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Abstract. We obtain homogeneous Strichartz estimate for the Schrodinger propaga-

tor e 'L for the Laguerre operator Ly on R”. We follow regularization technique as
introduced in J. Funct. Anal. 224(2) (2005) 371-385. We also establish inhomogeneous
Strichartz estimates for different admissible pairs.
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1. Introduction

In this paper we will establish Strichartz estimate for the Schrodinger propagator e ~#* L«
for the Laguerre operator on R’ . Strichartz estimates are useful for establishing exis-
tence of solution for semilinear Schrodinger and wave equations, in which no derivatives
are present in the nonlinearity. Strichartz estimates were first proved by Strichartz [15]
for solutions of Schrodinger and wave equations on R”. They were generalized to non
endpoint admissible pairs (g, p) by Ginibre and Velo [7] and by Lindblad and Sogge
[10]. The end point estimates were proved by Keel and Tao [8]. End point estimates were
also proved by D’ Ancona et al. [3] for magnetic Schrodinger equation with some condi-
tions on the potential A and V. In literature estimate (4.1) is known as the homogeneous
Strichartz type estimate, whereas other estimates in Theorems 4.6 and 4.8 are known as
inhomogeneous Strichartz type estimates (see [6], [18] and [16]).

Laguerre operator is closely related to the twisted Laplacian (special Hermite operator)
in the following sense: If f € S(C") is radial then Lf(z) = L,—1f(r) where L is the
twisted Laplacian on C”, L,_ is the 1-dimensional Laguerre operator of type n — 1 given
by (1.1) and r = |z|. Moreover special Hermite functions &, ., ®,, .4z on C" with

it € Z , are related with n-dimensional Laguerre functions xp,’f (see Theorems 1.3.4 and
1.3.5, pages 19-20 in [17]), where 1//[1‘ are given by (2.1). Ratnakumar and Sohani [14]
proved well-posedness of nonlinear Schrédinger equation for the twisted Laplacian on

C", see Zhang and Zheng [20] for such a result.
Laguerre operator L, on Ry = (0, 0o) with & € (—1, 00) is given by
&> 20+1d x?

Ly=—— — -, 1.1
* dx? x4 (1.1)
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The paper is organized as follows. In §2 we discuss the spectral theory of the Laguerre
operator. In §3 we define the Schrodinger propagator e’Le as a unitary operator on
L%(R™, dv) and express as an integral operator on L' N L2(R”, dv). We establish opera-
tor norm estimate for e’’Z« in Lemma 3.5. In §4 we prove Strichartz estimates in Theorem
4.6 and for different admissible pairs in Theorem 4.8.

2. Spectral theory of the Laguerre operator

The one-dimensional Laguerre polynomial L (x) of type & > —1 are defined by the
generating function identity

i t
YLt = - leT ] < 1.

Here x > 0 and k € Z>¢. Each L is a polynomial of degree k explicitly given by

k

3 F(k+ea+1) (—x)/
—~Tk—j+Dr(+a+1) jt -

LY(x) =

27%!
C(k+a+1)

mal family in L2(R,, x?**!dx). Each Y is an eigenfunction of the Laguerre operator
L, given by (1.1) with eigenvalue (2k + o + 1), i.e.,

1 2
The Laguerre functions v’ (x) = ( )2 Lg(%)e’? form a complete orthonor-

Lo = Qk +a + Dy

If f,g € C*(Ry) N L3Ry, x2*1dx) such that Ly f, Lyg € L*(R4, x***1dx), then
(Lo f, 8)x2a+1gy = (f, La&) 20+14y, Where inner product is with respect to the measure

x2**+1dx. Therefore the Laguerre operator L, is self-adjoint with respect to the measure
2041
X dx.

Thus every f € L>(R, x>**1dx) has the Laguerre expansion

f = Z(f’ W?>x2a+ldx “/f]?

We call ( g >x2"‘+1 4y as the k-th Fourier—Laguerre coefficient of f. Now for each multi
index u = ((1,..., 1p) € ZLyand @ = (a1, ..., a,) € (=1, 00)", the n-dimensional
Laguerre functions are defined by the tensor product of the 1-dimensional Laguerre
functions

yre) = [[valGp, xeRy =®RY" 2.1)

The n-dimensional Laguerre operator L, for @ = (a1, ..., a,) € (—1, 00)", is defined
as the sum of 1-dimensional Laguerre operators Lo,

n

20 +1 9 |x|?

N e
j=1
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Therefore Loy = (2|u| + Z?:l o + n)y, where |u| = Z'}Z] ;. Hence, wl‘j are
eigenfunctions of L, with eigenvalue 2|u| + Z;'-=] a; +n and they also form a complete
orthonormal system in L2(R”, dv(x)). Laguerre operator L, is self-adjoint with repect
to measure dv where dv(x) = x12011+1 cox Pty dx,.

Thus every f € L2(R’j_, dv(x)) has the Laguerre expansion

f=2 f i, i =D et
" k=0

where the inner product is with respect to measure v and P denotes the Laguerre
projection operator corresponding to the eigenvalue 2k + Z.’;:l aj + n given by

Pt = 3 U195,

[ul=k
Remark 2.1. In view of estimate (3.2) throughout this paper we only consider « €

1
(_jv Oo)n'

Remark 2.2. Note that L*°(R",dx) = L*®°[R"%,dv) with equality of norms
||f||LOO(R1,dx) =|fl Lo°(R" dv)» where dx denotes the usual Lebesgue measure on R, .

3. Schrodinger propagator e—itla

If f e C?>NL*RY, dv) such that L, f € L>(R™, dv) then we observe that

(Laf, ¥), = (F Lati), = | 2l + 7+ 3 ey | (£ 0], -

j=1

Therefore for f € L*(R™,dv), we define e /'L« f as L?>(R",dv) function by the
following:

e itha ¢ Ze—it(2k+n+§ o)) E (fours) v
v
k=0

|pel=k
It is easy to see that e /L« is a unitary operator with adjoint operator e“« on LZ(R"., dv).

Remark 3.1. e "L« f is periodic in ¢ if and only if 27:10‘,/ is rational whereas

el Xje~itla f and |e~i'L« f| are always periodic in ¢ with period a rational mutiple
of 2.

In view of equation (3.5) we say that Schrodinger propagator e ~/L« is an integral oper-
ator on L' N L2(R", dv). We prove integral representation (3.5) by using regularization
argument introduced in [11] (see also [12], [13]). Using this integral representation and
kernel estimate in Lemma 3.4, we prove operator norm estimates of e “/“« in Lemma 3.5.

Since e A+ 2j=1 %) hag modulus 1, for using Mehler’s formula for Laguerre func-
tions (see (4.17.6) of [9]), we consider an auxiliary complex semi group {e~ "+ e} with
r>0.
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Lemma3.2. Let r > 0, € (—%, 00)". Then e~ "+l j5 qn integral operator on
L2(R™, dv). Moreover

e_“*””L“fo)==(A;1f(y)K(x,y,r,t,a)dv(yL
+

o P (1+e—2(f+”))
K(x,y,r.ta) :e‘”’e‘”(”Z‘)‘J‘)(1—e‘2(’+”)) e ' 1mem 2

n s —r (a=2it\ L
) g 2ity xjyje (e )2
XHQW”WG”ZM(TQWET :

j=1

where Iy; is the modified Bessel function of first kind and | arg(e_Zi’)| < 7.

Proof. We observe the following:

(0.¢]
e—(r+i[)La f(.x) ZZC_(r+i[)(2k+n+Zaj)Pkf

k=0

:Ze—(r+iz)(2k+n+2aj) Z (f, wg)v Y (x)
=0 [ul=k

_Z —(r+it) k+n+Y a;) Z/ f(y)lﬂ (x)1// (y)dv(y)

[ul=k

_Z —(rit) 2k+n+3 o) / £y Z Y ()Y ()dv(y)
k=0 [nl=k

:/' f(y)ze—(r+n)(2k+n+za,-) Z PP ()dv(y)
R k=0 lpe|=k

Z/Rn FOK(x,y,r, t,)dv(y).

In fifth equality series inside the integral converges in LZ(R%F", dv(x, y)), see Remark

3.3. In view of Theorem 4.9 at page 94 of [1], fifth equality follows from dominated
convergence theorem. Here

K(x, V7, t, a) — Ze—(r+lt)(2k+l’l+zaj) Z 1_[ wul (x])l//u,] (y])

[ul=k j=1

n o0
_ D+ ) 1—[ Z e 2D Y (x ) (v))

Jj=1p;=0
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_<|x|2+m2)(1+e—2<r+{r>)
_ e—nre—it(n+2aj)(1 _ e—2(r—&-it))—ne 4 1—e—2(r+iD)

- —aj o =2ily ot ijjefr(efzi')%
< [T v @)= I, 1 — o—20+iD)
j=1

and |arg(e™%!)| < m. In the above, second equality follows because both functions
are in L? (R%", dv(x, y)) and have the same Fourier-Laguerre coefficients. Last equality
follows from Mehler’s formula for Laguerre functions (see (4.17.6) of [9]). For Bessel
functions of arbitrary order and modified Bessel functions of the first kind, we refer to
§§ 5.3 and 5.7 of [9]. O

Remark3.3. If p € Z”, and k € Z>1, then Zlulzkl = (k+z_l) < (2k)"~! and for
r > 0, we have -

00
anflef4rk < 0.
k=1

Lemma 3.4. Let K(x,y,r, t,a) be the kernel as in Lemma 3.2. Then we have uniform
estimate for K inr € (0, 1].

C
|K(x,)’s’”,t,0l)|§—n, (31)
| sin ¢+ 2i=1
where C only depends on n and «.
Proof. Let arg(e=%") = —2f with |7| < Z. Then e 2t — g2l (e_2i’)% = e~ and

cos 2t = cos 2f. Now we observe the following:

‘1 —e 2Dl — (1 4% — 27 cos 2t)%

xjyje_(r+it~) = x;yie " (- e—2r) cost — i(1+ e—Zr) sinf
1 — e20+in . YiYi 14+e 4 —2e 2" cos 2t

R (x,-yje—(’“f))‘ - xjyje (1 —e)
€

1 — e—2G+in 1 +e=% —2e~% cos 2t
L+e 2040 (1 —e¥) —2je " sin2s
1 —e 20+ [ 4e4 —2e2rcos2t
We see that
|z|P

1
g ()| = meXp(lRe(Z)l), for > —> (3.2)

which follows from inequality (1) in section 3.31, page 49 of [19] and equalities (5.7.4)
and (5.7.6) of [9]. We have the following observation

n
A+e ) (xP+1yP) —4e™ Y xjyj=A—e P (xP+ 1P +2e7 > (xj — yp)?
j=1
> (1—e (x> +1y[).
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Using the above observations, we see that

|K(x,y,7t, )
) _ (=22 (x 24y D)
S Cefr(}‘hl’z O(j)(] +ef4r _ 26721‘ cos 207 > e 4(1+e’4r72e’2’ cosZt)
4 By (n+Zozj)
<Cl+e ™ —2e"cos2t)" 2 . (3.3)

Now for r € (0, 1] we have

l4+e ™ —2e 2 cos2t = (1 —e )2 +4e ¥ sin’t > 4e > sin’ 1.

Therefore using this estimate in (3.3) we get the desired estimate. (I

Lemma3.5. Lett ¢ 57,2 < p < ocoand p' = %. Then

i . —(1=2)(n+X «;
le™ 5 £l Loavy < Clsint| ( ”>( x ])||f||Lp’(dv)’
where constant C depends only on n, p, a.

Proof. For f € L*>(R", dv) we have

o
le™ e f 112 gy = D &7 CAERED 2 PN, =1 1 a gy (B4)
k=0

For f € L' N L*>(R", dv) we observe from Lemma 3.4 and Remark 2.2 that

|Ie*(’+”>Laf||Loo(R1’dU) < C| sintlf("J“Zaj)||f||L1(IR<'jr,dv)-

Since e~ m+iDLa f s e=itla £ in L2(dv) as ry — 0, e ™ 'H’)L“f(x) — e iha f(x)
a.e. x for some subsequence {r,,; }. Also observe that

/]R” FOIKCx, y, rm;, 1, a)dv(y) — /]R" FONK(x,y,0,t,@)dv(y) ae.x.
Therefore for f € L'n L3R ,dv) we get
e fw = [ 0Ky 0. 35
+

From Remark 2.2 and Lemma 3.4 we observe that

—itLgy . — .
le™ 5 £l Looqn avy < Clsint|" "D £l 1 g gu-

This inequality can be extended to L' (R" , dv) by density argument. From Riesz—Thorin
interpolation theorem (see [5]), the lemma follows. O
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4. Strichartz estimates

DEFINITION 4.1

Letn > landa € (—l, 00)". We say that a pair (g, p) is admissible if

n
2
l<qg=2 0=<|n+) a (1——><1
P

J=0

or

n
2 2
2<g<oo0and0 < n—l—E aj (1——>S—<1-
, q
j=0

Remark 4.2.

(i) The admissibility condition on (¢, p) implies that 0 < (n+2';:0 o j) (1 _ 2) <1
() fl<g<2,n=1,14+a < 1,then p € [2, c<].
Gi) If1<g<2,n=1,14a=1,then p €2, 00).

) 2(n+2?:0(xj)
vy Ifl<g<2,mn+>Y"_,a;)>1,thenp e |2, ———2|.
Z] 07/ (}'H*Z;l-:()aj)f]

Admissible condition is basically got from the following Lemma 4.3 and Remark 4.4
which are useful in proving Strichartz estimate (4.3). This lemma was proved in Lemma
2, pp- 293-294 of [12] for compact interval [—m, 7 ]. We state here for arbitrary compact
interval [a, b]. Same proof will work here, and hence we skip the proof.

Lemma 4.3. Let (a, b) be a bounded interval and T be the operator given by

b
Tf@) = / K(t —s)f(s)ds.
Then the following inequality

ITfllg = Cxllfllg

holds forq = co if K € L*(a—b,b—a),forq € (2,00) ifK € weakL%(a—b,b—a)
and also for 1 < q <2if K € L'(a — b, b — a). Constant Cx is independent of f.

1-2 .
Remark 44. Let p € 2, oo] a.b e R |sint “(=3)0+Z9) ek L5 @ — b b —a)

withg € 2,00)if l < $ < ——L ———or(n+ Y1)l —2) <2 < 1. Also
1 <n+Z;{:0a1>(17%) ZJ*O J p q

2 .
| sint|_(l_5)("+za/) eLlYa—bb—a)if(n+ Z?:o a)(l— %) < 1. If we consider
p = 2 then |sint| (=D(+Ee)) _ 1€ L®@a—>b,b—a).
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Now we prove a lemma which is helpful in proving Strichartz estimates (Theorem 4.6).

Lemma 4.5. Let [a,b] be a bounded interval containing to. Let hj(x,t) €
Lq;' ((a,b), L2(R", dv(x))), where q} is a conjugate exponent of qj with 1 < q; < 00
for j =1, 2. Then the functions

e T Lapy (x e TRy (x,5), hy(x, )€l T e hy (x, )
belong to Ll(Ri x (a,b) x (a,b),dv(x) x dr x ds).
Proof. For simplicity we are considering hy = hy = h and g1 = ¢q» = g. Since
h € L7 ((a, b), L*(dv)), h(-, 1) € L*(R", dv) for a.e. t € (a, b). Therefore e~/ —10)Lapy

(1) € L?>(R",dv) for ae. t € (a,b). Then by Holder’s inequality e~/ —0)Lep
(-, e i Lap(. sy e LY(R", dv) forae.t,s € (a, b) and

/ e/ Eap(x, ) O (x, 5)|dv (x)
R}
< G Dl z2@n 1A C )N L2 @)

Integrating with respect to ¢t and s over (a, b) X (a, b) and using Holder’s inequality in
the ¢ variable, we get

b b
/ / / e~ ke p(x, 1)e T T e (x, 5)]dv (x)dds
a Ja "

b 2 2
< </ A, t)||L2(du)df> =b-a) ”h”iﬂ,((a b),L2(dv))"
; b,

Similarly 7y (x, )e!*=9Lapy(x, 5) € LY(RY x (a,b) x (a, b), dv(x) x df x ds) can be
proved. (I

The main Strichartz type estimates in this paper are compiled in the following two
theorems.

Theorem 4.6 (Strichartz estimates). Let [a, b] be a bounded interval containing t(. Let
f e L*R",dv) and g € L‘f/((a, b), LP,(R’Z ,dv)) where (g, p) is an admissible pair
and q', p’ are the corresponding conjugate indices.

Then e~ (~la f ¢ L9((a,b), LP(dv)) N C(R, L>(dv)) N L®(R, L>(dv)) and
ftg e U=Ilag(x, 5)ds € L9((a,b), LP(dv)) N C([a, b], L*(dv)). Furthermore the
following estimates hold over R} x (a, b):

le™ 0L £ oy Lo@ < CIF 2 a “-1)
b 1 L
/ el t—10) “g(x,t)dt =< C”g”Lq’((a,b),LP’(du))’ (4.2)
a L2(R,dv)
=<

t
/ e—l([—S)Lag(x’ S)ds
4]

C”g”L‘I/((a,b); LY (R, dv))’ 4.3)
L4 ((a,b),LP(dv))

IA

Cc ||g||Lq/((a,b); LY (R ,dv))" 4.4)

t
f e—l([—S)Lag(x’S)ds
0]

L ((a,b),L%(dv))
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If g € L'((a, b), L*(R", dv)) then the following estimate holds:

t
/ e i=9)La g(x, s)ds
0]

Here constant C is independent of f, g and #o.

=CllglL (@.p); L2®7dvy)- (4-3)
L9((a.b),LP (R dv))

Remark 4.7.

(i) If t < 19, then by integral ftg we mean — ftto.
(ii) Estimate (4.3) also holds if we replace integral f[g by fab.
(iii) Since [e~I¢~)L« £(x)]| is periodic in  (see Remark 3.1), it is not possible to obtain
Strichartz estimate (4.1) for unbounded interval when g < oo.
@iv) (g, p) be an arbitrary admissible pair in estimates (4.1), (4.5).

(v) In view of Lemma 3.5, Theorem 4.6 also holds if we replace r — #y by — (¢ — fp) in
(4.1),(42)and t — s by —(t — 5) in (4.3), (4.4) and (4.5).

Proof. We prove estimates in the following order: (4.3), (4.2), (4.1), (4.4), (4.5). Using
Minkowski’s inequality for integrals and from Lemma 3.5, we get

t
‘ / efl(’ﬂ')L”g(x, s5)ds
fo

LP(dv)
b (1=2)n+Y a))
. —(1-2)(n a;j
< [ gsin = TP ), 0
a

Since (g, p) is an admissible pair, estimate (4.3) follows from the Lemma 4.3 and
Remark 4.4.

By density argument it is enough to prove estimate (4.2) for g € LY ((a, b),
L2 (R", dv)), see section 8.18 of [4]. Since e~"La s the adjoint operator of e/’Le on
L>(R", dv), from Lemma 4.5, Holder’s inequality for the mixed L” spaces and estimate
(4.3) with Remark 4.7 (ii), we get estimate (4.2):

b 2
/ ei(l*l‘Q)Lag(', t)dt
a

L2(R",dv)

b b
— </ ei(t_tO)Lotg(,’ t)dt’ / ei(s_t())Lotg(.’ s)ds>
a a v

b b
/ el(t_’O)L“g(-, 1), e T lag (. s))vdsdt
/ / g(-, 1), e Ve g (. 5)) dsdt

=/ <g<,t>,/ T e s)ds>
a a , ' v
‘/ e =9 Lag(x, 5)ds

2
= ClgNL ¢ ). @y

= ”g“LlI’((a,b),LP’(du)) L4((a,b),LP(dv))



534 Vijay Kumar Sohani

Estimate (4.1) follows if (g, p) = (00,2). Since |e~i@ktn+Xa) _ 1| < 2 and
I P fll 20y € 12(Z=), e "Le f(x) € C(R, L>*(R", dv)) follows from dominated con-
vergence theorem. e~'Le f(x) € L®(R, L>(R", dv)) follows from (3.4). For ¢ < oo,
estimate (4.1) follows from duality argument, estimate (4.2), Lemma 4.5 and the fact that
e"Le is adjoint operator of eLe on L>(R”, dv).

By density argument it is enough to prove estimate (4.4) for g € LY ((a,b), L* N
LP' (R, dv)). Now we prove estimate (4.4) by using the duality argument in the
x-variable. Let h € C°(RY) with ||A] 2, = 1. By Holder’s inequality, Lemma 4.5,
estimate (4.1) and the fact that e /L« is the adjoint operator of e//‘« on L2(R™, dv), we

get
4 .
W e (g 5)ds. >
fo v

t
/ (g(-, s), ei(tfs)L"h)vds
1

0

b
< [l o0t fas

a

—i(s—tg)La ¢ i (t—10) Ly
i(s—19) (el(t 10) h)HL‘I((a,b)(ds),LP(du))

= ||g||Lq/((a,b),L1”(dv)) ”e
S C”g”m’((a,b),LP/ @v)) ”ei(l—f())Lah”Lz(dU).
= C||g||Lq’((a,b),Ll” (dv)) ”h”Lz(d")'

Taking supremum over all & with ||| ;24,, = 1 and then supremum over 7 € (a, b), we
get the required estimate.

Estimate (4.5) follows from estimate (4.4) if (g, p) = (00, 2). So we assume that
(g, p) # (00, 2). To prove estimate (4.5), take h € L9 ((a, b), L> N L?' (dv)). Now from
Lemma 4.5, Remark 4.7(i) and the fact that e~/'L« is the adjoint operator of e/’L« on
L2(R", dv), we observe the following:

b t
/ <f ei(’s)L“g(~,s)ds,h(~,t)> dr
a o v
Iy o b t .
= (/ / +/ / ><g(-,s),e'(l_s)l‘“h(-,t))vds dr
t=a Js=t 1=ty Js=19
(/ / / / )g( 5), eI ep( 1)) dr ds
s=a Jt=a s=ty Jt=s
=/ <g( s)f —is=DLap (. t)dt> ds
b b .
_|_/ <g(-,s),/ e_’(s_t)L"‘h(~,t)dt> ds.
Io Ky v

In view of estimate (4.4) and Holder’s inequality, estimate (4.5) follows.
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Now we prove f,f) e i=9Lag(x 5)ds € C([a, b], L*(dv)). Let 1,, — 1. We take h €
L2(R?, dv),

t t
K/ e_'([’”_s)l“"g(-,s)ds—/ e_’(’_s)l“"g(~,s)ds,h>
) to v

t
/ e/ tnmDtug (o 5) —e 1 Ihag(.,5), h),ds
T

t
/ (g(’ S), (ei(tm_S)La _ ei(t_S)La)h>UdS
1

0

b
< / le(, S)”Ll”(dv) ||e—1(s—to)La (ez(tm—to)Lah _ ez(t—to)Lah)”Lp(dv)ds
a

= ”g”Lq’((a,b),LP/(dv))

x ”e—i(s—to)La(ei(lm—to)Lah — elt=10)La h) ||L‘1((a,b)(ds),Ll’(dv))

i(tm—10) Lo __ ei(t—lo)La)

=< C||g||Lq/((a,b),Lp’(dv))”(e h||L2(dv)-

This shows that ftf) e itn=Lag(. s)ds — ftf) e {=9Lag(. 5)ds weakly in L2(R™, dv).

L?(R", dv) norm of this sequence is constant and equal to

t
/ e_l(tm_s)La g(’ S)dS
fo

L2(R™,dv)

t
— He—l(lm—l)La / e—l(l—S)Lag(_’ S)dS
T

L2(R%,dv)

t
/ e 1= ag(. 5)ds

)

L2R" dv)
Therefore we have the convergence in L2(R™, dv):
/ e_’(t”’_S)L“g(~, s)ds — / e_’(t_s)’““g(~, s)ds.
) 0]

Also since || f[t’” e”"(t’"fs)L‘”g(', s)ds HL2(dv) = Clgl e (.10 @vyy = 0aStm — 1, We
conclude that f,f) e 0= Lag(x, 5)ds € C([a, b], L*(dv)). O

Now we prove Strichartz type estimates for different admissible pairs.

Theorem 4.8 (Strichartz estimates). Let (g1, p1), (g2, P2), (g3, P3), (qa, pa) be admis-
sible pairs such that q1, q» > 2 and

q2 P2

2 ~ 2 2 - 2
— = n—l—Zaj (1——), — = n—l—Zaj <1——>.
j=0



536 Vijay Kumar Sohani

Let (a, b) be a bounded interval containing to. If g € Lq;((a, b); LP (R%, dv)) then
following estimate holds:

t
/ efl(t*S)Lotg(x’s)ds SC“g”
0]

L92((a,b),LP2(dv))

(4.6)

/ ) .
L7 ((a,b), LP1 (R} ,dv))

Ifg e L% ((a, b); LP3 (R, dv)) then following estimate holds:

<Ch-a)lzl
L% ((a,b), L7 (dv))

t
/ e—l(t—S)Lag(x’ S)ds
fo

L% ((a,b), L73 (dv))”
4.7)

Here constant C is independent of g and 7. Here x = k1 + «2 and

Il

| —
I

S
+
(-
&2
—
SIS
I

| —
~—

K1
q4 p= pa
1 " <1 1)
Kp = ——|n+ o -———.
q3 Z TI\2  ps

Proof. Estimate (4.6) follows from bilinear Riesz—Thorin interpolation theorem and also
estimates (4.3), (4.4) and (4.5) (see proof of estimate (23) in [20] and also Step 4, page 36
of [2]).

To prove estimate (4.7), let us define g3, g4 by

2 n < 2)
— = | n+ o 1—— )<,
g3 X_g ’ P3

J_
: ) ( 2)
— = |n+) aj||[1-—)<l
q4 ; ! P4

Then 1 < g3 < g3, 1 < g4 < qa, 2 < q3, g4. By Holder’s theorem in the z-variable and
estimate (4.6) we obtain estimate (4.7):

t
/ e—i(t—s)Lagds
fo

L% ((a,b),LPA(dv))

t
<(b-a) / e 1 =9La g
10 L94((a,b),LP4(dv))
<Cb—-a)" ||gIIng/((a’b),Lpg(dv))
<Cb - a)KH_Kz ”g”L‘B/((a,b),Lm,(d\))) .

This completes the proof. (]
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