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Abstract.  In this paper, we establish some left and right multiplicative perturbation
theorems concerning local C-semigroups when the generator A of a perturbed local
C-semigroup S(-) may not be densely defined and the perturbation operator B is a
bounded linear operator from D(A) into R(C) such that CB = BC on D(A), which
can be applied to obtain some additive perturbation theorems for local C-semigroups in
which B is a bounded linear operator from [D(A)] into R(C) such that CB = BC on
D(A). We also show that the perturbations of a (local) C-semigroup S(-) are exponen-
tially bounded (resp., norm continuous, locally Lipschitz continuous, or exponentially
Lipschitz continuous) if S(-) is.
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1. Introduction

Throughout this paper, we always assume that X is a Banach space with norm | - ||,
and L(X) denotes the set of all bounded linear operators on X. Let 0 < Tp < oo, and
C € L(X) be injective. A family S(:)(= {S(¢) |0 <t < Tp}) in L(X) is called a local
C-semigroup on X if it is strongly continuous, S(0) = C on X and satisfies

(1.1) S(#)S(s) = S(t+s)C forall0 <t,s,t+s < Tp (see [8]). In this case, the generator
of S(-) is a linear operator A in X defined by D(A) = {x € X | lim,_ o+ (S(h)x —
Cx)/h € R(C)} and Ax = C~'limy,_, o+ (S(h)x — Cx)/h for x € D(A);

(1.2) We say that S(-) is locally Lipschitz continuous, if for each 0 < 79 < Tj there exists
a K, > Osuchthat [|S(t +h) — S@)|| < Kiyhforall0 < ¢, h,t +h < to;

(1.3) Exponentially bounded, if 7o = oo and there exist K, @ > 0 such that |S(?)| <
Ke® forallt > 0;

(1.4) Exponentially Lipschitz continuous, if 7o = oo and there exist K, @ > 0 such that
1St +h) — S@)|| < Khe®" forall ¢, h > 0.

Perturbation of local C-semigroups is one of the subjects in the theory of semigroup
which has been extensively studied by many authors for multiplicative and additive per-
turbations of cg-semigroups and C-semigroups appearing in [1, 2, 6, 7, 10, 12, 13].
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Liang et al. [5] have also obtained some right-multiplicative perturbation theorems for
local C-semigroups in which the operator C may not commute with the bounded perturba-
tion operator B on X and satisfies an estimation that is similar to the condition (2.6) below.
In this case, C"'A(I + B)C generates a local C-semigroup on X when CA(I + B) C
A(I+B)C . Along this line, they also establish some left-multiplicative perturbation theo-
rems for local C-semigroups on X with densely defined generators. In this case, (I + B)A
generates a local C-semigroup on X when C NI+ B)AC = (I1+B)A (see [14]); this can
be applied to obtain an extension of the classical additive perturbation for co-semigroups
as in [6]. Unfortunately, the growth conditions of additive and multiplicative perturba-
tions of S(-) are not considered in [5, 14]. Recently, the author obtained some additive
perturbation theorems in [3] for local C-semigroups with or without the exponential
boundedness (resp., norm continuity, local Lipschitz continuity, or exponential Lipschitz
continuity) in which the perturbation operator B may not be a bounded linear operator in
X. Some results concerning this topic are also investigated in [4, 8, 9] except for growth
conditions. The purpose of this paper is to establish some left and right multiplicative
perturbation theorems for local C-semigroups with or without exponential boundedness
(resp., norm continuity, local Lipschitz continuity, or exponential Lipschitz continuity) as
in [5, 14] except for growth conditions. In [14], the assumption of the generator A of a
perturbed local C-semigroup S(-) is densely defined and can be deleted here. The per-
turbation operator B is only a bounded linear operator on D(A), and the assumption of
C~'(1 + B)AC = (I + B)A is not necessary (see Theorems 2.5 and 2.9 below), which
can be applied to obtain some new left and right multiplicative perturbation theorems for
locally Lipschitz continuous local C-semigroups (see Theorems 2.6 and 2.10 below) and
to extend some Miyadera type additive perturbation results in [14] for local C-semigroups
with or without the exponential boundedness (resp., norm continuity, local Lipschitz
continuity, or exponential Lipschitz continuity) (see Theorems 2.13-2.14 and 2.17-2.18
below). An illustrative example concerning these results is also presented in this paper.

2. Perturbation theorems

In this section, we first note some basic properties of a local C-semigroup and known
results about connections between the generator of a local C-semigroup and strong
solutions of the following abstract Cauchy problem:

u'(t) = Au(t) + f(r) fort € (0, Tp),

ACP(A, £, x) { 2 (@) — x,

where x € X and f is an X-valued function defined on a subset of [0, Tj).

PROPOSITION 2.1 (see [8, 11])

Let A be the generator of a local C-semigroup S(-) on X. Then

2.1) S@)S(s) =Ss)S@) for0 <t,s,t +s < To;

(2.2) A is closed and C~'AC = A;

(2.3) S(t)x € D(A) and S(t)Ax = AS(t)x forx € D(A) and 0 <t < Typ;

(2.4) [y S(r)xdr € D(A) and A [y S(r)xdr = S(t)x — Cx forx € X and 0 < t < Tp;
(2.5) R(S(1)) C D(A) for0 <t < To.
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DEFINITION 2.2

Let A : D(A) C X — X be a closed linear operator in a Banach space X with domain
D(A) and range R(A). A function u : [0,7Tp) — X is called a (strong) solution of
ACP(A, f,x) if u € C'((0, Tp), X) N C([0, Tp), X) N C((0, Tp), [D(A)]) and satisfies
ACP(A, f,x). Here [D(A)] denotes the Banach space D(A) with norm | - | defined by
|x| = ||lx|| + [|Ax]|| forall x € D(A).

PROPOSITION 2.3 (see [8])

Let A : D(A) C X — X be a closed linear operator in X such that AC = CA on
D(A). Assume that for each x € X ACP(A, Cx,0) has a unique (strong) solution u
in CY([0, Ty), X). Then C"YAC generates a local C-semigroup S(-) on X. In this case,
S(Hx =u'(-) on [0, Tp).

PROPOSITION 2.4 (see [8])

Let A be the generator of a local C-semigroup S(-) on X, x € X and f €
Llloc([O, Tv), X) N C(0, Ty), X). Then ACP(A, Cf, Cx) has a (strong) solution u in
C([0, Ty), X) ifand only if v(-) = S()x +S* f(-) € C'([0, Ty), X). In this case, u = v
on [0, Ty). Here S x f(-) = fo S(-—s)f(s)ds.

The next result is a right-multiplicative perturbation theorem for local C-semigroups
which is an extension of Desch—Schappacher type perturbation results for co-semigroups
as given in [6, 7, 12], and has been established by Liang et al. in [5] by another method for
which C™'A(I + B)C generates a local C-semigroup on X when B is a bounded linear
operator from X into R(C), CA(I + B) C A(I 4+ B)C and the generator A of a perturbed
local C-semigroup is also not densely defined.

Theorem 2.5. Let S(-) be a local C-semigroup on X with generator A. Assume that B is
a bounded linear operator from D(A) into R(C) such that CB = BC on D(A), and for
each 0 < to < Ty there exists an My, > O such that (S C~'Bf)(1) € D(A) and

t
IA(S % CT'Bf)0)]| < Mm/o I (s)llds (2.6)

for all f € C([0, o], D(A)) and 0 < t < to. Then A(I + C~'BC) generates a local
C-semigroup T(-) on X satisfying
T(H)x = SC)x + A(S = c! BT)()x on|0, Ty) 22.7)

for all x € X. Here I denotes the identity operator on X.

Proof. Indeed, fix x € X and 0 < 79 < Tp. We define U : C([0, 1], D(A)) —
C([0,19], D(A)) by U(f)() = SHx + A(S = C"'Bf)(-) on [0,19] for all f €
C([0, tp], D(A)), and so U is well-defined. By induction, we obtain from (2.6) that

1U" f(t) = U"g

= JAGS*CT'BWU F — U ) (0))]
< M} juG)lI f — gl
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for all f, g € C([0, 0], D(A)),0 <t < tgand n € N. Here ji (1) = t*/k! fort > 0 and
k € NU({0} and || f — gll = maxg<s<s, | f(s) — g(s)||. It follows from the contraction
mapping theorem that there exists a unique function wy 4 in C([0, 7], M) such that
Wy (1) = SCx + AS * C_lex,,O() on [0, 7] and Cwy s, = Wcx,q- In this case,
we set wy(t) = wy (1) forall 0 <t < 1y < Tp, then w () is a unique function in
C([0, Ty), D(A)) such that w,(-) = S()x + AS % C~'Bw,(-) on [0, Tp). Since jo *
wy () = jo* S()x + Ajox S CT'Bwy () = jo* S()x + S C~ ' Bwy(-) = Bjo * wy ()
on [0, Tp), we have (I + B)jo * wyx(t) = jo *x S(t)x + § % C~'Bw,(t) € D(A) for
all 0 <t < Tpy. Clearly, jo * wy is the unique function u, in C ([0, Tp), X) such that
U () = jox S()x+ Ajo* Sx C ' Buy(-) on [0, Tp). Since jo* S(-)x + S+« C~'Bw, () €
c([0, Ty), X), we obtain from Proposition 2.4 that jo % S(-)x + S* C™'Bw,(-) = (I +
B) jo * wy(+) is the unique solution of ACP(A, Cx + Bwy,0) in C ([0, Ty), X). This
implies that A(/ + B) jo * wy + Cx + Bwy = (I + B)w, on [0, Tp). Since

AL 4+ B)joxwy(-) = A(jo* SC)x + 8% C ™' Bwy (")
= wy(-) — Cx

on [0, Tp), we have that jj * w, is a solution of ACP(A(I 4+ B), Cx, 0) in clqo, 1), X).
Next if u is a function in C ([0, Tp), X) such that A(I 4+ B) joxu+ Cx = u on [0, Tp), then

Jox (Sxu—SxjCx) = AjoxSx(I+ B)joxu
= Sx(U+B)joxu—Cjox (I + B)jo*u

on [0, Tp), and so —S* j1(-)Cx = Sx Bjoxu(-) —Cjox (I + B) joxu(-) on [0, Tp). Hence

—S* jo()x = (S*xC'Bjo*u) () — (I + B)jo *u(-)
= A(S* C'Bjoxu)(-) — jo* u()

on [0, Tp), which implies that jo % u(-) = S * jo(-)x + A(S * C_lBjo *u)(-) on [0, Tp).
Consequently, jo % u = jo * wy on [0, Tp) or equivalently, u = w, on [0, Tp). Clearly,
A(l + B) is closed and A(I + B)C = CA(I + B) on D(A(I + B)). It follows from
Proposition 2.3 that C~'A(I + B)C generates a local C-semigroup 7(-) on X satisfying
(2.7) for all x € X. Since R((I + B)C) € R(C) and C~'(I1 + B)C = I + C~'BC,
we have (I + B)C = C(I + C~'BC), and so A(I + B)C = AC(I + C~'BC). Hence
C~'A(I +B)C = A(I +C~'BC). O

Just as an application of Theorem 2.5, we can obtain the next new right-multiplicative
perturbation theorem concerning locally Lipschitz continuous local C-semigroups.

Theorem 2.6. Let S(-) be a locally Lipschitz continuous local C-semigroup on X with
generator A. Assume that B is a bounded linear operator from D(A) into R(C) such that
CB = BC on D(A), and for each 0 < ty < Ty there exists an M;, > 0 such that
(S*x C™'Bf)(1) € D(A) and

t
IA(S % CT'B)LF (1) = f()]Il < Mt()/ Il.f (r)lldr (2.8)

for all f € C([0, 1], D(A)) and 0<s <t <ty. Then A(I + Cc'BO) generates
a locally Lipschitz continuous local C-semigroup T(-) on X satisfying (2.7) for all
x e X.
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COROLLARY 2.7

Let S(-) be a locally Lipschitz continuous local C-semigroup on X with generator A.
Assume that B is a bounded linear operator from D(A) into R(C) such that CB = BC
on D(A) and C™'Bx € D(A) for all x € D(A). Then A(I + C~'BC) generates a
locally Lipschitz continuous local C-semigroup T(-) on X satisfying (2.7) for all x € X.
Moreover, T(-) is exponentially Lipschitz continuous if S(-) is.

Proof. Clearly, it suffices to show that for each 0 < #y < Ty there exists an M;, > 0 such
that (2.8) holds for all f € C ([0, #], D(A))and 0 < s < 1 < 1. Indeed, if S; () denotes
the restriction of S(¢) to D(A) and S; (¢) is the strong derivative of S;(¢) on D(A) for all
0 <t < Tp, then Sy (1)x = Cx + Ajo* S(t)x and S| (r)x = AS(r)x for all x € D(A) and
0 <t < Tp, and so AS(:) is a strongly continuous family of bounded linear operators on
D(A). Now if 0 < 9 < Tp is given, then S x C -1 Bf (-) is continuously differentiable on
[0,70] and D' (S*C~'Bf)(-) = A(S*C~'Bf)(-)+ Bf () = S, xC~'Bf () + Bf (") for
all f e C([0,1%], D(A)) and 0 < t < ty. Here D! denotes the derivative of a function.
Now if 0 < 19 < Ty is fixed, then

LA CT'B)LF(@0) = FOU = IS, CT'BLF @) — FG)]I
t
sup IISI(I’)IIIIC*IBII/ I.f()ldr,

0=<r=ty

IA

f e C(0,1], D(A) and 0 < s < t < 1g. It follows from Theorem 2.6 that A(/ +
C~'BC) generates a locally Lipschitz continuous local C-semigroup 7(-) on X satisfying
(2.7) for all x € X. Now if S() is exponentially Lipschitz continuous, then S; () is
an exponentially bounded family in L(D(A)). Combining this with the local Lipschitz
continuity of C ™' BT(), we get that S; «C~1 BT () is exponentially Lipschitz continuous,
which together with (2.7) implies that 7(-) is exponentially Lipschitz continuous if S(-)
is. O

COROLLARY 2.8
Let S(-) be a local C-semigroup on X with generator A. Assume that B is a bounded linear

operator from D(A) into R(C) such that CB = BC on D(A) and C~!'Bx € D(A) for
all x € D(A). Then A(I + C~'BC) generates a local C-semigroup T(-) on X satisfying

T()x = S()x + S+ ACT'BT()x  on [0, Tp) (2.9)

forall x € X. Moreover, T(-) is exponentially bounded (resp., norm continuous) if S(-) is.

Proof. Clearly, S * AC™'BT()x = SAC~'B % T(-)x on [0, Tp) for all x € X, and
S(-)AC™' B is also exponentially bounded (resp., norm continuous) if S(-) is. By (2.9),
we have

T()x = S()x + SACT'B«T()x on [0, Tp) (2.10)

for all x € X, which together with Gronwall’s inequality implies that 7(-) is exponentially
bounded if S(-) is. Similarly, we can apply (2.10) to show that 7(-) is also norm continuous
if S(-) is. O
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Under the assumptions of Theorem 2.5, the next left-multiplicative perturbation theo-
rem for local C-semigroups on X is also obtained in which the generator A of a perturbed
local C-semigroup S(-) may not be densely defined, C~'(I + B)AC and (I + B)A
both may not be equal, and p((I + C~!BC)A) (the resolvent set of (I + C~'BC)A) is
nonempty. This has been established by Liang et al. in [4] by another method when B is a
bounded linear operator from X into R(C), CA(I +B) C A(I + B)C, p((I + B)A) and
the generator A of a perturbed local C-semigroup is also densely defined. We also show
that U (-) is exponentially bounded (resp., norm continuous, locally Lipschitz continuous,
or exponentially Lipschitz continuous) if 7(-) is, where 7(-) is given as in (2.7).

Theorem 2.9. Under the assumptions of Theorem 2.5, assume that p((I +C~'BC)A) is
nonempty. Then (I + C~'BC)A generates a local C-semigroup U(-) on X satisfying

Ux = Cx+[r— (I +C'BCO)A]
x(I +C7'BC)jo*x T()A[L — (I + C"'BC)AI 'x 2.11)

on [0, Ty) for all x € X. Moreover, U (-) is exponentially bounded (resp., norm continuous,
locally Lipschitz continuous, or exponentially Lipschitz continuous) if T(-) is. Here A €
o((I + C~'BC)A) is fixed and T(-) is given as in (2.7).

Proof. We shall first show that (I + C"'BC)ACx = C(I + C™'BC)Ax for all x €
D((I+C~'BC)A).Indeed, if x € D((I+C~'BC)A) = D(A)is given, then Cx € D(A)
and

(I +C 'BC)ACx = ACx+ (C"'BC)ACx = CAx + C~'(BC)CAx
= CAx + C Y (CB)CAx
= CAx + B(CA)x

CAx 4+ C(C™Y(BC)Ax)

C(Ax + C™'BCAx)

= C(I +C™'BC)Ax,

and so (I + C"'BC)AC = C( + C~'BC)A on D((I + C~'BC)A). Since p((I +
C~'BC)A) is nonempty, we have C~'(I + C~'BC)AC = (I + C"'BC)A. Now if T(.)
is given as in (2.7), weset P = I + C~!'BC and ux() =Cx+ A —PAPjoxT()A(A —
PA)"'x on [0, Tp) forall x € X, then u, € C([0, Tp), X) and

AL —PA)'Cx + T(HA(L — PA)'x

—CA( — PA) " 'x

= T()A(L — PA) 'x

A —PA)Yuy ()

on [0, Tp), and so PA(A — PA) ! josu,(-) = Pjox T(-)A(h — PA)~"'x on [0, Tp). Hence
—joxux()+A0—PA o xur() = PAQ.— PA)Y " jo s uy()
= A=PA) u ()= (L — PA)'Cx

on [0, Tp), which implies that jo * u,(f) € D(PA) for all 0 < ¢t < Ty. Consequently,
PA(L—PA) Vjosuy(t) € D(PA) forall0 <t < Ty and PAjy*uy = uy—Cx on [0, Tp).
This shows that jo * u, is a solution of ACP(PA, Cx, 0) in C! ([0, Tp), X). In order to
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show the uniqueness, indeed, if v € C([0, Tp), X) is given and satisfies v = PAjy * v on
[0, Tp). We next set u = A(A — PA) v on [0, Tp), then

Pjoxu = (h—PA) " 'PAjy*v
= (L—PA) v

on [0, Tp), and so APjoxu = A(A — PA)"'v = u on [0, Ty). Hence u = 0 on [0, Tp),
which implies that (A — PA)"'v = 0 on [0, Tp) or equivalently, v = 0 on [0, Tp). We
conclude from Proposition 2.3 that (I +C ' BC) A generates a local C-semigroup U (-) on
X satisfying (2.11) for all x € X. Clearly, for each y € X, (PA)Pjo*T(-)y = P(AP) jo *
T(-)y = PT(-)y — PCy on [0, Tp). It follows from the right-hand side of (2.11) that U (-)
is also exponentially bounded (resp., norm continuous, locally Lipschitz continuous, or
exponentially Lipschitz continuous) if 7(-) is. (]

Under the assumptions of Theorem 2.6, the next new left-multiplicative perturbation
theorem for locally Lipschitz continuous local C-semigroups on X is also obtained in
which the generator A of a perturbed local C-semigroup S(-) may not be densely defined,
C~'(I4+B)AC and (I + B) A both may not be equal, and p((I +C~'BC)A) is nonempty.

Theorem 2.10. Under the assumptions of Theorem 2.6, assume that p((I + C~'BC)A)
is nonempty. Then (I + C~'BC)A generates a locally Lipschitz continuous local
C-semigroup U (-) on X satisfying (2.11) for all x € X.

COROLLARY 2.11

Under the assumptions of Corollary 2.7, assume that p((I + C~'BC)A) is nonempty.
Then (I +C~'BC)A generates a locally Lipschitz continuous local C-semigroup U (-) on
X satisfying (2.11) for all x € X. Moreover, U (-) is exponentially Lipschitz continuous if
S() is.

COROLLARY 2.12

Under the assumptions of Corollary 2.8, assume that p((I + C~'BC)A) is nonempty.
Then (I + C~'BC)A generates a local C-semigroup U (-) on X satisfying (2.11) for all
x € X. Moreover, U (-) is exponentially bounded (resp., norm continuous) if S(-) is.

Just as an application of Theorem 2.9, the next additive perturbation theorem for local
C-semigroups on X is also attained in which the generator A of a perturbed local C-
semigroup may not be densely defined, and pc (A) (the C-resolvent set of A) and p(A+B)
are both nonempty.

Theorem 2.13. Let S(-) be a local C-semigroup on X with generator A, and let B be a
bounded linear operator from [D(A)] into R(C?) such that CB = BC on D(A). Assume
that pc (A) and p(A + B) both are nonempty, and for each 0 < ty < Ty there exists an
M, > 0 such that

t
155 C2B70] = My [ 1FGlds @.12)
0
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forall f € C([0, tp], [D(A)]) and 0 < t < ty. Then A+ B generates a local C-semigroup
V() on X.

Proof. Indeed, if 1 € pc(A) is fixed, then A — 4 is the generator of the local C-semigroup
S(-) on X defined by S(t) =e MS(t)forall0 <t < Tpand (A —2)~'C% = C(A —
1)~'C on X. Clearly, §(-) is also exponentially bounded (resp., norm continuous, locally
Lipschitz continuous, or exponentially Lipschitz continuous) if S(-) is. Since the norm
| - |a—x on D(A) defined by |x|4—x = [Ix]| + |[(A — A)x]| for all x € D(A) is equivalent
to | - |, we may assume that (2.12) holds under | - | 4—;. Now let B denote the restriction of
C'B(A—M)"~ I'C to D(A), then B is a bounded linear operator from D(A) into R(C)
such that BC = C™'B(A—1)"'CC = B(A-»~!C =CcCc'B(A-»)~'C =CB
on D(A). Since

(I+C'BOYA =1 = (A=) +(C'BCYA =1

A—nN+c i 'Ba-n"lo)cia -
(A—nN+c N 'Bca-n"1o)A -
A=N+C ' BA-MCHA =)

(A= +C'B((A=n"10)A =)

= (A-MN+C'BC=A—-)+B

and p(A + B) is nonempty, we have that p((1 + C'BC)(A—=1))is nonempty. Next if
0 <ty <Tyand f € C([0, tp], D(A)) are given. Applying integration by parts, we get
that

S«xC7'Bf(t) = S*xC~ Bf(t)—i-k/ M-85 % CT'B f(s)ds
= SxC2BA—-N"'Cf@)
+/\/ =98 %« CT2B(A — 2)7ICF (s)ds (2.13)
0

forall 0 <t < 1y, and so

I(A—=2SxC'Bf@)
<I(A—=1S*xC2BA-M"'Cr)]

+ ||Af(:e—“f—f>s x C2B(A —2)7ICF(s)ds||
<M, /O YA = 1) CF()lands
+ |)\|/Ote*<”>Mt0/0S|(A — N7 ()| asdrds
<M, (I(A=n~"Cll + ||C||>/0t||f<s>||ds
+ MMy, (1A =)~ I+ 1ICD /0 S fo 7 () ldrds
<M, fo @ lds (2.14)

forall 0 < ¢ < fy. Here My, = M;,(1 + 1 + e™0)(| (A = 2)~1C| + |C). It follows
from Theorem 2.9 that A + B — A generates a local C-semigroup U (-) on X, which implies
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that A + B generates a local C-semigroup V(-) on X defined by V(¢) = eMU (t) for all
0<t<Tp. O

Combining Theorem 2.6 with Theorem 2.13, we can apply (2.13) and a similar esti-
mation of (2.14) to obtain the next new additive perturbation theorem concerning locally
Lipschitz continuous local C-semigroups on X in which the generator A of a perturbed
local C-semigroup may not be densely defined, and pc(A) and p(A + B) are both
nonempty.

Theorem 2.14. Let S(-) be a locally Lipschitz continuous local C-semigroup on X with
generator A, and let B be a bounded linear operator from [D(A)] into R(C?) such that
CB = BC on D(A). Assume that pc (A) and p(A + B) are both nonempty, and for each
0 < 19 < Ty there exists an My, > 0 such that

t
IS % C2BLf (1) — f(9)]] < Mm/ |f(r)ldr (2.15)

forall f € C([0,1],[D(A)]) and 0 < s < t < to. Then A + B generates a locally
Lipschitz continuous local C-semigroup V(-) on X.

Just as in the proof of Corollary 2.7, we can apply Theorem 2.14 to obtain the next
additive perturbation result for locally Lipschitz continuous and exponentially Lipschitz
continuous local C-semigroups on X.

COROLLARY 2.15

Let S(-) be a locally Lipschitz continuous local C-semigroup on X with generator A, and
let B be a bounded linear operator from [D(A)] into R(C?) such that CB = BC on
D(A) and C™2Bx € D(A) for all x € D(A). Assume that pc(A) and p(A + B) are
both nonempty. Then A + B generates a locally Lipschitz continuous local C-semigroup
V(-) on X given as in the proof of Theorem 2.13. Moreover, V(-) is exponentially Lipschitz
continuous if S(-) is.

Just as in the proof of Corollary 2.8, we can apply Theorem 2.13 to obtain the next
corollary.

COROLLARY 2.16

Let S(-) be a local C-semigroup on X with generator A, and let B be a bounded linear
operator from [D(A)] into R(C?) such that CB = BC on D(A) and C~2Bx € D(A)
for all x € D(A). Assume that pc(A) and p(A + B) are both nonempty. Then A + B
generates a local C-semigroup V(-) on X given as in the proof of Theorem 2.13. Moreover,
V(-) is exponentially bounded (resp., norm continuous) if S(-) is.

By slightly modifying the proof of Theorem 2.13, the next additive perturbation result is
attained with the assumption that B is a bounded linear operator from [D(A)] into R(C 2,
and pc (A) is nonempty are replaced by assuming that B is a bounded linear operator from
[D(A)]into R(C) and p(A) is nonempty.
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Theorem 2.17. Let S(-) be a local C-semigroup on X with generator A, and let B be a
bounded linear operator from [D(A)] into R(C) such that CB = BC on D(A). Assume
that p(A) and p(A + B) are both nonempty, and for each 0 < ty < Ty, there exists an
My, > 0 such that

t
1S« CT BF ()] < My, f £ (5)lds 2.16)
0

forall f € C([0, tp], [D(A)]) and 0 < t < ty. Then A+ B generates a local C-semigroup
on X.

Similarly, the next theorem and corollaries are also attained.

Theorem 2.18. Let S(-) be a locally Lipschitz continuous local C-semigroup on X with
generator A, and let B be a bounded linear operator from [D(A)] into R(C) such that
CB = BC on D(A). Assume that p(A) and p(A + B) are both nonempty, and for each
0 < to < Tp there exists an My, > O such that

1
IS« CT'BLf (1) — f(9)]I < Mm/ |f(r)ldr (2.17)

forall f € C([0,1],[D(A)]) and 0 < s < t < to. Then A + B generates a locally
Lipschitz continuous local C-semigroup on X.

COROLLARY 2.19

Let S(-) be a locally Lipschitz continuous local C-semigroup on X with generator A, and
let B be a bounded linear operator from [D(A)] into R(C) such that CB = BC on
D(A) and C~'Bx e D(A) for all x € D(A). Assume that p(A) and p(A + B) are both
nonempty. Then A + B generates a locally Lipschitz continuous local C-semigroup on X,
which is also exponentially Lipschitz continuous if S(-) is.

Similarly, we can combine Corollary 2.8 with Theorem 2.17 to obtain the next
corollary.

COROLLARY 2.20

Let S(-) be a local C-semigroup on X with generator A, and let B be a bounded linear
operator from [D(A)] into R(C) such that CB = BC on D(A) and C~!'Bx € D(A) for
all x € D(A). Assume that p(A) and p(A+ B) are both nonempty. Then A+ B generates
a local C-semigroup on X, which is also exponentially bounded (resp., norm continuous)

if S(-) is.

Remark 2.21. The conclusions of Corollaries 2.7, 2.11 and 2.19 are still true with the
assumption that R(C~'B) C D(A) is replaced by assuming that R(C™!B) C {x e
X|S()x € CY([0, Tp), X)}, and the conclusion of Corollary 2.15 is still true when the
assumption that R(C™2B) C D(A) is replaced by assuming that R(C™2B) C {x €
X|S()x € C'([0, To), X)}.

We end this paper with a simple illustrative example: Let X = L>°(R) and A : D(A) C
X — X be defined by D(A) = WL(R) and Af = —f/ for all f € D(A). Then A
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generates a locally Lipschitz continuous local C-semigroup S(-)(= {S(#)|0 <t < Tp})
on X and D(A) = Co(R) (see Example 3.3.10 of [1] and Theorem 18.3 of [2]). Here

C =

(A — A"l with A € p(A) and 0 < Ty < oo are fixed. Applying Corollary 2.7, we

get that A(/ + C~'BC) generates a locally Lipschitz continuous local C-semigroup 7(-)
on L*®(R) satisfying (2.7) when B is a bounded linear operator from Cq(RR) into W!->°(RR)
such that (A — A)™'B = B(A — A)~! on Cy(R) and R((» — A)B) C Co(R).
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