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One-parameter family of solitons from minimal surfaces
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Abstract.  In this paper, we discuss a one parameter family of complex Born—Infeld
solitons arising from a one parameter family of minimal surfaces. The process enables
us to generate a new solution of the B—I equation from a given complex solution of a
special type (which are abundant). We illustrate this with many examples. We find that
the action or the energy of this family of solitons remains invariant in this family and
find that the well-known Lorentz symmetry of the B—I equations is responsible for it.
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1. Introduction

In a previous paper [1], using hodographic co-ordinates, we found the general solution to
the minimal surface equation, namely a variant of the Weirstrass—Enneper representation
of the minimal surface. This was done by wick rotating the general Born—Infeld soliton
solution by Barbishov and Chernikov as discussed in the last section of [5]. Underlying
this, there was the observation that the minimal surface equation

(14 ¢P)brx — 20 Brdxr + (1 + ¢2) e = 0

and the Born—Infeld equation

(1 = ¢P)rx + 20 brdxr — (1 + 2y = 0

can be obtained one from the other by wick rotation of the variable ¢.

We know that if X (r,7) = (x1(r,7), t1(r,r), p1(r, 7)) and Y (r, r) = (x2(r, 1), t2(r, 1),
¢o(r, 7)) are two minimal surfaces in isothermal co-ordinates (rq, rp), where r = r; +
irp, which are harmonic conjugate to each other, then X (r,r,0) = cos(0)X(r,r) +
sin(f)Y (r, r) is again a minimal surface for each 6 (page 213 of [2]). Thus if we wick-
rotate t — it, we get a one-parameter family of (complex) solitons, namely, S(r, 7, 6) =
cos(0)XS + sin(0)YS, where X5(r,7) = (x\(r,7),it1(r,7),¢1(r,7)) and Y5(r,r) =
(xo(r, 1), it (r,7), P2(r,7)). We find the F and G functions corresponding to these
complex solitons (notation as in page 617 of [5]).

The process described here enables us to generate other solutions of the B-I, given one
complex solution which can be wick rotated to get a real minimal surface (which can then
be written in isothermal co-ordinates using the Weierstrass—Enneper repesentation). Then
one can easily write the harmonic conjugate of the minimal surface in the same form and
then make the one-parameter combination of the two mentioned above and wick rotate
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back to get the soliton family which starts from a soliton solution which is the initial
solution with ¢t — —¢ (note that the B—I equation is invariant under t — —t), and ends at
a different soliton solution. We give many examples of this process.

The paper is organized as follows. We first give one example illustrating the case,
namely that of the wick rotated helicoid and the wick rotated catenoid (since the catenoid
is the harmonic conjugate of the helicoid).

Next we show that the first fundamental form, namely E®, G® and F*® are independent
of 6 and hence the action A® is invariant under 6. This is due to a symmetry of the B-I
equation which we explicitly show.

In the last section we give many examples illustrating the process described in the paper.

2. The one-parameter family of solitons

Let X(r,7) = (x1(r,7),t1(r,7), d1(r, 7)) and Y (r,7) = (x2(r,7), 02(r, 7), Pp2(r, 7)) be
minimal surfaces which are harmonic conjugates of each other, given by the parameter
r and its conjugate. They are isothermal in r; and rp, where r = r; + irp. Then we
know that cos(0)X + sin(f)Y is a minimal surface for every 6 [2]. Then X*(r,7) =
1 (r, 7)), it (r, 1), o1 (r, 7)) and YS(r, 7) = (xa(r, 1), it2(r, 7), ¢pa2(r, 7)) are Born-Infeld
solitons for imaginary time it; and it.

X% and Y*® are complex solitons. The superscript ‘s’ stands for soliton.

PROPOSITION 2.1
Sp = cos(0) X5 + sin(0)YS are complex Born—Infeld solitons for every 0.

Proof. We will put Sp in the same way as in the last Section of [5]. According to [1],

X = (x1(r,7), t1(r,7), ¢1(r, 7)) is a minimal surface implies
x) —ity = Fi(r) — /fzc’l(f)df,
X1+ ity = G (F) —frzF{(r)dr,

o1 :/rFl’(r)+/fG’1(f)dF,

where F| and G are related by Fi(r) = G(r). Similarly, Y = (x(r,7), t2(r, 1),
¢2(r, r)) is a minimal surface which implies that

xy—ith = Fr(r) — / PG (F)dr,
X2+ ity = Go(F) — / r2 Fy(r)dr,
i = [ R0+ [ Fese
where F> and G are related by F>(r) = T(r’) Then

So = (x5, 15, ¢p) = cos(0)X® + sin(9)Y*
= (cos(B)xq + sin(@)xy, i cos(O)t; + i sin(0)1p, cos(0)¢p; + sin(0) o),
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where superscript ‘s’ stands for soliton.
xj —ty = cos(0)F1(r) + sin() F2(r)

- / (7 (cos(9) G, () + sin(9) G4 (7)) dF
= £30) - [ P63 )0

where Fj(r) = cos(0)Fi(r) + sin(9) F2(r) and G} (¥) = cos(0)G () + sin(0) G2 (7).
One can easily check that

x5 415 = Gy (F) —frng’(r)dr

¢5 = / FE () + / G ().

Renaming variables, ¥ = s, we get this exactly in the form of solutions to the Born—
Infeld equation as in p. 617 of [5]. Thus Sy is a (complex) Born—Infeld soliton. [

COROLLARY 2.2

The partial derivatives of Sg with respective to 6 are also soliton solutions.

Proof.

9% _ cos (6‘ + z) X® + sin (9 + z) Y*
a0 2 2

BEN

220 _ cos(@ +m) X5 +sin(@ +m)Y*
926

8359 T . T

—_— = cos(é’——)XS+sm(9——)YS
936 2 2

3459

— = Sp.

340 v

These are again of the form cos(6p) X* + sin(6p)Y*® and thus are soliton solutions. [

3. An example

Let us write the catenoid and the helicoid (two conjugate minimal surfaces) in a variant
of their Weirstrass—Enneper representation [1,3], which is also isothermal.

PROPOSITION 3.1

(a) The helicoid can be written in a parametrized form in the following way:

lI +l
x1=—=Im(r+-),
! 2 r
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(b) The catenoid can be written in a parametrized form in the following way:

1R +1
xp =—=-Rel|r+ -1,
2 2 r
t 1I !
=-Im|r—-]},
2 2 r

¢>» = —Re(Inr).
Proof.
(a) The non parametric form of helicoid is ¢ (x, t) = tan~! f—c As ¢, = xz_—_:tz and ¢; =
7 wehaveu = ¢z = ¢oxz + @itz Thatis u = 2(;’2—":;‘2) = 2|’7Z|2 where 7 = x +it,

i

“T oz )
Similarly we have
—i
= —. 2
v 2z @
Let us make the following co-ordinate change [1,5]:
V1 +4uv —1
= 3
2v
Then
r r
“4)

= —— and = —
ENETE T

Equation (1), (2) and (4) gives

i 1
z=§<r—;) ®))

which in turn gives

1 1 1 1
x=—=Im(|r+ - and t=—-Re(r—-|. (6)
2 r 2 r

Also from equation (5), we have F(r) = Zl_r and hence G(r) = 5—;’ [1]. Then we
have ¢(r) = [rF'(r)dr + [7G'(F)dr [1], and thus ¢ (r) = _Ti[lnr — In7], that is,
we have

¢(r) =Im(nr). @)
(b) The nonparametric form of catenoid is ¢(x,t) = cosh™ ! VX2 +12. As seen in
helicoid case, for the catenoid we have

X t

o = and ¢, = ;
V2 Va2 2 ' V2422 = 1Vx2 + 12
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and
Ox + iy

U=¢;: = o x; + Ptz = >

Z

thatisuy = —————.
24/ x24+12— 14/ x2+12
Again with the same co-ordinate change as in equations (3), (4) and u as above we

have ¢ = L, that is
Z r
r_
==z ®)
r
Now we have
Y z B z
WA+ = W+ 2 21z — 1zl
That is
r _ Z
1=1r2 2/1zP =11z
Squaring it we have
2

Z2 r

4P =11z A= P2

Using equation (8), we have
2
ar? (52 =1) = (1-1)
r

that is

|
[S)
NS

We take the positive sign, because this gives us the non-parametric form. Hence in

this case we have
1
( ),¢(r):—Re(lnr).

—lR +1 t—II
x_2er r,_zmr "

It is easy to check that the catenoid is conjugate harmonic to the helicoid because

1
xl—i—ixz:i(r—i——),
-

fh+ih=r—-,
r

1+ i¢p=—ilnr,
so that the right-hand sides of all the expressions are analytic functions of the complex

variable r.
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PROPOSITION 3.2
—i6

Fj = %GT and Gy = _7’ 67 are the F and G functions for our family of soliton solutions.

Proof. x; = cos(0)x) +sin(0)xz, t; = icos(0)t; +isin(0)t2, ¢p = cos(0)¢gy +sin(6)¢.
xg — tg = cos(0)(x1 — ify) + sin(0) (x2 — itr),

xg + 15 =cos(0)(x1 +ity) + sin(0) (x2 + if2),

. if_ 1
x1—1t1:—§ r—; N

. 1/ 1
X2—lf2=§ r—i—; ,

i, el
_tsz__—eze -
6=y T
. i0
i 4 ie
S 4 — 6719 _ )
¥otile =57 27
Thus Fj(r) = rm and G3(r) = —%;?9 We can check that Fj(r) = Gj (7). Recall

o5 = /ng'(r)dr+/ b (r)dr.
Thus
¢ = _ZE (Inr)e i® + % (In7) e

It 9 = 0 this corresponds to the wick rotated helicoid, namely ¢y = Im(In r) and if
6 = 7, this corresponds to the wick rotated catenoid, namely, ¢% = —Re(In r). g
2

4. 6-invariants

Let X}, = (x;, t;, ¢3) be a soliton solution as before. We show that the coefficients of the
first fundamental form, and hence the Born—Infeld action is independent of 6.

PROPOSITION 4.1

Letr = ry +irp. Then ES = xgzrl - tg i (])0 *, remains invariant with respect to 6.
Similarly, G° = xgzrz — t9 rz + ¢>9 " remains invariant with respect to 6. Also, FS =

s s s _ \/ﬁ _
X811 %6 1y t ” 13 »nt o ” o = = O0forall 0. Thus A®> = f ESGS — FSdrydry =

[ 1+ ¢ — ¢52 dx® de® is 0 invariant.

Proof. We have
Xp = X} cosf + X5 sin6,
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where the corresponding X and X, are harmonic conjugate minimal surfaces in | and
rp variables, and

X X2

0X1 X

— = and = ——.
ary ary orp ary

If X;(r1,r2) = (xi, ti, ¢i), we have
X; = (x1(r,s)cos O + xa(r, s) sin 6, i (t; (r, s) cos 6
+ 1p(r, 5) sinB), ¢1(r, s) cos O + ¢o(r, 5) sinH).
As X and X, are conjugates we have

X1 X7 X1 X7
—=—= and — =——-"-.
ary ary orp ary

Then

s2 s2 2 _ .2 2 2
Xgr ~ o T Por = Xor Tlor t Do

= (X1, cos O + X, sinf) - (X1, cosO + X, sinf)

= (X1, cos0 — Xy, sin0) - (X, cosf — Xy, sinf)

= X1, - X115y cos2 6 + sin29X1,2 - X1r,
+cosOsinfXy,, - X1, —cos@sindXy,, - Xqp,.

Now we have Xy, - X1,, = X1, - X1,,, (since ry and r; are isothermal co-ordinates for
X1),

s _ .s2 s2 s2
E"=X4 — g0 T o,
= Xlrl : Xlrl .

Hence E* is independent of 0,

X1 %0rs = 6.1 16,r, + 96, P61
= X0,11%0,ry + 10,r110,r, + 0,11 90,1,
= (X1, cos0 4 X, sinf) - (X1, cos O + X2, sinb)
= (X1, cos0 — Xy, sinf) - (X1, cosO + X, sinf)
= X1, - X1, c08> 0 — sin® 0X1,, - X1y,
+cos@sinfXy,, - X1, —cosOsinbXy,, - Xi,.
Again X1, - X1, = X1, - X1, and Xy, - X1, = 0, and we have F* = 0.

Similarly we can prove for G®. Hence we see that E®, FS, G* are all independent of 6
and hence A°® is also independent of 6. (]

Lorentz invariance of the Born—Infeld equation

There is a well-known symmetry, namely, the Lorentz invariance of the Born—Infeld
equation which is responsible for these invariant quantities. We re-derive it here.
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PROPOSITION 4.2
There is a symmetry in the Born—Infeld equation, namely if |:);/i| = [Z?;}k:((g)) :;21;1((?)} |:):i|,

then ¢ (x', t') satisfies the same B—I equation with x and t replaced by x" and t'.

Proof. Let <i Z) , ad — bc # 0, denote the symmetry to the Born—Infield equation.

Then we have ¢ = adyx + cdr, Gy = 02¢xx + C2¢lt + 2acoyr, ¢y = bpyx + doy,
bre = b2 Py + d> Py + 2bddy; and ¢y = aby, + cdgy + (be + ad)gy,. Hence B-1
equation for ¢ (x’, t") changes to

(1 = D) urr + 200y — (1 + d2)yrr
= [1 — (b + d)*1(@Pbux + s + 2acey,)
+2(agy + cdy) (bby + dgy) [abgyrcddy + (ad + be) )

— [+ (agy + cd) 1D bux + d>dur + 2bdpyy). )

In the above expression (9), the coefficient of ¢, is

a® — (bdx +d¢,)* a® + 2ab (agx + c¢r) (b + depr)
—b* — (adx + c¢)’ b
= (a® — b?) + ¢2(a®b” + 2a°b* — a*b?)
+ @2 (—a’d* 4 2abed — b*c?)
+ vy (—bda® + 2abad + 2abch — 2abb?)
= (a® — b?) — ¢ (a’d* + b** — 2abcd).
Hence for invariance of B-I equation we must have a> — b*> = 1 and @ = d, b = c. With
these, condition coefficient for ¢, in equation (9) will be
(a* = b*) — ¢?(a*d* + b*c? — 2abed) = (a® — bH)[1 — ¢pZ(a® — b?)]
=1-¢2
When a> — b> = 1 a = d and b = ¢, we have coefficient of ¢,; in equation (9) as
2¢.¢;. In the same way, the coefficient of ¢;; in equation (9) is equal to (1 + d)x)z. Hence

(9) changes to the B-I equation in ¢ (x, 1), that is, we have ¢ (x’, t') is a soliton if and only
if ¢ (x, t) is a solition. Also we have a® —b? = 1 if and only if @ = cosh6 and b = sinh 8.

cosh(0) sinh(0)

sinh(6) cosh(@)]’ solution to the Born-Infield

That is under the co-ordinate change |:

equation remain invariant.



Solitons from minimal surfaces 63

It is easy to check that this symmetry keeps A% invariant. This is expected since the B-I
equation is obtained by minimizing this action.

5. Many more examples

Recall the Weierstrass—Enneper representation of minimal surfaces, namely, in the neigh-
borhood of a nonumbilic interior point, any minimal surface can be represented in terms
of w as follows [3]:

¢
x(0)=x0+Re [ (1—w?)R(w)dw,

%o
¢
HE) = f0 + Re/ i1+ w?)R(w) duw.
%o
¢
$(0) = go + Re/ YwR(w) dw.
%o

This is an isothermal representation (with respect to {1 and >, where { = {1 +i{>.)
Various examples of minimal surfaces are as follows (p. 148 of [3]):

R(w) = 1 leads to the Enneper minimal surface.

Ve

R(w) = %5, « real, leads to the catenoid, £ = cosh_l(
2w? K [rc]

R(w) = ;TK_Z’ K real, leads to the right helicoid f = tan~! (’7‘).
R(w) = % leads to the general helicoid.

R(w) = —2__ leads to the Scherk’s minimal surface.
(1—w?)

_ —2aisin(2a) s ..
R(rfw) = T 20c0sa) 10 ° 0 < a < /2, a > 0leads to the general Scherk’s minimal
surface.

R(w)=1—w*(and substituting — for 7) leads to the Henneberg surface.

R(w) = m(’;})# — %, a and b real, and setting w = e~7/2, leads to the general Enneper
surface and, in particular, for a = 1 and b = 0, to the Catalan’s surface.

R(w) = (1 — 14w* + w®)~1/2 leads to the Schwarz—Riemann minimal surface.

Description and pictures of these minimal surfaces can be found in [3]. These are in
isothermal representation.

To find their harmonic conjugate minimal surfaces, we need to replace R(w) by
—iR(w).

Because if

¢
x1(¢) = x01 + Re / (1 — w?)R(w) dw,
%o

¢
f(2) = fo1 + Re / i1+ w)R(w) dw,
%o

¢
$1(5) = ¢o1 + Re/ 2wR(w) dw
%o

and



64 Rukmini Dey and Pradip Kumar

¢
x2(¢) = x2 +Re (—i (1 —w?)R(w) dw)
%o

¢
=xp+Im | (1—w>)Rw)dw,
%o

¢
1(¢) = fo + Re (—i/ i(1 +w?)Rw) dw)
&

0

¢
=tp+Im | i1+ w>)Rw)dw,
%o

¢
$2(8) = ¢o2 +Re <—i/ 2wR(w) dw)
&

0

¢
=¢o2 +Im [ 2wR(w)dw,
%o

then,

¢
x1+ixa=x01 +ixe2 + [ (1 —w?)Rw)dw,
%o

¢
f + it =to1 + it +/ i(14+ w?)R(w) dw,
o

¢
b1+ iy = Po1 + ido2 +/ 2wR(w) dw.
o

Since the right-hand side are holomorphic functions of { = ¢; + i¢2, (x2, f2, ¢2) is
a harmonic conjugate of (x2, f2, ¢2) and the representations above are isothermal (with
respect to {1 and 7).

Thus we can combine cos(x1, t1, ¢1) + sinf(x2, 2, ¢2) and get another minimal
surface.

By ‘wick rotating’, namely, t — if, we get a one-parameter family of solitons,
cosO(xy,ity, ¢p1) 4+ sinf(x2,itz, o)

Each choice of R(w) gives us an example. Thus we get many examples.

Remark. We re-emphasize that the process described here enables us to generate other
solutions of the B—I, given one complex solution which can be wick rotated to get a
real minimal surface (which can then be written in isothermal co-ordinates using the
Weierstrass—Enneper repesentation). Then one can easily write the harmonic conjugate of
the minimal surface in the same form and then make the one-parameter combination of
the two mentioned above and wick rotate-back to get the soliton family which starts from
a soliton solution which is the initial solution with t — —¢, (note that the B-I equation
is invariant under t — —f), and ends at a different soliton solution. We have given many
examples of this process.
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Remark. We are using the word ‘solition’ for solutions of the B—I equations. But since
these are complex solutions, they need not be actual solitons.

Remark. Given a minimal surface in isothermal co-ordinates, its harmonic conjugate
in isothermal co-ordinates is also a minimal surface. This is because X = X(u, v) is a
minimal surface iff X is isothermal (with respect to u# and v) and harmonic [4]. (Here

X(u,v) = (x(u, v), t(u, v), ¢(u, v)).)

Correction. There are corrections in [1]. Equation (14) should read as z = zg + F(¢) —
[¢2G'(¢). Here F(r) = G(7).

Also, in [1] our representation is a little different from the Weierstrass—Enneper repre-
sentation, though both are isothermal. The domain of validity of the W-E representation
is away from the umbilical points, namely, ¢y ¢y, — @2, = 0, while our representation

xy
fails where ¢,,¢zz — (pzzz =0.
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