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Abstract. In this paper, we study the Hyers—Ulam stability of a simple Levi—Civita
functional equation f(x + y) = f(x)h(y) + f(y) and its pexiderization f(x + y) =
g(x) h(y) +k(y) on non-unital commutative semigroups by investigating the functional
inequalities | f (x +y) — f(X)h(y) — f(»)| < eand | f(x +y) —g()h(y) —k(y)| <€,
respectively. We also study the bounded solutions of the simple Levi—Civitd functional
inequality.
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1. Introduction

A certain formula or equation is applicable to model a physical process if a small change
in the formula or equation gives rise to a small change in the corresponding result. When
this happens we say the formula or equation is stable. In an application, a functional
equation like the additive Cauchy functional equation f(x + y) — f(x) — f(y) = O may
not be true for all x, y € R but it may be true approximately, that is

fG+»—fx)—f)=0

for all x, y € R. This can be stated mathematically as

[fx+y) = f)—fl=e (1.1)

for some small positive € and for all x,y € R. We would like to know when small
changes in a particular equation like the additive Cauchy functional equation have only
small effects on its solutions. This is the essence of stability theory.
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In 1940, S. M. Ulam asked the following question: Given a group G, a metric group
H with metric d(-, -) and a positive number €, does there exist a § > 0 such that if
f : G — H satisfies

d(f(xy), fX)f(y) <e

forall x, y € G, then a homomorphism ¢ : G — H exists with

d(f(x), ¢(x)) <4

for all x € G? These kind of questions form the material for the stability theory of func-
tional equations (see [11] and [14]). For Banach spaces, Ulam’s problem was solved by
Hyers [10] in 1941 with § = € and the additive map

o few
o0 = tim 15,7
The functional equation

Fx+y)=fx)h(y)+ () (1.2)

is a special case of the Levi—Civitd functional equation

f(x + y) = g1(x)h1(y) +82(X) hz()’) + - +gn(x) hn(y) (1.3)

which was solved by Levi—Civitd in [12] under differentiability conditions. A simple
Levi—Civita functional equation (1.2) was recently studied by Ebanks in [9] on non-
abelian groups. This functional equation was also treated in [7], [1] and [2]. This
functional equation contains the Cauchy additive functional equation f(x +y) = f(x) +
F).

The stability of the Levi-Civitd functional equation was investigated by Shulman on
amenable locally compact groups in [15]. For more on functional equations and stabilities
of functional equations, the interested reader should refer to the books [3], [14] and [11].

In this paper, we investigate the Hyers—Ulam stability of the functional equation (1.2)
and its generalization

Jxy) = g)h(y) + k(y) (1.4)

on non-unital commutative semigroups. We also study the bounded real-valued solutions
of the functional inequality

[fx+y) = fO)h(y) = fD <€

holding for all x, y € G, where G is a 2-divisible commutative group and € > 0.

2. Terminology and preliminary results

A nonempty set S with an associative binary operation is called a semigroup. If in addition
there is an identity element for the operation, then S is called a unital semigroup. A non-
unital semigroup S is a semigroup without a neutral element. Throughout this paper we
denote by S a non-unital commutative semigroup and C the field of complex numbers.
For a commutative semigroup S with binary operation +, the set S + S is defined as
{s+1|s,t € S}. Afunction A : S — C is said to be additive provided A(x + y) =
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A(x)+A(y)forallx,y € S,andm : S — C exponential provided m(x+y) = m(x) m(y)
forall x,y € S.
In 1941, Hyers [10] provided an answer to Ulam’s problem given in the theorem below.

Theorem 2.1 [10]. Let X, Y be Banach spaces and let f : X — Y be a mapping
satisfying

fx+y)—fx)—fll=e (2.1
forall x,y in X and for some ¢ > 0. Then the limit
AG) = tim & 2.2)

n—oo 2N
exists for all x in X and A : X — Y is the unique additive mapping satisfying
[f(x) —Av)ll<e (2.3)
forall x in X.

Hyers’ theorem holds if the Banach space X is replaced by a commutative semigroup
S without a neutral element.

The stability of the exponential functional equation f(xy) = f(x) f(y) was first inves-
tigated by Baker et al. [6] and then subsequently improved by Baker [5] and Albert and
Baker [4]. The following theorem is due to Baker (see [5]) and is well known.

Theorem 2.2. Let ¢ > 0. Let S be a semigroup and let f be a complex-valued function
defined on S such that |f(xy) — f(x)f(y)| < e forall x,y € S. Then either f(x) <
(1 4+ /1+4e)/2forallx € Sor f(xy) = f(x) f(y)forallx,y € S.

3. Stability of the Levi-Civita equation (1.2)

Let f,h : S — C be complex-valued functions defined on a semigroup S and € > 0. In
this section, we consider the functional inequality

lfx+y)—fOh(y) = f(W=e€ (3.1
for all x, y € S. Throughout this section we exclude the trivial cases f = 0or h = 0.

Theorem 3.1. Let f,h : S — C be nonzero functions satisfying inequality (3.1). Then
(f, h) satisfies one of the following:

(1) both f and h are bounded functions,
(ii) h(x) = 1 forall x € S and there exists an additive function A : S — C such that

lf(x) —A(x)|<e VxeS,
(iii) there exist an unbounded exponential function m and a € C such that
h(x) =m(x) and f(x)=a(@m(x)—1)  VYxeSs.

Proof. Assume that f is bounded. Since f # 0, it follows from (3.1) that 4 is bounded,
which yields (i).
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If h = 1, then by Theorem 2.1 there exists a unique additive function A : § — C such
that

[f(x) —Ax)| <€ (3.2)

for all x € §. Hence, we have (ii).
Thus, it remains to consider the case when f is unbounded and /# # 1. Replacing (x, y)
by (v, x) in (3.1) and using the triangle inequality we have

Lf) (h(y) =1 — f(y) (h(x) = 1)
=1fO+x) = fOhx) = f&x) = fx+y)
+ ) h(y) + fFO)I
SO+ = fOhE) = FOI+[f(x+y)
— f) h(y) = fFOI

< 2e
which is
Lf ) (h(y) =1 = f(y) (h(x) = D] = 2 (3-3)
for all x, y € S. Dividing both sides of (3.3) by |h(y) — 1| we have

Lf () —a()(h(x) = D] < (34

€
|h(y) — 11
forall y € J :={y : h(y) # 1}, where a(y) = f(y)/(h(y) — 1). Since f is unbounded,
we have a(y) # O forall y € J and hence % is unbounded.

Replacing y by y; and again y by y» in (3.4) we have two inequalities. By the use of
the triangle inequality on these two resulting inequalities we have

1 1
B hix) — 11 <2 3.5
lecy) — a2l |hlx) — 1] = €<|h(y1)—1|+|h(J’2)—1|) e

for all y1, y» € J and x € S. Thus, we must have «(y1) = «(y2) and hence a(y) := «.
That is, a(y) is independent of y € J. From (3.4) we have

2e
[f(x) —a(x)— D] < h(y) — 1] (3.6)

for all y € J. Since A is unbounded we have
S =a(x)—1) 3.7

forall x € S.
Now, let D(x,y) = f(x +y) — f(x) h(y) — f(y). Then, using the triangle inequality
we have

(3+1h@))e = |IDx+y,2) —Dx,y+2)— D(y,2) +h(z) D(x, y)|
= |fx+y+2)—flx+y)h(@)— f(2)

—(f&x+y+2)—fORY+2)— f+2)

—(f(y+2)— fOWh() — f(2)

+h(@)(f(x +y) — fFORQY) — fF()]

| f Ay +2) — h(y) h(2)] (3.8)



Stability of a simple Levi-Civitd functional equation 369

for all x, y, z € S. Thus, from (3.8) we have

h(y +2) =h(y) h(z) 3.9)
for all y, z € S. Therefore, h = m, where m is an exponential function and, by (3.7), we
have f(x) = o (m(x) — 1). This completes the proof of the theorem. [l

In particular, if § = G, where G is a 2-divisible commutative group and f and &
are mappings from G to R, then we can describe the behavior of bounded solutions of
inequality (3.1), that is

[fx+y) = fE)h(y) = fOI <€, x,yeG, (3.10)

in terms of the constant €. If the group G is 2-divisible, then following the proof of
Theorem 2 in [4] and using the inequalities

1—/1-45 VI+ds -1 _
5 <

<25 and
2

8

for0 <§ < i, we obtain the following lemma.

Lemma 3.2. Suppose that G is a 2-divisible commutative group and 0 < § < }1. Let
h : G — R be a bounded function satisfying

|h(x +y) —h(x)h(y)| <8 (3.11)
forall x,y € G. Then h satisfies either

-8 <h(x) <26 (3.12)
forall x € G, or

-8 <1—h(x) <24 (3.13)
forallx € G.

The following theorem presents the real-valued bounded solutions f, 2 : G — R of
the functional inequality (3.10).

Theorem 3.3. Let G be a 2-divisible commutative group and R be the field of real num-
bers. Let (f, h) be a pair of bounded functions satisfying (3.10). Then (f, h) satisfies
either

hix)=1 and |f(x)|<e (3.14)

forall x € G, or

Ih(x + ) — h(x) h(y)] < Ajf G+ M), (3.15)
£ G0) = (1= ()| < ];Z (3.16)

forall x,y € G and for some o € R, where

My =sup|f(»I, My =supl|h(y)l, Mpn,=supll—h(y)
yeG veG veG
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In particular, if § 1= Ajf B+ My < 411’ then we have

. Te € . Te €
— mm{ , } <h(k) < mm{ , } 3.17)
2My | f(0)] My | f(O)]
and £0)
‘f(x)— 1~ h(0) <2 (3.18)
forallx € G.

Proof. Assume that i = 1. Then, it follows from inequality (3.2) that the additive function
A is bounded, which implies A = 0. Thus, we have

lf(x)l<e (3.19)

for all x € G. This yields (3.14). From now on, we assume that 2 # 1. From inequality
(3.8) in Theorem 3.1 we have

h(y +2) — k@I < G+ My) (3.20)
FACI)

for all x, y, z € G. Taking the infimum of both sides of (3.20) for all x € G, we have

|h(y +2) = h(y) h(z)] 51\; G+ Mp) (3.21)
f

for all y, z € G. Thus, we have (3.15). Now, choosing ygp € G such that [h(yo) — 1| >
%Mho and putting y = yp in (3.4) we have (3.16). Now, assume that

€ 1
8:= 34+ Mp) < . 3.22
M, B+ M) < 4 (3.22)
Then by Lemma 3.2, & satisfies (3.12) or (3.13). Assume that & satisfies (3.13). Then,
using the triangle inequality, (3.10), (3.13) and (3.22) we have
[f+y)—f)—FfODI = [fx+y)—Fx)—f) = fx) (h(y) = D]
+ 1/ h(y) — 1]
1
< €+ 2Mf (3.23)
for all x, y € G. By Hyers’ theorem (see Theorem 2.1), there exists a unique additive
function A : G — R such that

A

[f(x)—A(x)| < e+ ;Mf (3.24)

for all x € G. Since f is bounded, A is bounded, and hence, the additive function A = 0.
Thus, it follows from (3.24) that

1
My <e+ 2Mf. (3.25)
From (3.22) and (3.25) we have the contradiction

4e B+ My) < My < 2. (3.26)
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Therefore, h satisfies (3.12). Using (3.12) we have
1
[h(x)] <28 < ) (3.27)

forall x € G. Putting y = 0 in (3.10) and dividing the resulting inequality by |1 — 1(0)|
we have

10 < € < € -
1 =h0)| ™ [I=RO) ~ 1= 1[r(0)]

for all x € G. Thus, we get (3.18). If f(0) = 0, then from (3.28) we have My < 2e,
which contradicts (3.22). Putting x = 0 in (3.10) and dividing the resulting inequality by
| f(0)] we have

fx) — 2¢ (3.28)

€
[h(¥)] < (3.29)
|f (0]
forall y € G. Also, it follows from (3.12), (3.22) and (3.27) that
7 7
_ € <h(x) < € (3.30)
2Mf My

for all x € G. Now, (3.17) follows from (3.29) and (3.30) and the proof of the theorem is
complete. O

Remark 3.4. If h and f satisfy (3.17) and (3.18) respectively, then we have
[fx+y) = f)h(y) = fFOI

Q) 1)
s|feEn= Dol ‘ Lno f(y)‘ +1f ) A)]
<2€+4+2+Te=1le (3.31)

forallx,y € G.

Remark 3.5. We can find the behavior of f when 4 is near 1. Assume that % satisfies
lh(x) -1 <r <1

for all x € G. Then, using inequalities similar to (3.23), (3.24) and (3.25) we have

M < .
f_l—r

Example 3.6. Consider the functional inequality
|G+ ) = FOOR() — f(»)] <1071 (3.32)

for all x, y € G, where G is 2-divisible. We can determine the behavior of (f, &) satis-
fying (3.32) when | f| is not extremely small and || is not extremely large. For example,
we assume that

My >10"* and M, <10°. (3.33)

Then, ¢ (3+Mp) < 10776109 1 Thus, by Theorem 3.3, [1(0)| < } and f satisfies
0

|f(x)— FO | <2x10710 (3.34)

1 — h(0)
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forall x € G. Using the triangle inequality with (3.34), and using (3.27), we have

[f(0)] ~10
2|1 f(0)] = > —-2x10 3.35
[f( )I_l_h(o)_lf(X)l X (3.35)
for all x € G. Thus, using (3.35) and (3.33) we have
1 -10 - -10
|f(0)|z2(Mf—2x10 )22(10 —2x107). (3.36)
Now, using (3.17) and (3.36) we have
2 1010 < h) < 10~10 . 2 3.3
1062~ [fO] = T FO)] T 1062 '
for all x € G. Also, using (3.17) and (3.33) we have
35 7x1071° 7x 10710 7
< <h <" < (3.38)
100 2My My 100

for all x € G. Therefore, h satisfies (3.37). We can also find the behavior of f when £ is
near 1. Assume that

1
[1—h(x)| < ) (3.39)
for all x € G. Then, by Remark 3.5 we have

l[f(x)] <2 x 10710 (3.40)
forall x € G.If h and f satisfy (3.39) and (3.40) respectively, then we have

[fx+y) = fORY)— D] < I fGE+D+HTfDI+ 1) RG]
<2x107942%x107104+3x 10710
= 7x10710

forallx,y € G.

4. Pexider generalization

In this section, we consider the pexiderized version of the inequality (3.1). Let f, g, h, k :
S — C and € > 0. We consider the stability of the functional inequality

[f(x+y)—gx)h(y) —k(y)| <€ 4.1

for all x, y € S. Note that if / is a constant function (without loss of generality we may
assume h = 1), the inequality (4.1) is reduced to the Hyers—Ulam stability of the Pexider
functional equation f(x + y) = g(x) + k(y) on non-unital commutative semigroups (see
[8]). The following theorem was proved in [8].

Theorem 4.1. Let S be a non-unital commutative semigroup and C be the field of complex
numbers. Assume that € > 0 and f, g, k : S — C satisfy the functional inequality

[f(x+y)—glx) —k(y)| <€ 4.2)
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forall x,y € S. Then, there exists a unique additive function A : S — Cand a, 8 € C
such that

lg(x)—A(x)—a| <8¢, |k(x)—A(x)—pB| =8¢, [f({t)—A(M)—a—p| = 18¢
forallx € S, t € S\(S +9).

From now on, we assume that / is a nonconstant function.

Theorem 4.2. Let S be a non-unital commutative semigroup and C be the field of complex
numbers. Let f, g, h,k : S — C satisfy the functional inequality (4.1). Then (f, g, h, k)
satisfies one of the following:

(1) g, h, k are bounded on S and f is bounded on S + S;

(ii) there exist an unbounded exponential functionm : S — Cand a, B, y, u € C with
aff # 0 such that

h(x) = pm(x), g(x) =afm(x) +y,
lk(x) + Bym(x) — u| = 536, |f(t) — ap’m(t) — u| < (1 + 53) €,
f(w) : arbitrary

forallx € S,t € S+ S, we S\(S+9),
(iii) there exist a (# 0), y, u € C such that

h(t) =0,

212 3
[ (P)h(g) = h(A(s)] < (jg)';f' " pta=rts

gx) =ah(x) +y,
k() + yh(x) — ] < 536’

2
[ f(x+y) —ah(xX)h(y) — pl < <1 + \/3) €,
f(w) : arbitrary

forallx,y,p,q,r,s €S, teS+S, weS\(S+9).
(iv) there exist y, u € C such that

gx) =y,

lk(x) + yh(x) —p| < 53 €,
() — il < (1 + 53)@
f(w) : arbitrary

forallx € S, t € S+ S, w e S\(S+9).

Proof. First, we assume that g is a nonconstant bounded function. Fix yp € S and let
D(x,y) = f(x +y) — g(x) h(y) — k(y). Then, using the triangle inequality we have

46 Z |D(yax)—D(X,Y)—D(YO,X)—FD(X’}’ON
= [(h(y) — (o)) g(x) — (g(¥) — g(yo)) h(x) + k(y) —k(yo)|. (4.3)



374 Jaeyoung Chung et al.

Thus, it follows from (4.3) that & is bounded. Replacing x by y and y by x in (4.1) and
using the triangle inequality we have

lk(x)| < 2€ 4 [g(x)h(yo) — h(y0)g(x) + k(yo)|

forall x € G. Thus, k is bounded and consequently, f is bounded on S + S, which yields
@).

Secondly, we assume that g is unbounded. Since 4 is nonconstant, it follows from (4.3)
that 4 is unbounded. Now, dividing both sides of (4.3) by |A(y) — h(yp)| we have

4de
- h 4.4
lg(x) —a(y) h(x) + n(y)| < h(y) — hyo)| 4.4
forall x, y € S such that h(y) — h(yo) # 0, where
g(y) — g(o) k(y) — k(yo)
YO = 4 — ki) "= ) - k() =)

Replacing y by y; and y by y; in (4.4) and using the triangle inequality with the results
we have

la(yr) —a(y) R = In(yD) —n(y2)]

1 1
4 4.6
e <|h(y1) —hOool T hGn) — h(yo)l) “-0)

for all x € §. Since & is unbounded, it follows from (4.6) that a(y;) = «(y2). Thus
a(y) :=«a isindependentof y € J :={y € S : h(y) — h(yo) # 0} and from (4.5),

g() — g(yvo) = a(h(y) — h(y0)) 4.7)

for all y € J. From (4.3) it is easy to see that g(y) — g(yo) = 0 if and only if h(y) —
h(yo) = 0 since both g and % are unbounded. Thus, we have

gx)y=ahx)+y (4.8)
forall x € S, where y = g(yo) — ah(yp). Putting (4.8) in (4.1) we have

[f(x +y) —ah(x) h(y) —yh(y) —k(y)| <e. 4.9)
Replacing (x, y) by (v, x) in (4.9) and using the triangle inequality we have

lk(x) +y h(x) —k(y) = yh(y)| < 2e. (4.10)

Let g(x) := k(x) + yh(x) and let d := supy ye 19 (x) — g, the diameter of ¢(S).
Then, by Jung’s theorem [13], there exists a circle with radius r < \/1351 containing g (S).
Let u be the center of the circle. Then we have )

|k(x) + yh(x) — pn 4.11)

| < ’
< €
V3
forall x € S. Using the triangle inequality, (4.9), and (4.11), we have

2
£ G+ ) — ah(h() — pl < (1+ \/3)6. @12)
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Now, using the triangle inequality and (4.12) we have

lah(x)h(y) —ahh@)| = | = f(x +y)+ah(x)h(y) + ul
+1f(w+v) —ahh@) — ul
_ 2243
T V3
forall x, y,u,v € S satisfying x + y = u 4 v. Dividing both sides of (4.13) by || we
have

(4.13)

2(2 3
[ (x) h(y) — h(u) h(v)| < @+ 3e = (4.14)
V3la|
Replacing (x, y) by (x + y, z) and (u, v) by (x, y 4+ z) in (4.14) we have
[h(x +y)h(z) —h(x)h(y +2)| = M. (4.15)

Now, using the triangle inequality and (4.15) we can write

G y)h(E)—h (R 4-2)] < ‘h(x + V)h(z)h(v) 3 h(x)h(y + v)h(z)

h(v) h(v)
‘h(x)h(y+v)h(z) _ h(x)h(y+2)h(v)
h(v) h(v)
| ()] + Ih(X)|>
M 4.16
: < hw)] (410
forall x, y, z, v € S. Since A is unbounded we have
h(x +y)h(z) = h(x) h(y +2) (4.17)
forall x, y, z € S. Multiplying both sides of (4.17) by h(v) we have
h(x +y)h(z)h(v) = h(x)h(y +2) h(v)
= h(x)h(y) h(z + v). (4.18)

Ifh £ 0on S+ S, ie., there exist 51,52 € S such that i(s; 4+ s2) # 0, and putting
=151,V =218, x =y =S5 + 52 in (4.18) we have

h(2s1 + 2s2) h(s1) h(s2) = [h(s1 +52)1° # 0.

Thus, we have

h(s1) h(s2) # 0.
Putting z = 51, v = 57 in (4.18) and dividing the result by h(sl)zh(sz)z/h(sl + 52) we

have
h(x +y) _ h(x) h(y)
B B B
forall x, y € S, where B = h(s1)h(s2)/h(s1 + s2). This implies

(4.19)

h(x) = Bm(x) (4.20)
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for all x € S, where m is an unbounded exponential function. Putting (4.20) in (4.8),
(4.11) and (4.12) respectively, we get (ii). Similarly, (iii) follows from (4.8), (4.11), (4.12)
and (4.14).

Finally, we assume that g is a constant function. Let g(x) = y. Replacing (x, y) by
(y, x) in (4.1), and using the triangle inequality with (4.1) and the result we have

lk(x) +yh(x) —k(y) = yh(y)| < 2¢ (4.21)
forall x, y € S. By Jung’s theorem, there exists i € C such that
2
|k(x) +yh(x) —pl < | € (4.22)
’ V3
for all x € §. Using the triangle inequality with (4.1) and (4.22) we have
2
If(x+ )—M|S<1+ )e (4.23)
sty V3
forall x, y € S, which gives (iv). This completes the proof. ]

Remark 4.3. If we take f = g = k in Theorem 4.2, then (i), (iii) and (iv) are reduced to
case (i) of Theorem 3.1. Also, item (ii) of Theorem 4.2 is reduced to

h(x) = Bmx), x €S, (4.24)
fx) = apm(x)+vy, (4.25)
[f(x) + Bym(x)— pul < 536, (4.26)
lf() — ap?m@) —p| < <1+ 53) (4.27)

Putting (4.25) in (4.26) and using the triangle inequality we have

1Ba + ) ImG)| <y — ul + 536

for all x € S. Since m is unbounded, we get y = —«. Similarly, putting (4.25) in (4.27)
we have 8 = 1. Thus, Theorem 4.2 includes Theorem 3.1.

In particular, if S 4+ § = S, then as a direct consequence of the above result we have
the following.

COROLLARY 4.4

Assume that S is a commutative semigroup such that S = S+ Sand f,g,h,k : S — C
satisfy the functional inequality (4.1). Then (f, g, h, k) satisfies one of the following:

(1) f,g,h,k are all bounded on S,
(ii) there exist an unbounded exponential function m and o, B, y, u € C with aff # 0
such that

h(x) = Bm(x), g(x) = apm(x) + v,
lk(x)+By m(x)—p| < 536, |f)—a BZm(x)—p| < (1 + j3> €

forallx € S;
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(iii) there exist y, u € C such that

gx)=vy, |k(x)+yh(x)—p| < 536, If(x) — | < (1 + 53)6

forall x € S.

Now, we give two examples of regular, as well as irregular solutions of functional
inequality (4.1). In the following example, we denote the polynomials P of finite degree
by the infinite sum P(x) = Z?io ajx’ to avoid confusion, where the coefficients a; = 0
for all but a finite number of j € N U {0}.

Example 4.5. Let S be the set of all nonzero polynomials P(x) = 270:0 a jxj of finite
degree witha; e NU {0} forall j =0,1,2,3,..., and f,g,h,k : § — C.Itis easy to
see that every nonzero exponential function m : S — C has the form

o0 o
) a
m Z ajx) | = ]_[ c, (4.28)
j=0 j=0
where ¢, c1, €2, ..., Cn, ... 18 an arbitrary sequence of nonzero complex numbers. Thus,

the regular solution ( f, g, i, k) of the inequality (4.1) has the form

o o
(S| =TT
Jj=0

=0
o o
g Zajx/ =a,31_[c?’+y,
j=0 '

j=0
o0 o 2
k Za/xf +By l—[c]’—u _\/36,
J= Jj=0
f Zajxf —a,321_[c;l.f_ﬂ 5(14—\/3)6, Zaj22,
j=0 j=0 j=1

f(xj) :arbitrary, j =0,1,2,....

Also it is easy to see that the irregular solutions are given by

h(x)y=cj, j=0,1,2,...,

o o
h Zajxj =0, Zasz,
j=0

j=0
gxy=aci+y, j=0,12,...,

o o0
g Dlaj/ | =y,  Dlaj=2
Jj=0

; 2
|k(xj)+ C_I’L|§ €, .2051725'-'7
e NV
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IA

o0 2 o0
k Zajx/ —u J €, Zaj > 2,
j=0 3 j=0

2
[f(xP +xT) —acpcy —pul < (1—|—\/3)e, p,.q=0,1,2 ...,

FD i | —nl < <1+ )e, Y aj =3,
j=0 V3 j=0

f(x/) : arbitrary, j=0,1,2,...,
where a, 8, y, n € C.

Example 4.6. Leta; >0, j =0,1,2,...,n,and § = [a1,00) X --- X [a,, 00). Then
every exponential function m : § — C is given by

mxy, ..., xy) = el Xn)+iq()€1,...,)(n)’ xj>aj, j=0,1,2,...,n,
(4.29)

where p is an additive function on the semigroup S and the function ¢ satisfies

qx1+y1, .., X0+ y) =q(x1, ..., x0) g1, ..., Yu) (mod 2m)

forallx;,y; >aj, j=0,1,2,...,n.
Thus, the regular solution of the functional inequality (4.1) is given by

h(xi,...,xp) =B el Xn)+it1(11w,Xn)’
g(x1, ..., xn) =ap Pt Xn) g (er,xn) v,
‘k(]ﬂ, LX)+ BY ep(xl ,,,,, Xn)Hiq (X1, Xn) M‘ < 2 .
V3
‘f(l‘l, e ty) — 05,32 P X Xn) i (X1 sXn) M‘ < (1 + 53) ,

f(wi, ..., w,) : arbitrary

forall x; > aj, tj >2a;, a; <sj <2aj, j=0,1,2,...n, and some o, B, y, n € C.
Next we find the irregular solutions. Define A : [0, 00) X -- - x [0, c0) — C by

ho(x1,...,xp) =h(x1 +ay,...,x, +ap), x; 20, j=0,1,2,...,n.
(4.30)

From (4.14), we have

R )

2
X1+ Xn +
ho( Y " y") — ho(X1 e X)) OOV )| < M

forallx;,y; >0, j=0,1,2,...,n. Letk = Oandreplace g, h by ho and f(x1, ..., x,)
by ho(%y ..., "5) in (4.1). Then by Corollary 4.4 we have
ho(x1,...,xp) = Bm(x1,...,X,) (4.31)

for some 8 € C and an exponential function m : [0, 00) x --- x [0, 00) — C. Since
h = 0on S+ S, we have h(y1,...,y,) = Oforall y; > 2a;, j =0,1,2,...,n.
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Now, for each x; > 0, j = 0,1,2,...,n, if we choose a positive integer r such that
rxj>aj, j=0,1,2,...,n,then
mxy, ..., x,) = m@rxy, ..., rx,)
= B ho(rxi, ..., rxp) (4.32)
= ,371 h(rx; +ay,...,rx, +ay)
= 0.
Thus, it follows that
mxy,...,x,) =0 (4.33)
forallx; >0, j =0,1,2,...,n. Since m is written in the form
m(xy, ..., xp) =myi(xy) - my(xy) (4.34)
for some nonzero exponential functions m; : [0, 00) — C, j =0,1,2,...,n, it follows
from (4.33) and (4.34) that there exists jo € {1, 2, ..., n} such that
mjy(x) =0 (4.35)
for all x > 0. Note that for all j € {1,2,...,n}, m; satisfies m ;(0) = 1 and one of the
following:
mj(x) =0 (4.36)
forall x > 0, or
mj(x) #0 4.37)
for all x > 0. Without loss of generality, we assume that J = {1,2,...,r} is the set of
all j € {1,2,...,n} such that m; satisfies (4.36). Since m is unbounded, we have r < n.
Thus, we can write
h(xi,...,xp) = ho(x1 —ai,...,x, —an)
= ﬁm(X1 —ai,...,Xp —an)
= nml (xi —ai) l_[ m;(x; — a;)
i= r+1
= l—[ml(-xl a;i) l_[ m;(x;) l_[ mi(a;)”
i=r+1 i= r+1
=B l_[ m;(a;)~ l—[m (xi —ai) l_[ m;(x;)
i=r+1 i=r+1

= Ml(-xla -'-7-xi’)M2(-xi’+15 '-'axil)
= M1 @ Ma(x1, ..., Xp; Xrgls ooy Xp)

forallx; > aj, j =1,2,...,n, where

Mi(xy, ... x) =8 l_[ mi(a;)”" l_[mi(xi —aj),

i=r+1

MoGergt, o) = [ mix)

i=r+1



380 Jaeyoung Chung et al.

and
MIQMo(X1, ooy Xps Xpgls oo vs X)) i= My(x1, .o, X)) Ma(Xpg1, ..., Xn).
It is easy to see that

=0, it Vx;>a;, j=12,..,r

Ml(xl,...,xr) { 7&0, lfvsza], j:1,2,.-.,r,

and M3 is an unbounded exponential function on [a,11, 00) X - -+ X [a,, 00).
Now, the irregular solution of inequality (4.1) has the form

h(xt, ..., xp) = My @ Ma(x1, ..., X5 Xrgd, - o o5 Xn),
gxt, ..., xp) =a My Q@ Ma(xt, ..o, X5 Xrg1, ..o, X)) + Y,

lk(xt, o Xn) Y My Q@ Ma(X1, oo X Xpids o vy Xn) — (] < 535,
|f(2x1, ..., 2x,é) —a My @ Ma(2x1, ...y 2x; 2X 41, -+ -, 2Xp)
—ul < (1 + \/36>,
f(wi, ..., wy,) : arbitrary
forall x; > aj, aj <wj; <2aj, j=1,2,...,n, and some a(# 0),y, u € C.
We end this paper with the following question.

Question 4.7. We do not know if every unbounded function & : § — C satisfying the
following functional inequality

|h(p) h(g) —h(r)h(s)| <M, Yp,q,r,s €S with p+qg=r+s (4.38)
for some M > 0, also satisfies the functional equation
h(p)h(q) = h(r)h(s), Vp,q,r,s €S with p+qg =r+s. (4.39)

If there exists a function satisfying (4.38) but not (4.39), then under what conditions
on h and/or the semigroup S does the above functional inequality imply the functional
equation?
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