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Abstract. We investigate the initial value problem for some semi-linear wave
equation in two space dimensions with exponential nonlinearity growth.
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1. Introduction

Consider the initial value problem for a semilinear wave equation

i — Au+u=g) = ug(ul?),
@(0), i(0)) = (ug, u1) € (H' x L?)(R?), (1.1)

where u(f, x) : R x R?> - Rand g; € C!(R, Ry) is a positive real function satisfying
£1(0) =0.

Before going further, let recall a few historic facts about this problem. We begin with
the monomial defocusing semi-linear wave equation in space dimensions d > 3,

Ou+ulPlu=0, p>1. (1.2)

The well-posedness of (1.2) in the scale of the Sobolev spaces H* has been widely inves-
tigated (see for instance [3, 4, 6, 10, 23, 24]). It is well-known that the Cauchy problem

associated to 1.2 is locally well-posed in the usual Sobolev space H*(R?) if s > %1, or

when% <s< % and p < l—i—ﬁ [9, 13, 18]. Moreover if p = l—i—ﬁ and% <5< %’,
then we have global H?-solutions for small Cauchy data [13, 17].

The global solvability in the energy space (H' x L%)(R%) has attracted a great deal of
works. A critical value of the power p appears, namely p, := % and there are mainly
three cases.

In the subcritical case (p < p.), Ginibre and Velo proved in [4] the global existence
and uniqueness in the energy space.

In the critical case (p = p.), the global existence was first proved by Struwe in the
radially symmetric case [25], then by Grillakis [5] in the general case and later on by
Shatah—Struwe [24] in other dimensions.
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In the supercritical case (p > p.), the question remains open except for some partial
results (see [11, 12]).

In two space dimensions any polynomial nonlinearity is subcritical with respect to the
H'-norm. Hence, it is legitimate to consider an exponential nonlinearity. Moreover, the
choice of an exponential nonlinearity emerges from a possible control of solutions via a
Moser-Trudinger type inequality [1, 16, 19]. In fact, Nakamura and Ozawa [17] proved
global well-posedness and scattering for small Cauchy data in any space dimension
N > 2. Later on, Atallah [2] showed a local existence result to the 2D wave equation

ii— A+ ue™ =0 (E,)

for 0 < o < 4 and with radially symmetric initial data (0, ©1) having compact support.
Later on, Ibrahim et al. [7] obtained global well-posedness of the previous equation in
the energy space for small data. Recently, Struwe [26, 27] has constructed global solution
for smooth data. In a recent work [14, 15], the authors obtained similar results without
any smallness conditions. In the Schrédinger context, corresponding results hold [20, 21].
They showed global well-posedness and linearization in the energy space.

Our aim is to give a class of blowing up solutions in the focusing case associated to the
equations considered in [7, 15]. The rest of the paper is organized as follows. In §2 we
give some tools needed in the sequel and in §3 we prove the main result about instability
of solution to (1.1).

We mention that C will be used to denote a constant which may vary from line to
line. We also use A < B to denote an estimate of the form A < CB for some absolute
constant C and A ~ B if A < B and B < A. Finally, we denote the derivative operator

(Df)(x) = xf'(x).

2. Background material

In this section we give some technical tools needed in the sequel. First, let us fix the set
of nonlinearity considered in this paper. G denotes the primitive of g which vanishes on
Zero.

(1) Behavior on zero
21(0) = g1 (0) = 0. (2.1)
(2) Subcritical case

Va>0, 3C, > 0/g(s)] < Cue®’, Vs € R,
(D—2)G(r)>0 and (D—22Gr)>0, Vr>0. (2.2)

(3) Critical case

; Grw _
limyuj oo 1.7 Gy = 0

Jig > 0 st limy o0 GY (e = {0if k > K9, o0 if K < Ko},
Je>0s.t. (D—4—8)G(r)>0 and (D—2)(D—4—&)G(r)>0, Yr>0,
(2.3)

where we denote G (1) := (1 — x (u))G(u) for some x € Cg®(|x| < 1).
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We will say that the nonlinearty g is subcritical (respectively critical) if it satisfies (2.1)
and (2.2) (respectively (2.1) and (2.3)).

Remark 2.1. We give explicit examples.

_ 1
(1) Subcritical case:  g(u) := u(1 + [u?) = T2 o1 4 u?)2).
(2) Critical case:  g(u) € {u(e” — 1 — u® = Ljul*), w3+ |u?)ul*e’}.

Proof.

(1) Take the real function f(x) := ex—l—x—%z.Then fl(x) =e*—1—x,(D=2) f(x) =
(x—2)e*+x4+2and (D—2)? f(x) = (x>—3x+4)e* —x—4. Then min((D—2) f (x), (D—
2)2f(x)) > 0ifx > 0.Letp(r) := —14++/1+r2and G = fo ¢. Then, (D2—2)G(r) =

D) GONGGF = 2f @) = DF@() = 0 becavse i) = — L > |
Moreover, (D—2)2G(r) = r? f" (¢ (r)=3rf (@ (rN ' () +4f (@ (r)+r2¢ () [/ (@ (r))
and (D —2)2f(r) = =3rf'(r) + 4f(r) + r2f"(r). Since ¢'(r) < 1 and f”(r) > 0, we
have (D —2)2G(r) > 0.

(2) See [8]. O

Let us recall a few results about the existence of ground state of the stationary problem
associated to (1.1). Define for ¢ € H'(R?), (o, B) € REL —{(0,0)} and ¢ > 0, the
quantities

Kapce@) = a|Ve|Z, +cla+B)lgl:,

- /]RZ (alplg(@]) +2BG(¢)) dx,
1 1
M(p) = §||¢>||iz, Sc(@) 1= cM(9) + EIIV¢>|Iiz - /R2 G(¢) dx,

Hop(¢) = BIVHI2, +°‘/Rz('¢"g("”') ~2G (@) dx],

2(a+pB) [

me = mgge:= inf {Sc(¢p), s.t Kypgc(dp) =0} 2.4)
0£¢peH!

The following result is a direct consequence of works [8, 22].

PROPOSITION 2.2

Let ¢ > 0 and two real numbers («, B) € Ri —{(0,0)}. Then, in the critical case (2.1)
and (2.3) or the subcritical case (2.1) and (2.2),

(1) the following number m. = mqy g . is nonzero and independent of (o, B),
(2) there is a minimizer of the problem (2.4), which is a solution to

Ay —cy +g(¥) =0, 0#y e H' R, m=S.). 2.5)

Y is called the ground state.
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Proof. We denote in this proof ¢, := ¢(1.). We have [V, |2 = V| ;2 and ||¢a|l;2 =
271 ¢ll,2. Then, for A > 0,

me = inf {Sc(¢), s.t. Ka,ﬁ,c(d)}») = 0}. (2.6)
0£peH!

Take A2 = ¢. For § rather than g and % rather than G, we have

me= inf {S1(¢) s.t. Ky pg(¢p) =0} 2.7)
0#peH!

There exists [8, 22] a certain minimizer nonzero v, such that Ay, — ¥, + [%](I/IA) =0,
SO AzAw(k.) —y(A) + [%](W(A.)) = 0. The proof is achieved since ¢ = 272, O

We return to the Klein—G_ordon equation (1.1). Take w € (—1, 1) and (1 — w?) :=a’ €
(0, 1). The change v := e~'"®u in (1.1) yields the perturbed Schrédinger equation

U+ 2w — Av + a’v = g(v). (2.8)
By [7] (respectively [14, 15]), we have local well-posedness of (1.1) in (H I'x L?)(R?)

for the critical case, with small data (respectively subcritical case, for arbitrary data).
Moreover, if we denote

E(u,v) :

1
3 <||v||iz + IVull3, + a*llully, — ZfRz G(u)dx) :

olul, +3 (/ vﬁdx) )
RZ

Then, a solution to (2.8) satisfies conservation of the energy and the charge

O(u,v) :

EQ0)=E():=E®,v), Q0O =0Q@) :=0Ww,v). (2.9)

Let us give some stable sets by the flow of (2.8).
Lemma 2.3. For (0,0) # (a, B) € R2, the set

Sapi={(u,v) € H x L, 5.t. E(u,v) <d and K, g 2(u) <0} (2.10)

is stable under the flow of (1.1), where d := m, for c = a®.

Proof of Lemma 2.3. With conservation of the energy, £ < d. Assume that for some
to > 0, we have K(u(t9)) = 0 and Ku()) < 0, V t € [0,1). Since [8, 22]
d = infey (H@). K@) < 0}, we have L[Vu@®)]?, = Hoi(u() > d > 0
for all + € [0,%). So K(u(tp)) = 0 and u(tp) # 0. Then we have the absurdity
infy 1y {H(@P), K(@) =0} =d < S,2(u(t) < E <d. O
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3. Instability for a critical focusing wave equation
The main result of this paper is the following:

Theorem 3.1. For A > 0, we denote by u; the solution to (1.1) with data (\;,, iwr;)
where \r is a ground state to (2.5) with ¢ = a*> = 1 — w* and ;. := Apr. Assume that g
satisfies the subcritical or critical case with the supplementary condition

1+ ?
deg>0s.10 |D—-2 80+1 5 G(r)=0, Vr>0. 3.1
w

Then, for A > max{1, Ay := del\(xﬁlr?) }, uy, blows up in finite time, precisely
L

lim [|u (0)]|,2 = oo.
t—T*

Remark 3.2. For w € (0, 1) small enough, the condition (3.1) is satisfied by the critical
case.

The previous theorem is a direct consequence of the following result.

PROPOSITION 3.3

Take the same hypothesis of the previous theorem. Let v, be the solution of (2.8) with
data (A, 0). Then, for . > max{1, Ao}, vy blows up in finite time, precisely

lim |Jvy ()2 = oo.
t—>T*
The proof of Proposition 3.3 is based on the following auxiliary result.

Lemma 3.4. Take the same hypothesis of Proposition 3.3. Then, for I, (t) := %llv)\ (1) ||i2
and ). > max{1, Ao}, a constant a, > 0 exists such that

I = @+ e)vall, + a. (3.2)
Proof. With a direct computation, denoting the conserved quantities Q, = Q(v;, Uy)

and E, := E(v,, v,), we have

/
') = [%/ 03,03 dx]
RZ

i ()12, +m/ 5,0, dx
]RZ

102 ()12, = K g2 (0) + 203 fR iriy d
= 032 — Ky 0.02(03) + 2005 — 20* v, (1)]]3,.

Now since 2E; = ||1);L(t)||i2 + K02+ fRz (Jualg(va) — 2G(vy)) dx yields, for any
e >0,

L0 = Q+e)ln®l].+eK, g2 — 20 +6)Ex + 200,

—20% v ()I3, + (1 + &) /R (valg() = 2G () dx.
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Since K (y) = 0, for A > 1, we have

Ko1.c(Wn) = cllyali. —2/]R2 G(Yn)dx

G(Ay)
AQ/]Rz <|1/f|2— > >dx.

Now, using the fact that (D — 2)G > 0 on R*, the derivative of the real function ¢ :

o foo CEdx satisfies (1) = & fr2 APg() —2G())dx = 5 [pa(D —2)
G(AY)dx > 0. Thus, ¢(A) > ¢(1) = c||1/f||i2 and Ko 1,(¥5) < 0. So, by the previous
lemma, for any A > 1, Ko 1(vx) < O and E, < d. Then, for any ¢ > 0, since K190 >

— [g2 v28(v2), we have

Bo(t) = I (1) — 2+ &) [0
= eK10— Q+28)E; +200; — 207 v (1),

+(I+e) /]RZ (lvalg(va) — 2G(vy))dx
2
> eKio— (2+26)E; +200; —4‘”—/ G (v;)dx
C R2
+({I+e) /R2 (lvilg(wa) — 2G(vy))dx
> ¢K10—2(1+¢e)d+2w0,
+1+ 8)/ (valg(vx) —-2(1+
RZ
> =2(1+¢8)d+2wQ;
1 2
+/ (Ileg(v/\)—2[8++—w2}G(vx))dx
R2 l—w

> =2(1+¢&)d +2* 7Y |13,

1 2
+/ <|U,\|g(vx)—2[8++—w2}G(v,\)>dx.
R2 l-w

It is sufficient to take Ag := de”(érg) ) O
L

20?

c(1+¢)

)G(vx))dx

We are ready to prove the main result.

Proof of Proposition 3.3.  'With absurdity, assume that the life span of v is denoted by
T,, = oo. For A > max{l1, Ao} we denote I, (t) := %||Ux(l‘)||iz- By the previous lemma,
for some & > 0,

L' > Lia+Q+e) [0l
& .
> ab+ (14 3) Il 1503
& . 2
> ab+ (14 3) Il
=

a I, + (1 + %) (I)/\)z.
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For o := % > 0, we have

(7 = —a 72 L, — (@ + (1)) < 0. (3.3)

Moreover, since I > a; > 0, there exists 71 > 0 such that /; > 0 on (t;, c0). Thus, for
any t > 11,

L) < I7%n) — a7 ) L)t — 1)

which implies that for ¢ large enough 7 (#) < 0. This contradiction achieves the proof. O
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