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1. Introduction

In this paper, we investigate the global existence of weak solutions to the following initial
boundary value problem for the viscous Cahn—Hilliard equation in one spatial dimension

du 4 dDu
m +k1Du—ky — D¢ (Du)+Awm)=0, (x,1)e(0,1) x (0, +00)
(1.1)
u(©,1) = u(l,t) = D*u(0,1) = D*u(1,1) =0, ¢ € (0, +00), (1.2)
u(x,0) = up(x), x € (0, 1), (1.3)
where the mobility £ and the viscosity k> are positive constants, ug(0) = up(l) =
D2u0(0) = Dzuo(l) = 0 and ug(x) # 0. Throughout this paper, we assume that
B(s) = —yilsI”Es +yas, As) = —yalsl9 s + s (1.4)

with p > 2, g > 2 and 4,1 = 1, 2, 3, 4 being constants.

Equation (1.1) includes many models. For example, if k; = 0, k> > 0, (1.1) reduces
to the nonlinear Sobolev—Galpern equations which appear in the study of various prob-
lems of biodynamics, thermodynamics and filtration theory (see [4,16,18]). Besides, when
y3 = y4 = 0, Liu and Wang in [14] proved that when ¢’ (s) has a lower bound, there exists
a unique global generalized solution. Subsequently, Shang [17] investigated the case of
¢(s) = als|? —lg 4+ bs and demonstrated that the solution would blow up in a finite time
provided that p > 1 anda < 0.
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If k1 > 0, ko =0, (1.1) becomes the Cahn—Hilliard type equation with gradient depen-
dent potentials and sources for modelling the epitaxial growth of nanoscale thin films
[13], in which, King et al. studied the following equation:

ou 5 .
m + A%u — div(¢p(Vu)) = g(x, 1),

where reasonable choice of ¢ (s) is ¢ (s) = |s|P 2 —s. They proved the existence, unique-
ness and regularity of solutions in an appropriate function space for initial-boundary value
problem. Recently, problems (1.1)—(1.3) with k& = 0 have been considered in [12] and the
global existence and uniqueness of classical solutions under some conditions were given.
Further, Jin and Yin [12] pointed out that while the global existence conditions can not be
satisfied, the solution will blow up in a finite time.

When k; > 0 and k> > 0, (1.1) reduces to a viscous Cahn—Hilliard equation which
can be briefly derived from modeling cell growth with u(x, t) being the concentration of
density of the cell at point x and time 7. Basic balance law gives

du v.i

a ite
where j and g represent the diffusion flux and the reaction source, respectively. When
the concentration or density is small (dilute system), then the flux is concentration and
gradient dependent, i.e. j = —m(u)¢(Vu), namely diffusion is a local or short range
effect. However, when the cell densities are relatively high, a nonlocal or long range diffu-
sion should be included. One available choice is substituting the average density in some
neighborhoods of the point x for u(x, t) and taking the form of the flux as

J = —mu)(p(Vu) — k1 V(VZu)).

Further, in some special cases, it seems plausible that there should be microforces whose
working accompanies changes in . Gurtin in [11] describes this working through terms
of the form du /d¢, thus the microforces are scalar quantities and the flux

j=—m@u)($(Vu) — k1 V(V*u)) — kaVu,.

Recently, a lot of attention has been paid to the viscous Canh-Hilliard equations. In [2]
and [7], the authors proved the existence of the semigroups and the upper and lower
semicontinuity of the global attractor for a viscous Cahn—Hilliard equation. However, the
lower semicontinuity they obtained was proved under the assumption that all stationary
solutions were hyperbolic and this assumption was relaxed in [6]. For more and deeper
investigations of the stable analysis (as t — ©0) and the asymptotic behavior of viscous
Cahn-Hilliard models and perturbed viscous Cahn—Hilliard models, we refer readers to
[3,5,9,10,15,22] and the references therein.

The purpose of the present paper is devoted to investigating the global existence of solu-
tions for (1.1)—(1.3). By a Galerkin approximation scheme combined with the potential
well method used in [19,20,21,8], it will be shown that, there exist global weak solutions
if one of the following conditions hold:

@D y1 <0, y3 > 0with p > ¢,
D) y1 <0, y3 > 0 with p < g and |y1]| being appropriately large,
) y; > 0, y3 < 0 with y; being appropriately small,
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y2>0, y4 > 0 with y; and y3 being appropriately small,

I
V) y1>0.73>0 { 12 <0, y4 < 0 with y1, |y2], y3 and |y4| being appropriately small.

Actually, the results we obtained may further explain that there are some restricted rela-
tionships between the gradient dependent potential ¢ (s) and the reaction term A(s). If
only the reaction term is dominant, i.e. 3 > 0, then we need either p > ¢ or |y;| being
large enough to strengthen the effect of the gradient dependent potential, such that the
solution will exist globally, e.g. (I) and (II); while if the gradient dependent potential is
dominant, i.e. y; > 0, then we can only set both y; and y3 small enough to lower their
effect to confirm the global existence, e.g. (IIT) and (IV).

This paper is arranged as follows: Section 2 is devoted to some preliminaries and the
main results, and subsequently, the global existence of weak solutions is studied in §3.

2. Statement of main results

Before going further, we first introduce some notations which will be used throughout this
paper,
LP =LP(0, 1), WP = WP, 1), Wyl = wghr o, 1),
2
H" = W™?, Hy' = Wy, I-1lp=1-1lre, It =1 Iz,

where p > 1, m € R are real numbers. The symbol (-, -) stands for the L2-inner product.
Denote by E the reasonable weak solutions space, namely

E = {ueL®(0,TL: Wy'") N L¥(0, TT; Wy N L®([0, TT; LY);
u; € L*([0, T1: Hy)}.
Now we state the main results of this paper.

Theorem 2.1. Assume ug € H02. Let y1 <0, y3 > 0. Then for any T > 0, the problem
(1.1)-(1.3) admits a weak solution u € E, provided that p < q and |y1| is large enough,

orp>q.
Theorem 2.2. Assume ugy € Hg. Let yy > 0, y3 > 0. If further y» > 0, y4 > 0, then for
any T > 0, the problem (1.1)—(1.3) admits a weak solution u € E, provided that y1, y3

are small enough; while if y» < 0, ya < 0, then for any T > 0, the problem (1.1)—(1.3)
admits a weak solution, provided that y1, |y2|, ¥3, |y4| are small enough.

Theorem 2.3. Assume ug € HOZ. Let y1 > 0, y3 < 0. Then for any T > 0, the problem
(1.1)—(1.3) admits a weak solution u € E, provided that y, is small enough.

3. Global existence

In this section, we establish the global existence of weak solutions of the problem (1.1)—
(1.3) following the Galerkin’s method and the potential well method used in [19,20,21].

Set ug(x) = Zil ciw;(x) and let

u(x, 1) = Zc;"(t)wi(X), upy = ch-wi(x),
i=1 i=1
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where {w;(x)}72, is the standard orthogonal basis in H, 2 also in L2, and the coefficients
{c" (@)} satisfy ¢]" (t) = (u™, w;) with
W', @) + ki(D*u", D*w;) + ka(Duy', Dwi) + (¢ (Du™), D)
+ (AW™), w;) =0, t>0, i=12,...,m, (3.1)

u™(x,0) = ug — uo strongly in HO2 as m — oo. (3.2)

From the standard theory, the problem (3.1), (3.2) admits a solution on some inter-
val (0, T;,) for each m. And the estimates we show allow taking 7,, = T for all m.
Multiplying (3.1) by d/dz(c}"(¢)) and then summing on i from 1 up to m yields

d
4113 + k|| D™ 13 + aBm(I) =0, (3.3)
where
kl 1 Du”'l 1 u”‘l
B, (t) = —||D2um||%+/- / d)(s)dsdx—i—/ / A(s)dsdx, (3.4)
2 o Jo 0o Jo
with

ki 5 5 1, Duy L rugy
B(0) = 107 13 +/ f 6 (s)dsdx +/ / A(s)dsdx.  (3.5)
0 Jo 0 Jo

Proof of Theorem 2.1. We first consider the case p < ¢ and |y1] is large enough. For
#(s) = —yi1ls|P~2s + yas, it is obvious that

2y |/ (P=2)
o(s) > —%|s|’1_1 withs > Oandy, > 0, or|s| > o2 andy; < 0,
V1
2oy, [P
—¢(s)z—%|s|”*1 withs < Oandy, > 0, or|s|> % and y» <0,
1
which leads to
2 2 (p—1)/(p=2)
|s|1’71 < () + t £ with s > 0;
-V Vi
5 29 |(P=D/(P=D)
51 < 226) 12 with s < 0.
Y1 Y1
Hence for any s € R, by using the Young inequality, we have
p K 2 s 2 (p—=1/(p=2)
BT / TP~ \dr| < ——/ ¢(r)dr+‘ﬁ 51
p 0 v1 Jo 12!
2 Is|?
< —— ¢(v)dr + —
71 Jo 2p
21/=D(p — 1) ’2)/2 p/(p=2)
== :
P Y1
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which implies that

1 prDu™ -V
/ / bo)s = ot —c, (3.6)

p/(p=2)

—y 2/ =Dp _ 1y |2
il > ) il . As for A(s) = —y3|s|972s + 45, by the

2p
Young inequality, there holds

1 u™ 1 1
f f A(s)dsdx = —ﬁ/ |u'"|‘1dx+ﬁ/ ™ 2dx
o Jo q Jo 2 Jo

where C| =

lyal
> - (— ™17 — Ca, 3.7
q
-2
where Cy = Wﬁ/ @=2) _Substituting (3.6) and (3.7) into (3.4), we get
q
ki ! 2 2
Bu(t) = 3/ D2 Pdx 4+ J ™) — Cy — Ca, (3.8)
0
where
\/|V1 lyal
J™) = VIyillDu™ |5 — + — | yslu™Id
P \g  2q1 1
= Exl(u™) + (E1 — E)y/Iyill Du™ ||},
with
(11
16" = il D =yl Ey= 2L

Ey — ( n |yl )
2qy3
By the assumption that |y;| is large enough, we have thatd = E| — E = —— —

1
(_ L Il ) >0
q 2y

Integrating (3.3) from O to ¢ and substituting (3.8) into the resulting expression, we

arrive at
t 1 t 1
f/ |u;”|2dxdt+k2// | Du™|*dxdt
0 JO 0 JO

k 1
+ 31/ ID2u™ 2dx + J (™) — C1 — Cy < By (0). (3.9)
0

By the integral mean value theorem, the Holder inequality and (1.4), we have

DuO Duyg
/ f é(s)dsdx— / f (s)dsdx| =

(/ (yil + DA + €17~ l)dX> [ Dug’ — Duoll2, (3.10)

/ ¢ (&)(Dugy — Dug)dx
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A(s)dsdx / / A(s)dsdx| =

‘ / AW — ug)dx

(/ (lysl + lyaD>(1 + 1~ 1)CbC) llug' — uoll2, (G.11)

where & = Dug + 0(Du}l — Dug), 0 < 0 < 1,9 = ug + 0] —up),0 <6 < 1.
Therefore, combining (3.10) and (3.11) with (3.2) leads to B,,(0) — B(0) as m — oo,

where
5 [ wwras [1 [ sowac [
B0) = | D ug|~dx + ¢ (s)dsdx + A(s)dsdx

/|D2uo|2dx+/ —|Duo|”dx+/ 72\ Dug Pdx

1 1
—/ ﬁ|uo|‘fdx+/ Y4 P,
0o g 0o 2

Since |y | is large enough, there holds B(0) > 0. Without loss of generality, we suppose
B, (0) < 2B(0) for all m. Thus (3.9) implies that, for all m,

//(|u 1? + ko| Du™ [})dxdr + — / |D%u™ >dx

+E L ™) +dy/ I Du™ |5 < 2B(0) + C) + Ca. (3.12)

Define the potential well

1,
= {u e Wy'" N HglT@w) = /Iyl Dully = ysllul§ > 0} U {0},

and choose |y;| large enough such that ugp € W and I(ug) > 0. By (3.2), we have
I(uy') — 1(ug) as m — oo. Without loss of generality, let / (u') > 0 and u € W for
all m. We deduce that for all m, u™(t) € W and I (u™(¢)) > 0,t > 0. If there exists a
T > O such that u(t) € W, t € [0, T), while u(T) € W, namely I (u"(T)) = 0 for
some m, then by (3.12), we have

dy/InlIDu™ |l <2B0) +Ci +Ca, 1 €10, T],
d
E(vlmlllDumIIZ +ysllu™§) < 2BO) +C1 +Ca, 1 €[0,T].

If we choose |y | large enough such that

r/(q—p)
d C C
B(0) < Viril Vinl G 2 i e0.T].
y3Cx 4 2 2

where C, is the constant in the Sobolev imbedding theorem, then from the Sobolev
imbedding theorem, we have

_ 2C,
yillu™1E < y3Cull Du™ %P | Du™ |1 <
a . r NN
x (2B(0) + C1 + C)™P/P | Du™|h < /Iy Du™ b, ¢ €[0,T]
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which indicates that
I1W™(T)) > 0. (3.13)

That is a contradiction.
Hence, it follows from (3.12) and (3.13) that

t 1 1
k
/ f (1" ? + ka| Du" P)dxdr + = f | D2 |dx
0 Jo 2 Jo

d
+ E(\/ImlllDumllﬁ +y3llu™lg) < 2B0) + C1 + Ca,

from which we can deduce that the solution u™ of (3.1), (3.2) exists on [0, T'] for each m
and we can extract a subsequence from {u"}, supposed to be {u} itself, and a function
u € E, such that for any 7 > 0,

W — u weakly *in L¥([0, T]; Wy'?) N L0, T]; W),

u™ — u  weakly *in L*°([0, T]; L?),

Wl — u, weakly in L2([0, T1; Hy),

D> — D*u  weakly * in L*([0, T]; L),

u™ — u  weakly *in L°°([0, T]; L?),

Du™ — Du weakly *in L°°([0, T]; L?),

u™ — u strongly in L*°([0, T']; L%,

Du™ — Du strongly in L*®([0, T]; L?).
By the Sobolev imbedding theorem (see Theorem 4.12 of [1]), we know that ™ and u
belong to L*° ([0, T']; Cllg (0, 1)), where Cé (0, 1) is defined to consist of those functions

f € CJ(0, 1) for which D*f is bounded on (0, 1) for 0 < |a| < j. C{;(O, 1) is a Banach
space with norm given by

”f”C'/Q = poax  Sup |Df.

=lal=j xeQ

From the continuity of ¢ (s) and A(s), we further have
1
/ ¢ (Du™) — ¢ (Du)|*dx
0
1
= / | — y1(IDu™ P2 Du™ — | Du|P~>Du) + y2(Du™ — Du)|*dx
0
1 1
< 2)/12/ ||Dum|/’_2Dum—|Du|1’_2Du|2dx+2y22/ |Du"™ — Du|*dx
0 0
1
=2y{ / (p = D*|p1 Du™ + (1 = p1) Du*'P~ | Du™ — Du|*dx
0
1
+2y22/0 |Du™ — Du|*dx

1
< c/ |Du™ — Du|’dx
0
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and
1
/ [A™) — A(u)|>dx
0
1
= [ 1= a2 ) 4 s = P
0
1 1
< 2)/32/ ™ 972u™ — u|?%u|?dx + 2;/42/ " — ul*dx
0 0
1
= 2)/32/ (g — D*oou™ + (1 — p)u?"P|u™ — u|*dx
0
1
+2y42/ lu™ — u|*dx
0

1
< c/ " — ul*dx,
0

where p; and p; are constants in [0, 1], C is a constant which depends on y1, y2, ¥3, V4,
p,q and |lu™ ||Lm([0’T];C};), lu ”LOC([O,T];C,I;)' Thus we can deduce that

¢ (Du™) — ¢(Du) strongly in L>¥([0, T]; L?),
A@W™) — A(u) strongly in L>°([0, T1; L?).

Letting m — oo, we deduce from the density of {w; ()c)}f.‘:1 that u is a global weak
solution of the problem (1.1)—(1.3).
In the following, we prove the case p > ¢, for which we consider the equivalent
equation
ou dD’u
— + kD' —k
ar PRy
where ¢ (s) = ¢ (s) — Kos with Ky < y2 such that &' (s) = —(p=DIs|P 2+ —Ko >
0. Similar as above, here we need to do some a priori estimates for the following equation:

— D¢(Du) — KoD*u + A(u) = 0, (3.14)

d -~
"3 + ka2 | Du" 15 + - B (1) =0, (3.15)
where
5 ki 2. m)2 my2 b
Bn(t) = EIID u"l5 + KollDu™||5 + ¢(s)dsdx
0o Jo
1 u™
+/ f A(s)dsdx.
0o Jo
For qs(s) = —y |s|1”2s + y»s — Kps, after some simple calculations, we find
lg(s)| < C3(1 +Is]P™h, where C3 = |y1| + |y2] + [Kol, (3.16)
. 20 [V/P=2) | 4K [/ (P=2)
Iz =2 ps1P=1, i Is)= My =max { | 22 g .
4 V1 Y1

(3.17)
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4 . _
Therefore |s|P~! < ——|p(s)| + M] "for s € R, which implies that when s < 0,
V1

4 - _
Is]P~1 < ——@(s) + MP~" and
Y1

0 4 s )
/ |r|"—1drs;/0 (s)de + M),
S

Using the Young inequality, we have, for any s € R,

sp p U/(p=Dp-1)
Is|? | |s | p-1
¢(t)dr + — + » —M; . (3.18)

Using the Poincaré inequality and the Young inequality, we get

1 pDu™ Uy 21/(p=D(p=1) .
/ / $(s)dsdx / M\ pumpdxy — Sy m?
o Jo o 3p

>
> I
> Callu™|ly , = Cs, (3.19)
1 Du(’f B 1 Duom
/ / Fs)dsdx < / / Ca(1 + 1517~ ydsdr
0o JO 0 JO
/1<C3|DM81|” I V(&
—Jo 2p P
C
+—3|Du8’|p>dx
p
< Co(1 +Ilug'llf ), (3.20)
21/(p=D(p=1) _ 3C; 2°/=D(p _ 1C
where C4 = ﬂ, Cs = —ylMp , C¢ = max =3 (p )C3
8p 4p 2p° P

For A(s) = —y3|s|972s + yas, since A(s) = —C7(1 + [s|971), where C7 = |y3| + [yal,
then by the Young inequality, we have

1 pu™ L pu™
f/ As)dsde = —/f Cr(1 + [s]7~ ydsdx
0 0 0 0

2¢e —1 1 (p—
> _C7/ [_1| m|p+ 1/(.17 15}
0 p
+ p _qgl—q/(p—q)]dx
P4
C4 my P
> —— "Iy, = Cs, (3.21)
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—1 _1/(p— —q _g/(p—
where Cg = Cy |:p—81 /=D + uel a/p q)} and &1 is small enough such that
p

rq
2Cqe C
LNy Further, the Young inequality also leads to
P

2
rqd I_K
/—/ 29 pumPdxde
o dr Jo 2

K 1 K 1
—0/ |Dum|2dx+—0/ | Duf2dx
2 Jo 2 Jo

Koer p Kol(p—2) _a4p(p—2)
= ’— ||um||l’p—i-Te2
| Kol
+ T||Dug||§.
Kpe K -2) _ _ K
Set Co = ‘ %2\ Cro = %314/(1’(1’ L2 %”Duﬁ”%. Then integrating

(3.15) over (0, t) and substituting (3.19)—(3.21) into the resulting expression, we have

t 1 t 1
// |u;"|2dxdr+k2/f | Du™ 2dxdr
0 JO 0 JO

k1 1 C4
+2 fo D% Pdx + Callu™ |, = Cs = ZHu" I}, = C
1 pug
< Ce(1+ ||u’"||f,p)+/ / A(s)dsdx + Collu™ |17 , + Cio
0 Jo '
ki
+ 5 ID%ug' 13,

C
which indicates the following if choosing &> small enough such that Cy = 74,

t pl t pl kl 1 C4
f/ |u;"|2dxdt+k2// |Du;"|2dxdt+—f |D*u™ Pdx+—[lu™ |V
0 Jo 0 Jo 2 Jo 8 P

p b kl 2 my2
< Ce(1 + ||””1,p)+ A(s)dsdx + C10+3||D ugy I3 + Cs+Cs.
0 Jo

m

1 ug
Actually, since p > g, we can choose ¢; small enough such that / / A(s)dsdx +

Cg > 0. Thus, there exist a subsequence of {u"}, supposed to be {u} itself, and a function
u € E such that

W — u  weakly * in L=([0, T1; Wy'") N L([0, T1; WS,

Wl — u, weakly in L*([0, T1; Hy),

D*u™ — D?u  weakly * in L°°([0, T]; L),

u™ — u weakly *in L*>°([0, T]; L?),

Du™ — Du weakly *in L*°([0, T]; L),

u™ — u strongly in L>([0, T'1; L%,

Du™ — Du strongly in L ([0, T1; L?),

&(Du™) — $(Du) strongly in L*¥([0, T1; L?),

A@W™) — A(u) strongly in L=([0, T]; L?).
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Let m — oo and use the density of {w; (x)}i.‘zl. Then u is a global weak solution of the
problem (1.1)—(1.3). O

Proof of Theorem 2.2. First we consider the case y; > 0, y3 > 0, y» < O and y4 < 0.
After a simple calculation, we have that

ki !
By (1) > 3/ |D>u™2dx — Mo (|| Du™ |14 + 2|1 Du™ |13 + || Du™ 1),
0

where M, = max {ﬂ, @, E, M} Set

p 2 q 2
ki _
J™) = ZnDzu"’n%—Mz‘ M| Du™ |15 + 21 Du™ |13 + || Du™ 1)
= E4l (u™) + (E5 — E4)||D*u™||3
with
IW™) = | D*u™ |3 — ME(|I Du™ |1}, + 2| Du™ |3 + || Du™ |19,

k
where E3 = —1, Ey = Ml_“, a € (0, 1). Since now 1, |v2|, 3, |y4| are small enough,
2 2 Vi 1721 V35 |V g

then we can suppose that B(0) > 0 and d = E3z — E4 > 0. As mentioned in the proof of
Theorem 2.1, here u satisfies

t 1 1
k
/ / (| ? + ko | Dl Pdxdt + = / |D>u™?dx
0 Jo 2 Jo
+ E4l (u™) + d||D*u™ |3 < 2B(0). (3.22)
The main purpose of the following is to prove that for all # > 0, " belongs to the set
W = [ue W, nHI@w) = ||D%}
— M§ (| Dull} + 2| Dull3 + || Dul|$) > 0} U {0},

which already contains uo and ug’ if y1, |21, v3, |y4] are small enough. If not, namely
there exists a 7 > 0 such that for some m, I (™ (T)) = 0. Then from (3.22), we have

2
ME(IDu™ |5 + 21 Du™ |3 + |1 Du™ 1)) < IID*u™ |15 < SB(0), 1€[0,T],

from which and the Sobolev imbedding theorem, we have

p
M3 || Du™ ||},

IA

CM4(|ID*u™ |3 + | Du™ ||5)P/?

IA

) (p=2)/2
CMS (14 My (33(0)) I D?u™ 3.
In the same way, we have

2 (¢=2)/2
M5\ Du™ | < CME(1 + M5 )1/ <EB(°)> I D*u™ |13
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Then choosing y1, |y2[, ¥3, |ya| small enough, such that
2 (p=2)/2
a —a\p/2
CM5(1+ M;4P EB(O)
2 (q-2)/2
+COME(1+ My 4)7? (EB(O)) +oM§ <1,

we have that I (#™(T)) > 0, which is a contradiction. Via the same process of the proof
of Theorem 2.1, there exists a global weak solution.
When y; > 0, 3 > 0, y» > 0 and y4 > 0, then set

JW™) = Ms(|D*u™ |5 + || Du™ |13+ u™|I3)
— M, ME(IDu™ | + | Du™ |
= EsI(u™) + (Es — E¢)(ID*u™ |3 + | Du™ |13 + lu™13),

k k
where M3 = min i,g,ﬁ,M4:max E,E,E5=min —I,Q,&,E6=
4’272 p q 47272
Mifa,O <a<1land
I@™) = | D*u™ |13 + | Du™ |3 + |lu™ |3 — M§(IDu™ |1 + || Du™|1$).

Since now y1 and y3 are small enough, then B(0) > 0 and d = Es — Eg > 0. At this
time, u satisfies

t 1 k 1
/ / (u™? + ky| DuPdxde + = / |D%u™ *dx
o Jo 2 Jo
+EsI(u™) +d(|D*u™ |5 + || Du™ |13 + |u™[I3) < 2B(0). (3.23)
We deduce that for all # > 0, " belongs to the set

L,
W = {ue Wy’ 0 HGIw) = |D*ull3 + | Dull3 + [lul3
— Mg (| Dull}y + | Du||) > 0} U {0},

which already contains uo and u if y; and y3 are small enough. If not, namely there
exists a T > 0 such that for some m, I (u™(T)) = 0. Then from (3.23), we have

2
D2 |3+ 1Du™ I3 + [lu™ |3 < = B(O),
which together with the Sobolev imbedding theorem leads to
2 2 (=272 2,m2 2
MZ|ID*u™ | < CM{ <EB(0)) (D7 u™ 17 + [1Du™[I3),
5 o) (q=2)/2 s 5
M| D*u™|§ < CM{ (ZZB(O)) (IDZu™ |13 + 1 Du™[I3).

Then choosing y; and y3 small enough, such that

) (p-2)/2 ) (¢-2)/2
CM{ <2B(O)) +CM{ <EB(0)> <1,
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we have that I (#™(T)) > 0, which is a contradiction. Via the same process of the proof
of Theorem 2.1, there exists a global weak solution. O

Proof of Theorem 2.3. Integrating (3.3) from O to ¢, we arrive at
t pl t 1
/ / |u§”|2dxdt + sz / |Du;”|2dxdt + B, (t) = B, (0), (3.24)
0 JO 0 JO
where B,,(t) and B,,(0) are as in (3.4) and (3.5). In what follows, we estimate B, (¢).

First we have
1 _ 1
/ £|um|qu_/ wlu”ﬂzdx
0o 9 0o 2

1 ul‘l‘l
/ / A(s)dsdx
0 Jo
I
— 2
/ ( V3 e3|)/4|>| '"I"dx—(q )|7/4| (325)
0 q 2

v

z 2
q ge2/02
and
1 Du™ 1,
[ [ ewas = | (iwump—(&\wu’ﬂz)dx
0 Jo o\ P 2
=

1
—Y1 284 |2 ly2l(p —2)
/<_‘_\—D'D“m""“‘w’
o\ P p 12 2pey’f
(3.26)

where €3 and &4 are constants small enough. By the Sobolev imbedding theorem and the
Young inequality, we have

1
/ |Du™|Pdx
0

IA

1
C/ (| D*u™* + | Du™*)dx
0

1
2 _2
<cC /|D2Mm|2dx+ﬁ|Dum|p+% ,
0 p pe !t

which leads to

! -2
mp 2 m 2
/0 |Du™|Pdx —p 2Ces (/ |D-u™|"dx + —2/(p % (3.27)

Combining (3.26) with (3.27), we arrive at

1 Du™
C
// b(s)ds > (=1 — 84|)/2|)/ D2 dx
0o Jo p—2Ce4

IA

Clri—aln) p-2 Inlp-2)
p—2Ceqy szzt/(p_2) 2pei/(p—2)

(3.28)
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Since yj is small enough, B(0) > 0 and we suppose B,,(0) < 2B(0). Then it follows
from (3.24), (3.25) and (3.28) that

t 1 t 1
/f |u;"|2dxdr+k2/f | Du™|*dxdt
0 Jo

k C
n |:_1_ (V1+84|V2|)}/ | D2 dx

2 p—2Ces
Crvi—&lrn) p-2 Inlp-2)
D —2Ceq4 2/(P—2) ngi/(p—b
1
- g-2
_I_/ ( V3 e3|)/4|>| magy _ ¢ 2()Iz/;)| < 2B(0).
o\ ¢ q 2ge;'Y

Since y1 > 0, &3 > 0 and g4 > 0 are small enough and y3 < 0, we can choose appropriate
coefficients such that

ki C(y1 +e4lyal) -3 &3ly4l
B L e A L LA S

) > 0.
2 p—2Ce4 q q

Via the same process of the proof of Theorem 2.1, there exists a global weak solution. [
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