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Abstract.  In this work, we consider the positive solutions to the singular problem

o

u=0 on 052,

where 0 < o < 1,a > 0 and ¢ > 0 are constants, 2 is a bounded domain with
smooth boundary d€2, A is a Laplacian operator, and f : [0, oo] —> R is a continuous
function. The weight functions m(x) satisfies m(x) € C(2) and m(x) > mg > 0 for
x € Qand also ||m|lcc =1 < oo. We assume that there exist A > 0, M > 0,p > 1
such that alu — M < f(u) < AuP for all u € [0, 00). We prove the existence of a

positive solution via the method of sub-supersolutions when mga > % and c is small.
Here A is the first eigenvalue of operator —A with Dirichlet boundary conditions.

—Au=amx)u — f(u) — < in Q,
u
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1. Introduction

In this paper, we consider the positive solution to the boundary value problem

—Au:am(x)u—f(u)—% in 2,
u
{ u=20 on 9%2, (1.1)

where 0 < @ < 1,a > 0 and ¢ > O are constants, 2 is a bounded domain with smooth
boundary 9€2, A is a Laplacian operator, and f : [0, co] —> R is a continuous function.
The weight function m(x) satisfies m(x) € C(2) and m(x) > mg > 0 for x € Q also
[mlloc =1 < o0.

We consider problem (1.1) under the following assumptions.

(H;) There exist A > 0 and p > 1 such that f(u) < Au? for all u € [0, 00).
(H3) There exist a constant M > 0 such that f(«) > alu — M for all u € [0, 00).

Let F(u) :== am(x)u — f(u) — u% Then lim, .o F(u) = —oc. Hence we refer to (1.1) as
an infinite semipositone problem. In [6] the authors have studied the case when F (u) :=
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g(u) — u% where g is nonnegative and nondecreasing and lim,_, ~, g(u) = oo. In fact a
simple example of g(u) satisfying our hypotheses is g(#) = u — u”, p > 1. Note that
this g(u) has a falling zero at u = 1 and is negative for u > 1. Recently, Shivaji et al [4]
studied Problem (1.1) when m(x) = 1. The purpose of this paper is to improve the result
of [4] with weight m. We shall establish our existence results via the method of sub and
supersolutions.

DEFINITION 1.1

We say that a real-valued function ¢ (resp. z) in C 2(Q) N C(Q) is called a subsolution
(supersolution) to (1.1) if they satisfy ¢ (x) < z(x) and

— Ay <ham)Y — f()) — ——  inQ,

14

v >0 in ,

Y =0 on 02 (1.2)
and c

— Az = ham(x)z — f(z2) — — in%,

z
z>0 in 2,
z=0 on 0%2. (1.3)

Then we have the following lemma.

Lemma 1.2 [2]. If there exist sub-supersolutions y and z, respectively, such that Y < z
on S_Z, then (1.1) has at least a positive solution u € CZ(SZ) N C(2) satisfying ¥ <u <z
on Q2.

In the next section, we will state and prove the existence of a positive solution to the

problem (1.1) when mpa > % and c is sufficiently small.

2. Main result

Here we state and prove our main result for the problem (1.1).

Theorem 2.1. Assume (Hy) and (Hp). If moa > %, then there exists c¢* =
c*(a, 2, A, p,a) such that for ¢ < c¢*, (1.1) has a positive solution. Here A1 is the first

eigenvalue of operator — A with zero Dirichlet boundary condition.

Proof. From anti-maximum principle (see [1,5]), there exists o (2) > 0 such that the
solution z; of

—Az—Xz=—-1 inQ,
z=0 on 92

for L € (A1, A1 + o) is positive in © and is such that g—f) < 0 on 02, where v is the
outward normal vector at 0. Fix
moa

1
2t e (Al,min {Al + 0, +
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and let
Ll Ll
p= 2%\ P
. : 2 mod — Tiq
K := min 2p—l+a ’ 2p—2
I+ a)Allz oo ™ 24|z llos

We prove the existence of solution by comparison method (see [3]). It is easy to see that
any subsolution of

{—Au:amw—fmy—ﬁ-ina
uO{
u=20 on 9€2, (2.1)
is a subsolution of (1.1). Also any supersolution of
{—Au:alu—f(u)—i in 2,
M(X
u=0 on 0€2, (2.2)

is a supersolution of (1.1), where [ is as defined above. Define

2

Vo= Kz,\'*w.
Then

2 l—a
Vy = K )z,\‘;*“vz;\*,
Loay oo o (2 )
Ol)(l Ty )Z)i:r |VZ)L*| - K(l—i-_Ol)Z)ij AZ)L*
|l —«a T+
*a Vzx
(x)(l + o )Zk V2 |

)z;**“(l D)

2 2 2\ L

_ K( )A* h _K< ) s
T+a/)" % 1+a/

() () 2t @3

I+a
)“*

—AY = —K

and 5

amoy — f () — W =amoKz;i* — f(Kz 1+¢*) -

c
20 °

Koz,

(2.4)

Leté > 0, u > 0, m > 0 be such that
[Vzur| > m in Qs
and

ZA*ZMiHQ\QS,
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where Q5 = {x € Q : d(x, 9Q) < §}. Let

* 4o .: 2)*
c =K min m°, = (moa— ) .
l4al+a 2 14+«
In s, we compare (2.3) and (2.4) term by term to see that for ¢ < c¢*,

—AY <amoy — fF(Y) — —  in Q.

wa
Since %A* < moa, we have
K( 2 )x*”%<1< = (2.5)
— ATz, moaz 1+a .
1+« M= 0

and from the choice of K, we know that

2p—1+a
AR Mz lo™ = 1 26)
By (2.6) and (H;) we have
2 i’J lsz 2
— K<_1 +a>zk*+w < _AKPZ)L*O( < _f(KZAIa). @7
Next we know that
(e
l+a/\ 14+« -
for ¢ < ¢* and
[Vzps| > m  in Q.
Thus
2 l—« c
K ( ) V * 2 >
(1+O[) 1+O€ | Z)»| = Ko
and
2 \(l—ay Vel —¢
_K<1+a><1+a) w = - (2.8)

Z)L*HT KQZ)L*HT

Hence for ¢ < ¢* combining (2.5), (2.7) and (2.8) we have

—AY < amoy — F(P) — wi in 5.
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Now in € \ Qs, from the fact that

1 1 2
€=3 SR A D

for ¢ < ¢* and z;+ > u, we have

c _1g 2( x*) (2.9)
— < = «“\moa — . .
Ko =20 My
Also from the choice of K, we have
2p—2 1 2
AKP g, T < —( - —,\*). 2.10
Z) = 5\moa o (2.10)

By using (2.9) and (2.10),

Ay K( 2 )A* T K( ) e
- = w o — x 1+a
l+a« o 1+« o
2 1 — Vzosl?
—K( )( O‘)| Z2)\|
I+a/ M+« Y
2
< K( 2 )x* e
- 14+« o
1 71 2 1 2
= S MKus? 4 5 —— 1K *2]
1%[21—1—0[ “ +21+oz <
ZA*
1 1 ¢ 1 2p2
e (bma ) b )]
IHa
Z)\*
2 —2a
= amOKz;\*ﬁ _AKPZ)L*H% _ %Z}{ja
2 2 c —20
< amoKzysTa — f(Kzp«TH) — e Tra
c
= amol[/—f(l//)—ﬁ,

Hence ¥ is a subsolution of (1.1). Next, we construct a supersolution. From (Hz) we know
that there is a large M > 0 such that

alu—f(u)—uiagM
forall u > 0 and

Me >y inQ,
where e is the unique positive solution of

—Ae=1 inQ,
e=0 on 9%, @2.11)

Let z := Me. Then

—Az=1\7lzalz—f(z)—%in§2.
b4
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Thus z is a positive supersolution of (1.1) for ¢ < ¢* satisfying z > i and Theorem 2.1
is proved. (]

References

(1]
(2]
(3]

(5]
(6]

Clement P and Peletier L A, An anti-maximum principle for second-order elliptic
operators, J. Diff. Equ. 34(2) (1979) 218-229

Cui S, Existence and nonexistence of positive solutions for singular semilinear elliptic
boundary value problems, Nonlinear Anal. 41 (2000) 149-176

Drabek P, Kerjci P and Takac P, Nonlinear differential equations (1999) (Chapman and
Hall/CRC)

Lee E K, Shivaji R and Ye J, Positive solutions for infinite semipositone problems with
falling zeros, Nonlinear Anal. 72 (2010) 4475-4479

Oruganti S, Shi J and Shivaji R, Diffusive logistic equation with constant yield harvest-
ing, I: Steady states, Trans. Am. Math. Soc. 354(9) (2002) 3601-3619

Ramaswamy M, Shivaji R and Ye J, Positive solutions for a class of infinite semipositone
problems, Diff. Integral Equ. 20(12) (2007) 1423-1433



	Remark on an infinite semipositone problem with indefinite weight and falling zeros
	Abstract
	Introduction
	Main result
	References


