy) mU) =1
/ Zw,)(wT —)da (3.18)
nl(Ul)/ !
Clearly,
29
Za_g(WV(WT T] /{ (WU(WT Tl))f
i (U = ! Ui
+8— (Wy(Wr 'Tz))} dgdn.
n
Hence,

2

0
/ > :a_(wv(WT -1)))do =f (Wv(WT TV Gdy
i (Up) j=1 Sj oU;

— Wy, (Wr - 12)d?)

—/ wv(wr-rl)<ﬂ/\/ﬁ)d0.
;i (Uy) 9

dx  d¢ dn dc dn
— =1 — +1VvVG—.
ds Cds +xnds 1ds +T2 ds

Hence, n = 1 «/Gd — Tzflf

Now

is the unit outward normal to d7; (U;). And so

f Z—(wu(wT Tj)do = /wvwnds

(U 1=1 o7 (Uy)

— / wy,(Wr - T1) (@/JE)M

i (U)
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Summing over all triangular elements of the form ; (U;), we obtain using (3.18),
/ divyr(wywr)do = / W, W, ds
r/ Y,

| —Z/ﬁi(m)wu(wm)( f/f)
—Z/ Zwv (wT )d o. (3.19)

iU

Now

VG
'Xi:/m'(Ui) W) <W/‘/E>d0

Next, at the point P the ¢ parameter curves and the 1 parameter curves are geodesics.

ge/ lwi>do . (3.20a)
r

r
Lk

Hence, at P, —-L - T" =0 for any vector T’ which lies on the tangent plane at P. Thus, for
Sj
any € > 0, we can choose a fine enough triangulation so that

81,-
E Wy (Wr - —)do
— Jmi (U ds;

ge/ W2 + |wr|*)do 56/ lw|? do.
Iy Iy,

(3.20b)

Now from (3.19) and (3.20) we obtain the result since € is arbitrary. O

3.2 Estimates for second derivatives in vertex neighbourhoods

In figure 3, the intersection of 2 with a sphere of radius p, with center at the vertex v is
shown. On removing the vertex-edge neighbourhoods, which are shaded, we obtain the
vertex neighbourhood QU (figure 1(b)), where v € V and V denotes the set of vertices.

Choose p, and ¢, so that p, sin(¢,) = Z, a constant, for all ve V. Let S” denote the
intersection of the closure of Q¥ with B, (v) = {x:|x —v| < p,}. SV is divided into tri-
angular and quadrilateral elements SV for 1 < j < [, where I, is a fixed constant. We
impose a geometric mesh in the vertex neighbourhood QY of the vertex v as shown in
figure 3(b) (see [5, 13] for details).

Thus, QV is divided into N, curvilinear cubes and prisms {Q}'}1</<n, . Let (x], xJ, x3)
be the modified system of coordinates in the vertex neighbourhood (see table 1) and let
Q}) be the image of 2} in (x{, x7, x3) coordinates. Now

/ p2|Lu|2dx=/~ eV sin|e®Y Lu|Pd¢dod X . (3.21)
i o
Define

LUu(x’) = e /sin ¢ (e*¥ Lu). (3.22)

‘We have the relation

pViu = Q'Vu, where Q' = O'P". (3.23)
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T3

(@) (b)
Figure 3. Mesh imposed (a) on the spherical boundary SV, and (b) on the vertex
neighbourhood QY.

Here OV is the orthogonal matrix,

cos¢cosf —sinf sin¢ cosd 1 0 0
O"=| cos¢sinfd cosf singsinf and P'= |0 1/sing O
—sin¢ 0 cos ¢ 0 0 1
(3.24a)
Define
V= ()T AQ". (3.24b)

Since ¢o< ¢ < — o, where ¢ denotes a positive constant, so we have ol <A’ <l
for some positive constants 11 and j¢1. Let 2} be a curvilinear cube and let its faces be

denoted by {f'l”i }. We now prove the following result.

Lemma 3.3. There exist positive constants Cy, such that

3
=2 sin* (¢) / =D

r,s=1

oxyox?

< sin(dy) / ILYu(x)Pdx”
a

v au ou
ol X3 G v ds?
e Zﬁr e <anv)Av(avv>Av )

2
v oL ou d u
_ ZZ/;:v‘eXS s1n(xf)Z(an> P <<8vU>A,)> do?
i Li j=l1 J /A J

+c/ 3 e [ Dl dx? (3.25)

@ o<1
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foru € H3(§~2f). Here, dxV denotes a volume element in xV coordinates, doV an element
of surface area and ds® an element of arc length in xV coordinates.

Proof. Let f denote a vector field. Then
672/\"

sin ¢
Take f = AV,u. Therefore,

p dive(f) = div,o (€Y sing (07 f).

-X
/ lp divy (AVyu)|* dx =f |divee (e sing(0Y)T AQUV,vu)dx.
QU

: oh sin ¢
(3.26)

Define

MPu(x’) = div,o (eX/z sin¢A”quu>. (3.27)
Then
X2
——— div, sinpA'V,ou) = MVu(x?
Jemg v (e¥ sin AV, o) u(x")

au cos ¢ ou
X2 v 77
+ e Z( 51n¢a3jax + o al'jax}?

Here, AV is as defined in (3.24b). Define the vector field w by

w=eY"2/sinpA'Vyou . (3.28a)
Then
L'u(x") = diveo (w) + n"u(x"),
where
v v 1X/2 - 3 y ou 1X/2 cos ¢ 3
nu(x’) = _56 \/smfl)Zaijax Z fax
j=1 j=1
+Zb, o +ctu. (3.28b)
Here,
161l oy = 0@ 1" lg o0 = O@*/?)  and
||eX/2\/sin¢Av||1’oo’g~zlv = 0(e?/?). (3.29)

To obtain (3.25) we shall use Theorem 3.1 applied to the vector field w along with Lemma
3.2. Now

2
9 9 9
2/ wT.VTWvda”=2f > e fsing (= —U<e"/2,/sin¢(—“> )da”
7, ry, e ot " ast ovy/) 4u

J J
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2
du d du
=2 X do?
[UIZ‘_ ¢ S‘“¢<81§>Av s ((aw)Av) 7

1,i Jj 1
2
X2 /3 du au d X2 /= ;
+2 Ze Y/ sin ¢ T — (e ,/smqb)da .
o AT " VY ) pv 05
(3.30)
And so using (3.28), (3.29) and (3.30) we obtain
2 3 2 2
@ 2 / X3 d7u dx?
5 sin” (¢v) Q})e ”2::1 PR x

< sinz((}%)/~ |L u(x")[*dx"
&
; u u
) .
- (¢U) lzféﬂ:;j’ eXS Sln()ﬁv) (ﬁ>AU (W)Av dsv

2
_ o v i 314 v
ZIZ/ﬁ,”J e sm(xl)jzl( )Av 957 ((8VU>AU> do
—I—Cv/:v Z &5 ‘Dguu|2dx”+DUZ/ﬁv Z &5 |D)‘fvu|2dov.

I e|<1 i Li |a|=1

ou
v
8'cj

Now for any € > 0 there exists a constant K, such that

/~ Z e ’Dgu}zdav < 6/~ Z e |D?u’2dx”
Iy Q7
Li

oe|=1 I |o|=2
+ IQ/~ Z e |Dgui2dxv.
@ Ja=1
Choosing € small enough, (3.25) follows from the above equation. (]

We now show that the boundary integrals in Lemmas 3.1 and 3.3 coincide when I'} ; =
Fl”m is a portion of the sphere B,, (v) = {x : |x — v| = p,}, except that they have oppo-
site signs. Let QV be the matrix defined in (3.23). Now, if dx is a tangent vector to a curve
in x coordinates then its image in x¥ coordinates is given by dx", where

"7’
0

dx’ = dx . (3.31)

Clearly, the first fundamental form ds? in x coordinates is
ds* = dx"dx = p*(@x")"[(0") ' (") "ldx"
= X (dp® + sin® pdo* +dX?) . (3.32)
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Moreover, on Fl’m,

do = p?sinpdpdo . (3.33)

Choose, T’]’ = (1,0, O)T and ’tg = (0,1, O)T. These are then orthogonal unit tangent
vectors on f‘}(’i since (ds¥)? = d¢? + dO? + d X2. Define
vy—T
(Q, ) TS = ep. (3.34)
sin ¢

Let v¥ = (0, 0, 1)T denote the unit normal vector on l"” Then

T =—(0Y) T = —ep, T =

=—(0") Ty (3.35)

denotes the unit normal to Fi - Finally, let ds’ = (d¢, do, 0)7 denote a tangent vector
field on 1"” Define

ds’=\/d¢? +de?, ds = p,(Q")"Tds’ and ds = p,\/dp2+ sin®(¢)d62.

(3.36)
Letn? = % be the unit outward normal to 8F” Define
m' = <— sin ¢d9 /,/dqb2 + sin® pd6? . (3.37)
Then

n= (0" 'm’ (3.38)

is the unit normal vector to 9], . We now prove the following result.

Lemma 3.4. Let F}(’[ =TI7

I,m*

e  (2) ()

l m

- sin2(¢v) % e sin(xf)(

ary,

Then the following identities hold:

au au v
5 " ds (3.39)
on? ) 4o \ VY J 4u

and

2 sin (¢u)/ Z(&q) as, ((g_?/)A)dO—

Im/l

s o (), (),
j v AV

Av )
(3.40)
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Proof. We first evaluate plz) sinz(d)v)far;m (g—’l‘l)A (a—”) ds. By (3.23) and (3.35)

_ nWT cnyvy—1¢nv\—T _
(8_u) _—(men e )Avvxvu:_1<8u> s
v/ 4 Pv pv \OVY J 4

Now by (3.38)

<§—M) = 0T AV = L (@7 (0") (") T AV ).
/A Pu

Using (3.35), (3.36), (3.37) and (3.38) we obtain

Ju J in ou
— s = sin
on/ 4 il

U> ds®. (3.42)
n Av

Thus, from (3.41) and (3.42) we obtain (3.39). Finally, we evaluate the term

Sln (¢U)»/ Z <3T1> aS] <<§%>A) do-

lm/l

Using (3.34) it is easy to show that

<8u> _—1<8u> and (814) _sin¢(8u>
0T ) 4 oy \OT) ) 0 0t )4 oo \9T5/

(3.43)
il du I 9 ou
— (= = —— and
as1 \\ v/ 4 p3 dsy \\ vV /) 4
1
o (w),) = ((50),.) o
953 \\ 0V /4 pzsing dsy \\dvV /) 4

Moreover, from (3.33)
do = p’singdo®. (3.45)

Hence,

Combining (3.43), (3.44) and (3.45) we obtain (3.40). U
3.3 Estimates for second derivatives in vertex-edge neighbourhoods

Figure 1(d) shows the vertex-edge neighbourhood Q2'~¢ of the vertex v and the edge e.
A geometric mesh is imposed on Q¢ as shown in figure 4 (see [5, 13] for details).

To proceed further, let (x;™°, x5, 3” ~¢) be the modified coordinates introduced in the

vertex-edge neighbourhood Q” ¢ (see table 1). Let V¢ be the image of Q"¢ inx""¢
coordinates. Thus, V¢ is divided into NV~¢ = V~¢(N + 1)? hexahedrons 2, 7¢. Now

Veou = J""Vyv—eu, (3.46)
where
secZpcotp 0 —tang
Ju—e — 0 1 0 . (3.47)
0 0 1
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€3

T2

Figure 4. Geometric mesh imposed on QV7¢.

We now need to evaluate
/ ,02 sin2¢|Lu(x)|2dx .
ay
Let V¢ denote the image of 22~¢ in x" coordinates. Then
/ 02 sin” ¢|Lu(x)|*dx = / sin? | L u(xV)dx".
Qe Qe

Let f denote a vector field. Then

1
diver (f) = ————div,v-e(sing cos p (JU~)T f). (3.48)
sin ¢ cos ¢
Moreover,
/ p>sin® ¢ | Lu(x) |* dx =/~ sin® ¢ cos @|LVu(xV)|> dx"~°.
Qe ane
Define

L' u(x""%) = (sing)*/?*(cos ¢) /> Lu(x") . (3.49)
Then using (3.27), (3.46) and (3.48) we can write
L' u(x'"%) = (sing)'/*(cosp)~'/?
div,o—e (e /% (sin)>/? cos p (J' )T AV TV 7V, v—cur)

2
—|— Z b;jieux_vfe + Cv_eu . (350)

i=1
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Define
MP~u(x*"¢) = divyo-c (e /% (cos )/ sin® ¢ (JV ") T AV TV "V o—eur)
or

M ~u(xV"%) = divyo-e (/A "V omeur),
where AV™¢ =sin” ¢ (J' )T AV IV, (3.51)

Using (3.25)

AV = (KT AKV, (3.52)
where
1 —sin? ¢
K" =0"R" and R=| 9" | %
= = 0 1 0
0 O sing
Now
(tan ¢)"/?div,v—c (e*/?(sin ¢)>/? cosd)(J”_e) AY J”_EVXL eu)
— Mv—eu(xv—e) /ZZAiJJea =
Hence, using (3.50),
L' u(x’"¢) =M " °u(x""%) +n" " u(x""°). (3.53)
Here,
nv—eu(xv—e) — {/ZZAU e l/vau(xv)
3
_ emZAf]ea e
x i=1
Moreover, using (3.28b), (3.29) and (3.48), it can be shown that
||z3,.”—e||0m’@zfe = 0@ fori=1,2,
||13”*"||0m’@57e = 0(?sing)  and
18" Ng 0.0 = 0 (¥ sin3 ¢) . (3.54)

Note that the matrix AV~¢ defined in (3.52) becomes singular as ¢ — 0. To overcome
this problem, we introduce a new set of local variables y = (y1, y2, ¥3) in

Q=(x: ¢ <d <y, 07 <0 <07, 80" < x3 < 8u(u) )

defined by
o= x;"°
2 o= x5 °,
_
y3 = . (3.55)

sin (¢1:1)
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In making this transformation QZ’E is mapped to a hexahedron QZ’e such that the length
of the y3 side becomes large as ! ~¢ approaches the edge of the domain . It is important
to note that the trace and embedding theorems in the theory of Sobolev spaces remain
valid with a uniform constant for all the domains SAZZ_E . Now it is easy to see that

MV u(x""¢) = div, (/2 A’ Vyu), where AY = (N*)T ANY. (3.56)
Here, by (3.51) and (3.52),
1 0 — sin® ¢
cos(¢) sin(¢;:f) cos(¢)
NY=0"Q’, Q= 0 1 0
0 0 sin(¢)
sin(91;7)

Clearly, there exist positive constants (g and | such that
nol < AV <yl (3.57)

for all elements 2/, ~¢. Moreover, there exists a constant C such that aiy j and its derivatives

with respect to y are uniformly bounded in Q};_e. Here, aiy j denotes the elements of the
matrix AY. Hence, we obtain the following result.

Lemma 3.5. Letw"™¢(x{ ™) be a smooth, positive weight function such that w*~¢(x; ") =1
for all x{™° such that

28
x{7¢ > "¢ =In(tan(¢; ")) and / w’ " (x]7¢) = 1.

—00

Then there exists a positive constant Cy—, such that the estimate

2 2 2 2 2 2 2
o e 0“u .2 0“u
2| B E —— ] + ) sin -

2 <8xi"_eax;_e> P ¢ (axl.”—eaxg—e

ou—e i,j=1
2
92u
c 4 v—e
+ sin T dx
@) ( - (x:f_‘)2>

— — 2 —
S/ |Lv eu(xv e)| dxv e
Que

v—e d d
et ), (5o
X 3]:":7(6' onv—¢ Av—e avv—¢ Av—e
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+ / e W wh T (V) dx (3.58)
oy
holds for all Q)¢ C QV~¢.

Proof. Since the spectral element function u(x") is a function of only x;~“ if Q)¢ C
{x 0< ¢ < d)’f*"}, the result follows. Here, we have used the fact that the second
fundamental form is identically zero. U

We now state the following result and refer to Appendix B of [13] for the proof.

Lemma 3.6. Let I') ; = I'j7. Then the following identity holds.
v 0 0
sin2(¢v)?§ e sin(x? < “ ) (—”> ds’
31:;;[ onV AV avY Av
-2 smz(qﬁv)/ 5 sin(xy) Z < ) 5 U) )do”
VoS av
_ _% ex:g—e ou
af‘;;e 3n”_e Av—e VU ¢ Av—e
2
v—e Ju 0 ou _
f L), ((avv—e) ) e

j=1 J

3.4 Estimates for second derivatives in edge neighbourhoods

Consider the edge ¢ whose end points are v and v'. Figure 1¢ shows the edge neighbour-
hood Q¢ of the edge e. We impose a geometrical mesh on ¢ shown in figure 5 as in [5,
13]. Let Q¢ denote an element

={x:r]‘f<r<r;i’+1,9,f<9<0,f+l, Zy <x3<Zp 1} (3.60)
in the geometrical mesh. Let (x{, x5, x5) be the modified coordinates introduced in the
edge neighbourhood Q¢ (see table 1). Let Qﬁ denote the image of ¢ in x° coordinate.

Now

Viu = R°Vyeu, (3.61)
where
e Tcosh —e Tsinh O
R=| e "sinf e Tcosd O |. (3.62)
0 0 1

Let f denote a vector field. Then

dive(f) = e 27 divye (2T (R)T f) . (3.63)
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N <§§>
Pv'
]{5,,, = Pyt COS Oy

Z = pysin ¢, éﬁ

[
2\ > “ 1& = Py, COS O,
by o
v

kot

Figure 5. Geometrical mesh imposed on 2¢.

‘We need to evaluate

f (p2sin2¢)|Lu(x)|2dx=/ r2|Lu(x)|2dx=f~ 1e%" Lu(x)|>dx€.
of Q o

(3.64)
Let M€u(x®) = ¢** Mu(x). Then
Meu(x®) = diver (¥ (R)T AR Veu) = divye (A°Vyeur). (3.65)
Here,
cos —sind 0
A= (5)TAS® and  S°=| sin® cos® O |. (3.66)
0 0 et
Hence,
3
¥ Lu(x) = divye (A°Vyeu) + Y bfuye +u . (3.67)
=1
Note that '
16N 00.0e = O™ and (&l po. e = O(€). (3.68)

Now the matrix A° becomes singular as the element ¢, approaches the edge e. To over-

come the singular nature of A¢ as r — 0, we introduce a set of local coordinates z in Q;
defined by

71 = xi,

2 = x5,
3

73 = - (3.69)
rj_H

Then QZ is mapped onto the hexahedron QZ such that the length of the z3 side becomes
large as ¢, approaches the edge of the domain 2. Now it is easy to see that

Méu(x®) = M*u(z) = div; (A*V.u). (3.70)
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Here,

cosf sinfd O

A* = (THTAT?, T¢=| —sind cosg 0 | 3.71)
e
0 0 Tit1

Clearly, there exist positive constants o and /1 such that
ol < A* < il (3.72)

Moreover, there exists a constant C such that a; j and its derivatives with respect to z are

uniformly bounded in fZZ Here, al.Z j denotes the elements of the matrix A*. Hence, we
obtain

Lemma 3.1. Let wé(xY) be a smooth,positive weight function such that wé(x{) =1 for all

¢ . ..
x{ > t{ =In(r{) and . w*(x{) dx{ = 1. Then there exists a positive constant C such

that
) 2
2L, Z (Q:Q;) “%i_il(aj:;xs)z*eh (882) "
< fg L) dx* i;fm (3n‘)Ae <3856>A9 "
Sxf 3 (), (), )
Wk 1=1 brae Tl v
+C, {/ (; <%>2 L (;}:)2) dx

+/_ ulw “(x{)dx® } (3.73)
Qll

holds for all Q¢ C Q°.

Proof. Since the spectral element function u(x¢) is a function of only x5 if Qf C {x :
r< rf}, the result follows. Here, we have used the fact that the second fundamental form
is zero. O

Finally, we state the following results and refer to Appendix B of [13] for proofs.

Lemma 3.8. Let F;’k = FZ;e. Then

% & ( ou ) ( ou ) ds'™¢
af‘::;e 8n”_e Av—e B‘V”_e Av—e
—e 0 ou
2L = (7))
Z (31’" e>Aue as}j ¢ ovv—e Av—e
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a a
BAORCR,
al"f:k 3n A€ 3\/ Ae
2
ou a au
2 — do®. 3.74
o) () as () o e
]:] u,k J/ Ae J

Lemma 3.9. Let Fs = 1"’ Then

ou ou B 5 ou du
féﬂ:;k (3"6)/49 <8ne)A S (@) ?gr’ ( ) <3V)Ads

(3.75)

and

2
d d
> [ (), e () o
A€ 8Sm ave A€

m=1
uk

3
— —p2sin(y) Z / (arm) i (%)Ado. (3.76)

m=1
Fl,

4. Estimates for lower order derivatives
The estimates for the lower order derivatives are obtained as in [2].
Lemma 4.1. We can define a set of corrections {n]}i=1,...n,, {nl”}lzlﬂ__”Nv forv €V,

" Yi=t1,..Ny_, for v—e € V — & and {nf}1=1,...n, for e € E such that the corrected
spectral element function p defined as

p; =u; +ny, forl:l,...,Nr,

pl =uj +n/, forl=1,...,N, and veY,

pl C=u"+n"¢ forl=1,...,Ny, and v—eecV—E,
pi =uj +ny, forl_l,..., . and ec€é&,

is conforming and p € HO1 (Q) i.e. p € HY(Q) and p vanishes on T, Define

N, Ny
U AED = Y Isf ) g+ Y [sred e &
= vey I=1

Ny—e asv—e 2
l
Fr X L)
v—ecV-E =1

(&) =) <00

3

2
22 aslvie v—eyn2 v—e
+ sin“ ¢ P +(s; )7 ) dx
X
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Ny—e
+ /: enge(slv—e)Z wvfe(xvfe) dxV—¢
= Jar
() ~)=00
2 2
sy sy
D DS (AR S RITE T
ec& =1 i=1 E
() <00
Ne
+ ) /:(sf)zwe(xf)dxe : (4.1)
_ Qf
w(Q)=00
Then the estimate
uliv arEh = cw VNV (FED (4.2)

holds. Here, Cy is a constant, if the spectral element functions are conforming on the
wirebasket WB of the elements, otherwise Cywy = C(In W), where C is a constant.

Proof. The proof is provided in Appendix C of [13]. (]
Using Lemma 4.1 we obtain the following result.

Theorem 4.1. The following estimate for the spectral element functions holds:

Ul AFD = Knw VY AFD. (4.3)

Here, Kn.w = CN*, when the boundary conditions are mixed and Ky w = C(In W)2
when the boundary conditions are Dirichlet. If the spectral element functions vanish on
the wirebasket WB of the elements then Ky w = C(In W)?2, where C is a constant.

Proof. The proof is provided in Appendix C of [13]. O

5. Estimates for terms in the interior
5.1 Estimates for terms in the interior of Q"

Lemma 5.1. Let €2;, and $2), be elements in the regular region Q" of S and IV . beaface
of Q) and l"r be aface of 2, such that '} . = Fr . Then for any € > 0 there exists a
constant C¢ such that for W large enough,

/ N (B () (20 g
arr ov /o, \ on /4, ov /,\on J,

m

3
< CetnW)? [l 1| e

+e ) (IDFuplIf op +IDS I3 o). (5.1)

I<|a|=2
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Proof. The proof is similar to the proof of Lemma 3.3 in [7] and we refer to Appendix D
of [13] for details.

Lemma 5.2. Let 2}, and Q; be elements in the regular region Q" of Q and I}, . be a face
of 2, and 1"’ be a face of ), such that I') , = 1"” . Then for any € > 0, there exists
a constant C6 mch that for W large enough,

i / (%) i(%) o / (%)i(%) o
sl ., 3’['/' 8S,’ v A :7,./' 81.,- Aasj v A

<Cc(In W)ZZ H[Mxk]H /2,1,

+ey (uD wllo.r, HIDS UG 00 )- (5.2)

1<]a|<2

Proof. The proof is similar to the proof of Lemma 3.3 in [7] and we refer to Appendix D
of [13]. O

5.2 Estimates for terms in the interior of Q°

Lemma 5.3. Let Qj, and S, be elements in the edge neighbourhood Q° of Q2 and T}, ; be

a face of Q¢ and Fe be aface of §}, such that ry = Fe and ,u(Fe ;) < 0. Then
forany € > 0, there exzsts a constant C6 such that for w large enough

Fo (L) () (D) (22) ar
are on® J 4o \ 0ve J 4e Bn e \OVE )/ 4e

< Cen W) (lupelllZe + [TelllIZ,

m,i

2
8%u¢
) k
+|||Gml[ux§]|||f~§”)+ € Z /;”Zg ij_lz(ax.eax?>

k=m,p

2 2¢ \?2 26 \2 2 eN 2
0“u 0°u u
2t 4t k k
+e Y ) e ) +D
¢ <8xk8x3) ¢ ((3x§)2) ; <8x.e>

i=1
a e

2 (i’;> dxe | . (5.3a)
8x3

Here, C is a constant which depend on € but is uniform for all f‘;l ; © Q¢ and Gy, =

squfef“fnJ.(et)' prc(lr‘fn’i) = 00, then for any € > 0, for W, N large enough,

fo(() (o) () (M) Y
-\ — — s

are on® J 4o \ 0V° J4e one ) 4o \ 0ve J4e

56([ (W) we (x$)dx® + / (ufn)zwe(xf)dxe> (5.3b)

provided W = 0 (eN") witha < 1/2.
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The proof is provided in Appendix D of [13].

Lemma 5.4. Let Q, and Q}, be elements in the edge neighbourhood Q¢ of S and Iy . be
a face of Q¢, and Fe be aface of Qf, such that Ty, ; = F; j and ,u(l"e ;) < oo. Then

m,i
forany € > () there exzsts a constant Ce such that for W large enough,

E),5(G2).)- (6,3 (D).

<Cc(In W)zqmux;nu%e el 411Gy, e 111 )

2 2
2 2 2
/‘ 0-uy s 0-uy,

e Z 8xf8x; Z - 8xf8x§

ko\i,j=12 i=

ug 2
<—L> dx®|. (5.4a)

0x3

+eZ

k=m,p

9%u¢ ou’
+e4r k2 +§ :( l;) —1—627
(Bxe) i=1 axi

3

o}

Ifli(f‘f,,,i) = 00, then for any € > 0, for W, N large enough,

re = \\otf ) asf \\ove ) 0t ) 4o asp \\ave ) 4

<e < f W) w® (x$) dx® + / (ufn)zwe(xf)dxe) (5.4b)
Qe Qe

provided W = 0 (eN") witha < 1/2.

The proof is provided in Appendix D of [13].
We now state estimates for terms in the interior of vertex neighbourhoods and vertex-
edge neighbourhoods, the proofs of which are similar to those for Lemmas 5.1 to 5.4.

5.3 Estimates for terms in the interior of QV

Lemma5.5. Let S2;, and S}, be elements in the vertex neighbourhood Q¥ of 2 and '}, ;
be a face of 2}, and F” be a face of 2, such that '), ; = 1"” . Then for any € > O
there exists a constant C6 such that for W large enough

v uV ou? ou? ou?
oo o (), (50), - (), (R2), o
ary on? J 4o \ VY J 4 on? J 4o \0V' ) 4u

m,i

< Cc(nW)? ZR el ey

+e Y (||ex§/2D§vu;;,||§Qv + [le /2 D% u, Hom) (5.5)

I<|a|=2
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Here, R) . = sup ., v _(e"SU). If,u(f‘r';’i) = 00, then the integral in the right-hand side
of (5.5) is zero. 1

Lemma 5.6. Let $2,, and 2}, be elements in the vertex neighbourhood Q" of 2 and '}

m,i

be a face of 2, and F;’] be a face of 2}, such that T’y , = F” . Then for any € > 0,
there exists a constant C¢ such that for W large enough,

2 U v
v d d
(1 omol(32), 2 (),
=1 \Y Th. oty ds; 0V ) 4o
ou? P ou?
. G), e () )""”})‘
F;.j T Av 98] V J pv

3
< CenW)? Yy Ry 1] e
k=1 )

+e Y (leS2Dhub, |2

0.q + 1€ 2DEup g

o6 (5.6)

I<la|<2
Ify,(f‘;)n,i) = 00, then the integral in the right-hand side of (5.6) is zero.

5.4 Estimates for terms in the interior of QV~¢

Lemma 5.7. Let S2,7¢ and Q"¢ be elements in the vertex-edge neighbourhood Q'™° of

Qand T, ¢ be a face of ¢ and FU * be a face of Q)¢ such that T}, ¢ = F; ]" Then
forany € > 0, there exists a constant C6 such that for W large enough

e ouv—¢e quv—e ouv—¢ ouv—¢
b (Go) () - (G) () )
3["1;:’? on Av—e v Av—e on Av—e av Av—e

< Ce(tn W) (10t v-e 1Ml Foe + 110 0-eI1Fue + 1 Ep Lt a-ellF0-)

m,i

2
3%uy ¢ 3%uy
+6 Z -/Qv_e Z <a U €axv €>+Sln ¢Z(axv ea v— e)
k i,j=1,2

k=m,p

92uv—¢ 2 ul=e 2 uv—e 2
-4 uy k 2 k v—e
+sin ¢<( = ) E ( ) ¢(8x§_e> dx . (5.7a)
X3 i=1

Here, C¢ is a constant which depend on € but is uniform for all I:fn_ie C Qv and
v—e __ 5 :
Em,i = suva_germe(smd)).
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prL(f’fnJ) = 00, then for any € > 0

% e <8u;’n_e> <8u};1_“’ > B au}’;e Bu;’e Jgv—e
Bf‘fnje 3n”*e Av—e a'VUie Av—e 3nv*" Av—e Av—e

avv—e
Se Z / (l/l )2 v— e(xv E)dxv—e‘

k=m,p

(5.7b)

for W, N large enough provided W = O (eN") witha < 1/2.

Lemma 5.8. Let $2,7¢ and ¢ be elements in the edge neighbourhood Q"~¢ of 2 and

L)~ be a face of Q¢ and F; je be a face of Q"¢ such that T') "¢ = F” ¢. Then for
any e > 0, there exists a constant C such that for W large enough,

L), (30,

r,”nf = e as, ¢ Ve ) oo

(), (R5), )
at) ¢ e as) ¢ \\ovv—e e

< Celln W (U0t e + I gme e+ 11ES T =M1

azuzfe 2 92u 2
L2 (—axv_eaxv_e> sin ¢Z(—>
k=m,p k s s i

v—e v—e
; j dx; 0

(5.8a)
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<el|l > /Q M T da (5.8b)
k

k=m,p

for W, N large enough, provided W = O (eN") witha < 1/2.

6. Estimates for terms on the boundary
6.1 Estimates for terms on the boundary of Q"

To simplify the presentation we assume the face constituting part of the boundary of €2 lies
on the x; —x3 plane. The contributions from the boundary which have to be estimated will
then consist of terms from the regular region, the vertex region, the vertex-edge region and
the edge region as shown in figure 6. We first examine how to estimate the terms on the
boundary of Q2 for the regular region, and terms from the other regions can be estimated
similarly.

Lemma 6.1. Let F,’mj be part of the boundary of the element 2, which lies on the xo — x3
axis. Define the contributions from I'}, j by

(BT),, ; = plsin’(dy) —55 (g—:‘l) (g—i) ds
A A

2
ou 0 ou
+2f <_) _<<_> >d . 6.1)
2 ot; ) os; \\av ), )%

P
S

FS TPG‘@

r
m,j

v—e
n,l Z’W é ]_"Zl

T

Ty

Figure 6. Boundary terms.
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If Dirichlet boundary conditions are imposed on T}, I then for any € > 0, there exist
constants C. and K such that

((BT);, ;1 < Cen W) |3 0+ Ke D 105,150
la|=1
+e Y ||Dj§u;1||(2),% ) (6.2)

|o|=2

If Neumann boundary conditions are imposed on I'"

m j
constant CE Such that
A

Proof. The proof is provided in Appendix D of [13]. (]

then for any € > 0 there exists a

2
((BT)}, ;| < CelnW)? +e Y IDupI3g . (63)

12,1, 1<]a|<2

6.2 Estimates for terms on the boundary of Q¢

Lemma 6.2. Let an’ j be part of the boundary of the element Q0§ which lies on the xo — x3
axis. Define the contributions from 1"51’ j by

du ou
(BT)fn,j = — % (ane) . (W)Aedse

61"‘

RO (CONTE

If Dirichlet boundary conditions are imposed on T';, m, j and p(I'¢

m,j
€ > 0, there exists constants C¢, K such that for W large enough

) < 0o, then for any

BT | < C.(nW)? | u¢ Outy,
[(BT),, ;| = Ce(InW)~ | lluy, IIOF, 8_xf
o (||
+ m,j a§ f‘i’

92u¢ g
4ot —)’"2 dx® (6.5)



Proof of stability theorem 443

If Neumann boundary conditions are imposed on l"e and ,u(Fe ) < 00, then for any
€ > 0 there exists a constant C. such that

ou
v ),

2 2 32 e 2
e 2
[(BT)y, ;1< Ce(In W) a Qe 2 Bxeax)
m,j i,j=1
2 2.e 2 2
0“u
2t m
te Z(axfaxg)

32 e
— <<8x§>2> +§<8x )

due \?
T (ﬁ) )df). (6.6)
8x3

If,u(f*;’j) = 00, then for any € > 0 for N, W large enough,

(BTY, | <e / (W (x)de,
§25
provided W = 0(e™) fora < 1/2.
Proof. The proof is provided in Appendix D of [13]. (]

We now state estimates for terms on the boundary of vertex neighbourhoods and vertex-
edge neighbourhoods, the proofs of which are similar to those for Lemmas 6.1 and 6.2.

6.3 Estimates for terms on the boundary of Q¥

Lemma 6.3. LetT')) m, be part of the boundary of the element 2}, which lies on the xo — x3
axis. Define the contributions from F” by

(BT),.; = sin2<¢v>( 56 et sin(xn(an,,) (aavuv) ds*
v v AV

m J

XU . ou v
_2/?"./(? 3 51n(x1)2<aTl) P ((aw)Av)dU ) (6.7)

If Dirichlet boundary conditions are imposed on F” and ,u(l"” ) < 00, then for any
€ > 0, there exists constants C¢ and K. such that

|(BT)), ;| < Ce(nW)?RY llup|I3

3/2,Ty,
+K€Z||e’%/20%u ||§Qg+e2||ex§/2o%u ||(2)Qv (6.8)
la]=1 |o|=2
If Neumann boundary conditions are imposed on Fm i then
|(BT)}, ;I<Cc(nW)*R}, (av'g) e Y v/ IDZvttn 11 0 -
ATT2TL 5 1gjel<2 "
(6.9)

If (T, ) = oo, then (BT, ; =0,
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6.4 Estimates for terms on the boundary of Q¢

Lemma 6.4. Let 1"5:; be part of the boundary of the element 2),~¢ which lies on the

Xo — x3 axis. Define the contributions from F;’n_je by

(BT ¢ = _f e3<aau> (aa:e> Jsv—e
’ arv—e n"—°/ jv—e VETE ) pv—e

m,j

2 ( ou 3 du
- o doV"¢(6.10
ff ¢ Z(aT;’—E)AU_eas;—e <<avve)A”) or(6.10)

v—e
m,j =1

If Dirichlet boundary conditions are imposed on F,',fj" and ,u(f'r”r;f) < 00, then for any
€ > 0, there exists constants C¢ and K. such that

) ) quv—¢ 2
(BT, 51 = CenW)? (I e + ||| 53
m,i 1 f‘v_f’
m.j
2
+ E”‘?(a”;}" e)
m,J axé)—e f‘:;,e

32uvfe 2 5 2 a2uvfe 2
om0 +Sin 7m0
axoxv ¢ (;5; dx; “oxy ¢

2
32 v—e
+sin4¢(L) dx"=. 6.11)
X

If Neumann boundary conditions are imposed on F:if/‘ and u(f‘:;je) < 00, then for any
€ > 0, there exists a constant C such that

ou
Ivee ) pvelllpoe
2 2., v—e 2
0“u
+e€ —r 6.12
/7"_6 i/z'—:l(axiv_eax})_e) 1
5 82uvfe 2 4 82uvfe
+ sin —— ™ ] +sin —m
¢Z ax; “oxy ¢ ¢ (0x39)?
2 8MU—€ 2
m
+>° PN (6.13)

2
a v—e
+sin2¢( ] ) dx’= | . (6.14)
X

2

I(BT)5 ¢l < Ce(lnW)?
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If/L(l:‘:;f) = 00, then for any € > 0, for N, W large enough,

m,j

|(BT)U e| <6/ (u;—e)2wv—e(xi)fe)dxv—e
Q€

provided W = 0(eN") fora < 1/2.

7. Proof of the stability theorem

We are now in a position to prove the stability estimates of [5]. We cite these again.

Theorem 7.1 (Theorem 4.1 of [5]). Consider the elliptic boundary value problem (2.1).
Suppose the boundary conditions are Dirichlet. Then

UNY(FD < Cln WV FD
provided W = O(eNa)fora < 1/2.

Theorem 7.2 (Theorem 4.2 of [5]). If the boundary conditions for the elliptic boundary
value problem (2.1) are mixed, then

U™V (Fp < NV FD
provided W = 0(eN") fora < 1/2.

Theorem 7.3 (Theorem 4.3 of [S]). If the spectral element functions ({F,}) are con-
forming on the wire basket WB and vanish on WB, then

UNY(FD < Cln WV FD (7.1)
provided W = O(eNa)fora < 1/2.

Proof. Define

9u g
us" AFD = Z/ Z(zu,ai,) dx

ll]

Bzu}’ 2

v

Y f )

vey =1, i J
(@) <o

2
92uve
l
DI S R (P e
v—eeV-€ =1, i,j=1,2 i J
()~ <00

U e 2 a2u;ffe 2
. 4 _
+Sll’l 455 <3 = e& g e) 4+ sin ¢<W) d_xv e
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Ne 2 e 2 2 2.e 2
0“u; 2 0“u;
LY LT () ek
=1, 1 l,j:l, =1 i
() <oo

2
82 e
+e*T (—u12) dx®.
(0x5)
Then combining the results in sections 3, 4, 5 and 6, we obtain that for any € > 0, there
exist constants C. and K. such that
U AFD < Ccn WMV (FED + ety AFD

KUl (Fa). (7.2)

Here, Z/l(l) ({fu}) is as defined in (4.1). Hence, choosing € small enough, we obtain

USY (FD < 2Ccan WV (FD) + KUY (F). (73)
At the same time using Theorem 4.1, we have
Ul AFD = Knw VY AFD. (7.4)
Moreover,
U™V (FmD = Ul AFD + Ul AFD. (7.5)
Combining (7.3), (7.4) and (7.5) the result follows. [l

We have now established our main stability estimate theorem which will be the foundation
stone for designing an efficient and exponentially accurate numerical scheme, parallel
preconditioner and error estimates for elliptic boundary value problems on polyhedral
domains containing singularities in the framework of the /-p spectral element method in
the forthcoming work.

Acknowledgements

The authors would like to thank Prof. Rukmini Dey for her helpful discussions in the
preparation of the manuscript. The second author is thankful to the Council of Scien-
tific and Industrial Research (CSIR), New Delhi for supporting this research work. This
work was carried out at the Department of Mathematics, Indian Institute of Technology,
Kanpur.

References

[1] Babuska I and Guo B, Regularity of the solutions for elliptic problems on non-smooth
domains in R3, Part I: Countably normed spaces on polyhedral domains, Proc. Royal
Society of Edinburgh 127A (1997) 77-126

[2] Babuska I and Guo B, Regularity of the solutions for elliptic problems on non-smooth
domains in R3, Part II: Regularity in neighbourhoods of edges, Proc. Royal Society of
Edinburgh 127A (1997) 517-545



[13]

Proof of stability theorem 447

Babuska I and Guo B, Approximation peroperties of the /-p version of the finite element
method, Comp. Methods Appl. Mech. Engrg. 133 (1996) 319-346

Babuska I, Guo B, Andersson B, Oh H S and Melenk J M, Finite element methods for
solving problems with singular solutions, J. Comp. Appl. Math. 74 (1996) 51-70

Dutt P, Akhlaq Husain, Vasudeva Murthy A S and Upadhyay C S, h-p Spectral ele-
ment methods for three dimensional elliptic problems on non-smooth domains, Part-1:
Regularity estimates and stability theorem, submitted for publication

Dutt P, Akhlaq Husain, Vasudeva Murthy A S and Upadhyay C S, - p Spectral element
methods for three dimensional elliptic problems on non-smooth domains, Appl. Math.
Comput. 234 (2014) 13-35

Dutt P and Tomar S, Stability estimates for s-p spectral element methods for general
elliptic problems on curvilinear domains, Proc. Indian Acad. Sci. (Math. Sci.) 113(4)
(2003) 395429

Grisvard P, Elliptic problems in non-smooth domains, Monographs and Studies in
Mathematics 24 (1985) (Pitman Advanced Publishing Program)

Guo B, h-p version of the finite element method in R3, Theory and algorithm, in:
Proceeding of ICOSAHOM’95 (eds) A Ilin and R Scott (1995) pp. 487-500

Guo B, Optimal finite element approaches for elasticity problems on non-smooth
domains in R3, in: Computaional Mechanics’s (1995) (Springer) vol. 1, pp. 427—432
Guo B and Oh S H, The method of auxiliary mapping for the finite element solutions of
elliptic partial differential equations on non-smooth domains in R>, available at http:/
home.cc.umanitoba.ca/~guo/publication.htm (1995)

Guo B, The h-p version of the finite element method for solving boundary value prob-
lems in polyhedral domains, in: Boundary value problems and integral equations in
non-smooth domains (eds) M Costabel, M Dauge and C Nicaise (1994) (Marcel Dekker
Inc) pp. 101-120

Husain Akhlagq, /- p spectral element methods for three dimensional elliptic problems on
non-smooth domains using parallel computers, Ph.D. Thesis, IIT Kanpur, India, Reprint
available at arXiv:1110.2316 (2011)

[14] Wolfgang Kuhnel, Differential geometry, curves-surfaces-manifolds (2005) (AMS,

Student Mathematical Library) p. 96

COMMUNICATING EDITOR: B V Rajarama Bhat



