Proc. Indian Acad. Sci. (Math. Sci.) Vol. 123, No. 1, February 2013, pp. 19-25.
© Indian Academy of Sciences

Density of primes in /-th power residues
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Abstract.  Given a prime number /, a finite set of integers S = {ay,...,am} and
m many [-th roots of unity glri ,i = 1,...,m we study the distribution of primes p

in Q(¢;) such that the I-th residue symbol of a; with respect to p is ;lri, for all i. We
1 1
find out that this is related to the degree of the extension Q(all s ah)/Q. We give
an algorithm to compute this degree. Also we relate this degree to rank of a matrix
obtained from S = {ay, ..., an}. This latter argument enables one to describe the
1

1 1
degree Q(a; , ..., a;,)/Q in much simpler terms.

Keywords. Distribution of primes; higher residue symbols.

1. Introduction

In a recent paper [1] the authors have computed the relative density of primes for which
a given finite string § = {ay, ..., a,} of integers are quadratic residues simultaneously.
It turns out, via Chebotarev density theorem, that this density is reciprocal to the degree
of the multiquadratic extension given by square roots of the finite string of given integers
over Q. Given a field K which contains an n-th root of unity and given a ﬁmte set of inte-

gers S = {ay, ..., ay}, one can determine the degree of the extension K(a1 . am)/K

using Galois theory (for instance see [8]). In this article, we study the distnbutlon of

primes p of Q(¢;) modulo where each a; assumes a preassigned /-th power residue symbol
1 1

and then relate it to the degree of the extension Q(al7 ..., a})/Q. We give two methods
1

1 1
to compute the degree of the extension Q(a{ ,...,a})/Q and either of the two methods
may prove to be useful at a given instance.
In § 2, we use a ramification argument in place of the class1cal use of the Eisenstein

criterion to compute the degree of the extension Q(a1 . am)/ Q. Section 3 deals with
the [-th power residue symbols and the study of the distributlon of primes p modulo which
take a fixed value for each a;. In § 4, we define a matrix 7 and then proceed to relate the
degree of the extension to the rank of 7. The tools we use are basic in nature [2,4,5] and
can be worked out from any basic text on algebraic number theory, but for the sake of
completion we will give some of the proofs.

We fix an odd prime / and ¢; stands for a fixed primitive /-th root of unity.
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2. Determination of the degree

To start with, we can assume that alf ’s are [-th power free and none of them is 1.
One has the following:

Lemma 1. If a € 7 is not a l-th power then X' — a is irreducible over 7.

Lemma 2. Letby, by, ..., b; be some integers and b be an intger which is not a [-th power

such that there is a prime q # | which divides b but does not divide any of bj. Then
1 1 1 1

[QT,....b  bT): Q! ..., b)) =1.

1 1 1 1
Proof Let us write L = Q(b!,....b,bT) and K = Q(b],....b). Since

1
g does not divide b; for any j, g is unramified in each of Q(b ]’ ) and hence it is unrami-

fied in K as well. On the other hand, looking at complex factorization of X I — b we find
that if X! —b = f1(X) f>(X) in K[X] then f1(0) = b7 ¢ € K for some integers r and c.
Since ¢ ramifies in K, we have that the polynomial X’ — b is irreducible in K[X]. This

proves the lemma. O
1 1

Algorithm to compute the degree [Q(all . ah) Ql

Claim. We can obtain some integers by, ..., b, with the following properties:

(1) There is a prime number g; |b; which does not divide b; for j # i.
(2) None of b; is a [-th power.
1 1

3) Q! ,...,ah) =Q®!,....,b]).

We will generate the numbers b.’s in successive steps. Here the upper index will indicate
the number of steps.
Let g1 be a prime divisor of a;. We put bgl) = ay. Fori > 1,if q 1 a; then we have

bfl) = a; and in case g1 |a; then we will define bi(l) as follows:

Let 1 and r; be the exponent of g1 in a; and a; respectively. Without loss of generality,
we can assume that 1 < ry,r; <[ — 1. As m; runs modulo / the numbers m;r; + r; are

distinct modulo / and hence for some choice of m; we will have m;r; +r; = A;l and
then we define bl.(l) = % If any bl.(l) happens to be a /-th power then we will omit it

1
and consider only those bl.(l) which are not /-th powers, say, bil), ceey b§ll). Now one has
1 1
q1|bil) and ¢ ¢ b;l) fori > 1,and Q(ay,...,an) = Q((bil))%, e, (bg))%). Next we
set biz) = bil), b§2) = b;l) and start with a prime divisor g; of béz) and repeat the same
process to obtain bl.(2). Suppose this process stops at the k-th step then bgk), cee, bg() are

the required numbers. We will put ¢ = s, and if p = ¢; for some i then we call b = bfk)

and the remaining # — 1 numbers can be taken in any order, and if p # ¢; for some i then
1

we can take any ordering. Now Lemma 1 gives [Q(bl7 ) : Q] = I. Then we use Lemma 2
1 1

successively to obtain [Qw®!, ..., b,T ) : Q] = [*, which is the required degree.
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3. I-th Power residue symbol

Let p be a prime different from / and f be the inertia degree of p in Q(¢;). For any
prime ideal p of Q(¢;) dividing p and an integer @ € (&) not contained in p one has

I|pf —1and a?’ 1 =1 (mod p). Hence there is an [-th root of unity {;, 0<i=<lI
o

such that e 7 = {l[ (mod p). Since /-th roots of unity are distinct modulo p, there is
an unique / and we will define (%)1 = g“li. We state some results on the higher residue
symbols [3,7].

f
Theorem 1 (Kummer’s criterion). (%)1 =T (mod p).
Theorem 2. The I-th power residue symbols are completely multiplicative.

Theorem 3. o € Q(¢) is an [-th power modulo p iﬁ‘(%)l =1

Given any ideal © of Q(¢;), we will define (§); = Hp|a(%)l by including multiplicity.
For B € Q(¢) we will define (%)1 = ((%)1 where (8) stands for the principal ideal
generated by 8.

An integer « € Q(¢;) is called primary if it is congruent to a rational integer modulo

(1 -
Theorem 4 (Eisenstein’s reciprocity law). If « is a primary integer and a is a rational

integer both coprime to each other and coprime to l then one has (g)l = (%)1.

We will now introduce some more terminologies and see an alternate way to define the
[-th residue symbol.

Let L/K be a Galois extension of number fields. For an unramified prime o of L we
will write k; for the residue field of g and k will denote the residue field of g N Q.
There is an exact sequence [6],

0 — Dy —> Gal(kp/k) — 0,

where Dy, is the decomposition group of p. Let oy, € Gal(k./k) be the Frobenius at .
Then its inverse image (in the above exact sequence) in Dy, is called Artin symbol of o

for the extension L /K and is written as (U%)
We note that if g and g’ are primes in L above the same prime of K then (ULK)

and (f}"—%) are the Galois conjugates by an element of Gal(L/K) which permutes g
and g’. In particular, if L/K is abelian then for prime p = g% N Qg we can define

() = ()

For any o € Gal(L/K), let Pk (o) denote the set of prime ideals p in K such that

there is a prime ideal g of L above p such that (%) =o.

Theorem 5 (Cebotarev density theorem). Let ¢ € Gal(L/K), and C, stands for
conjugacy class of 0. Then density of Pk (o) is [|14C:;<‘]‘

In particular, if L/K is abelian then the density of primes p of K such that (L/LK) =0

1
IS KT
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We have the following:

Lemma 3. Consider a Galois extension L/K of number fields, and let F be an inter-
mediate field such that F /K is Galois. Then for any unramified prime g of L one has

(), - (%)
L/K ) p — \'L/K )
For a fixed prime /, we want to define the /-th residue symbol (%)1 for each prime p # [

and integer a coprime to p. We will write f,(X) = X! —a and let K, denote the splitting
field of f,(X). Then K, O Q(&). For any prime p of Q(¢;) above p, we let o, €
Gal(K,/Q(¢;)) denote the Artin symbol for the prime p for the extension K, /Q(¢;). Then

Up,a(al/l)/al/l is an [-th root of unity and we will define %)1 = op,a(al/l)/al/l.

Lemma 4. The definition of I-th residue symbol given here and the one given earlier are
equivalent.

Proof. Let f be the inertia degree of p in the extension Q(¢;)/Q. Then the Artin symbol
Op,a satisfies

1 2a
opalal)=a T (modp),
[ —
ie. apa(la ) =o' (mod p),
al
which proves the lemma. (]

The following theorem is well known but we supply a proof for the sake of
completeness.

Theorem 6. If n is not an l-th power of an integer then the estimate

3 <f> = o(m (x))
P/

p;Norm(p)=x
holds as x — oo. Here ‘Norm’ denotes norm map of the extension Q(¢;)/Q.

Proof. One has

I
> O)-x = (%))
p;Norm(p)<x [ b=1 \Norm(p)<x,0p»=1p l
1 1
where 75, is automorphism of K,, which sends n7 — (g“l)bnT. Hence

> (-x x o«

p;Norm(p) <x Norm(p) <x,0p =15
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Thus we obtain

l
1
3 (%)l i <7n<x)+o<n(x>)>
b=1

p:Norm(p) <x

l
1
= 770G+ o(r(x) = o ().

b=1

Because of the nontriviality of the character, the first term is zero. This proves the
result. (]

Given m elements {lr" in p7, the group of /-th roots of unity, is not necessarily distinct.
We want to determine density of primes p which satisfy (%)l = {lri. For this, we will
consider the counting function

!

s = A1 ()

p:Norm(p)<x.peS k=1 \ j=1.j#r P

Here S is the set of primes dividing a; . .. a,, and u is a unit satisfying

m /
H 1_[ =4
k=1 j=1,j#

We note that S, exactly counts number of primes p of norm up to x which satisfy
(%)1 = {lri for all i. Note that the choices of r; can not be arbitrary because of the multi-
plicativity of /-th power residue symbol, i.e. to say that the assignment a; — glr" shall be
a restriction of some morphism of semigroups Z*/ 7 —s Wi, but the counting function
already takes care of this. To show this we note that any multiplicative relation among a;’s
can be brought to the form [}, al.c i = ¢! for some integers ¢; and c. Now the correspond-
ing relation expected in p; is [/, g‘lri “ = 1. If this does not hold then it is easy to see
from Theorem 3 that for each prime p there is an i such that (%)1 # lri. Thus if r;’s sat-
isfy the required condition then S, exactly counts number of primes of norm up to x which
satisfy (%)[ = ;“lr’ for all i. In case there is inconsistency among the choices of r;, then
Sy =0.

Now to estimate Sy, we can actually pass down the corresponding counting funtion
for b’.’s which will also be denoted by S,. When we change set S = {aj,...,an} to
the set T = {by, ..., b;} as obtained in the algorithm in § 2, then, the given m ele-
ments g“lr' uniquely determine a set of ¢ elements ;ls" such that (%)1 = {lri , forall 1 <

i < miff (%)[ = Clsj forall1 < j < r. If the conditions (%)1 = ¢, foralll <

i < m then it will lead to a condition of the form (%)1 = Clsj foralll < j < ¢
with b; as an [-th power and s; # 0. Then we can immediately conclude that there
is no prime p satisfying the condition. Studying the counting function with the b;
makes it easier, since there will be only one main term with one root of unity in it
(not a sum of roots of unity). Hence, it is enough to study the behaviour of primes
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p which satisfy (%)l = ;’lx'/ foralll < j < t. Now we consider the counting
function

l

sep 2 (I ()

p:Norm(p)<x,pgs’ k=1 \Jj=1.j#nk

Here S’ is the set of primes dividing b, ... b; and v is a unit satisfying
t 1
k=1 j=1,j

We emphasize that S, exactly counts number of primes of norm up to x which satisfy
(%")1 = {lri for all i. Because of multiplicativity of /-th power residue symbol one obtains

S =— > > " <%> for some integer t,.
!

PiNorm(P)<x.PES’ <, <j—1 p=T] b

After changing the order of summation, we see here that the main term comes from those
n which are of /-th power, by Theorem 6, and if n is not an /-th power then the contribution
is o(m (x)). But from the construction of b; its clear that no n # 1 will be an /-th power.

Hence, the main term will give, in absolute value, ll,(n(x) — |S’]). Thus density of the
primes p satisfy (%)1 = g'lsj forall 1 < j <t and hence satisfies (%")1 = ;lri, forall 1 <
i <mis li,

Remark 1.

(1) Note that the density does not depend upon the choice of r; as long as there is
consistency required.

(2) One can also obtain the density of primes p of Q(¢;) which satisfy (“‘ ) = gl , Where
o; are integers of Q(g;) and r;’s are as in the Introduction. The above proof may
not work in this case. However we see from the second definition of the /-th residue
symbol in § 3 that if the requirement % = {lri is consistent (in the same sense as

1 1
in § 3) then it uniquely determines an element in Gal(Q(¢;, o 1’ s oh)/Q(E)), and
1

1 1
hence density of such primes p is [Q(&, @] , ..., o) : Q(g)] ™!

4. Another way to find the degree

Let p1, p2, ..., pn be all the primes dividing a; . ..a,,. Let us write A;; for exact power
of p; dividing a;. Then we will consider the m x n matrix T whose (i, j)-th entry is A;;.
Note that for our purpose we can assume that 0 < A;; <1 — 1.

Lemma 5. The cardinality of the set A = {(A)!L, : 0 < & <1 —1,T]; a?" eZYisa
power of .
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Proof. Consider the Z /17 vector space (Z/1Z)™ with basis S = {ay, ..., an}. Z/1Z acts
on Q*/(Q*)! by & - x = x*. Consider the map T: (Z/1Z)" — Q*/(Q*)! which sends
a; — a; and extend it linearly. Then ) ; A;a; € ker Tiff(X;) € A. This proves that |A] is
an [-th power. (|

1 1
As mentioned in [8] the degree Q(ay . ..., am,)/Q(g) is " /1", where I” is the
cardinality of set A. Now we relate this degree to the rank of the matrix 7.

Theorem 7. The rank of the matrix T ism — r.

Proof. If there are x;, 1| <i <m with0 < x; <[ — 1 such that I—[;"zl af" € 7Z!. Then for
all j we have x1A1; + -+ + XA, = 0(mod 1), i.e the row vectors (A1, ..., Ajp), 1 <
i <min (Z/IZ)" are linearly dependent. Conversely, any such linear dependence among
row vectors of matrix 7" will give exactly /[ many relations of the type in set A. Let r
be the rank of the matrix 7. After a rearrangement we can assume that the row vectors
(Aity-.-» Ain), 1 < i < r are linearly independent. Then we see that for any choice
of x;,1 < i < rwithl < x; <[ — 1 the condition ]_[f:1 afi e 7! does not hold.
On the other hand, for any selection of x;, j > r we have [ many relation of the form

]_[;":1 afi e 7! (this can be seen by looking at the vectors (Aiq, ..., Ajy), 1 <i <r and
Xr1 Arg11s o oo Argn) + oo+ + X (A, - - -, Ampn) Which are linearly dependent). This
proves the theorem. (]
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