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Abstract. In this paper we consider the notion of continuous frame of subspaces
and define a new concept of continuous frame, entitled continuous atomic resolution of
identity, for arbitrary Hilbert space H which has a countable reconstruction formula.
Among the other results, we characterize the relationship between this new concept and
other known continuous frames. Finally, we state and prove the assertions of the stability
of perturbation in this concept.
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1. Introduction and preliminaries

As we know frames are more flexible tools to convey information than bases, and so they
are suitable replacement for bases in a Hilbert space . Finding a representation of f € H
as a linear combination of the elements in frames, is the main goal of discrete frame the-
ory. But in continuous frame, which is a natural generalization from discrete, it is not
straightforward. However, one of the applications of frames is in wavelet theory. The prac-
tical implementation of the wavelet transform in signal processing requires the selection
of a discrete set of points in the transformed space. Indeed, all formulas must generally
be evaluated numerically, and a computer is an intrinsically discrete object. But this oper-
ation must be performed in such a way that no information is lost. So efforts have been
done to find methods to discretize classical continuous frames for use in applications like
signal processing, numerical solution of PDE, simulation, and modelling; see for exam-
ple [1, 8]. In particular, the discrete wavelet transform and Gabor frames are prominent
examples and have been proven to be a very successful tool for certain applications. Since
the problem of discretization is so important it would be nice to have a general method for
this purpose. For example, Ali ef al. [1] asked for conditions which ensure that a certain
sampling of a continuous frame {y, },cx yields a discrete frame {ry, };cs (see also [9]).
In recent years, there has been considerable interest by harmonic and functional ana-
lysts in the frame of subspaces problem of the separable Hilbert space; see [5], [4], [3]
and [2] and references therein. Frame of subspaces was first introduced by Casazza and
Kutyniok in [5]. They present a reconstruction formula f = > ., vl.zS Ly (f) for
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frames of subspaces. Continuous frame of subspace is a natural generalization from dis-
crete frame of subspaces to continuous. As we expect, in discrete frame of subspaces every
element in H has an expansion in terms of frames. But in the continuous case it is with
respect to Bochner integral which is not desirable. Therefore, discretization of continuous
frame of subspaces is also very important.

Suppose that the measure p, which appears in the integral of continuous frame, is
Radon or discontinuous. (Note that there exist infinite many positive finite discontin-
uous measure on a locally compact space X which are not counting measure.) Then
{x € X : u({x} # 0} is a nonempty set and we may investigate about some conditions
under which every fixed element f € H has a countable subfamily J; of X with frame
property for H. This leads us to define uca-resolution of identity (Definition 2.1), which
is a generalization of the resolution of identity (Definition 3.24 of [5]), and atomic resolu-
tion of identity [4], to arbitrary Hilbert space (separable or nonseparable). We then show
that in this concept many basic properties of discrete state can be derived within this more
general context. In fact uca-resolution identity helps us to investigate continuous frames
which have discretization. Because under some extra conditions, every uca-resolution of
identity provides a continuous frame of subspace, and conversely. This means that the
relationship between uca-resolution of identity and known continuous frames, such as
frame of subspaces, is very tight.

Assume H to be a Hilbert space and X to be a locally compact Hausdorff space
endowed with a positive Radon or discontinuous measure . Let W = {W,},cx be a
family of closed subspaces in H and let w : X — [0, 0o) be a measurable mapping such
that w # 0 almost everywhere (a.e.). We say that W,, = {(Wy, @ (x))}rex is a continuous
frame of subspaces for H, if:

(a) the mapping x — my, is weakly measurable;
(b) there exist constants 0 < A, B < oo such that

AllfllzE/Xw(x)zllﬂwx(f)llzdum < Bl fI? (1)

forall f € H. The numbers A and B are called the continuous frame of subspaces bounds.
If W, satisfies only the upper inequality in (1), then we say that it is a continuous Bessel
frame of subspaces with bound B. Note that if X is a countable set and u is the counting
measure, then we obtain the usual definition of a (discrete) frame of subspaces.

For each continuous Bessel frame of subspaces W,, = {(W,, w(x))}iex, if we
define the representation space associated with W,, by L2(X, H, W,)) = {¢ : X —
H| ¢ is measurable, ¢(x) € W, and [y [l¢(x)||*du(x) < oo}, then L2(X, H, W,,) with
the inner product is given by

00 = [ o W), forall g,y € L2XH W)
X
is a Hilbert space. Also, the synthesis operator Ty, : L*(X, H,W,) — H is defined by
(Tw, (@), [) = /Xw(X)«p(X), frdu(x),

forall ¢ € L2(X, ‘H,W,,) and f € H.Its adjoint operator is le\/w cH— L2(X, H VL),
T;Vw (f) = wmyy, (f). For more details, see [2].
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Now, we give two immediate consequences from the above discussion. As the first, we
have the following characterization of continuous Bessel frame of subspaces in term of
their synthesis operators as in the discrete frame theory; see [3,6].

Theorem 1.1. A family W, is a continuous Bessel frame of subspaces with Bessel
Sfusion bound B for 'H if and only if the synthesis operator Ty, is a well-defined bounded

operator and || Ty, || < v/B.

Also, by an argument similar to the proof of (Theorem 2.6 of [3]), we have a char-
acterization of continuous frame of subspaces as follows:

Theorem 1.2. The following conditions are equivalent:

(@) W, = ({Wylrex, o(x)) is a continuous frame of subspaces for H;

(b) The synthesis operator Ty, is a bounded, linear operator from L2(X, H, W,)
onto 'H;

(c) The analysis operator T;‘Vw is injective with closed range.

If W, is a continuous frame of subspaces for H with frame bounds A, B, then we
define the frame of subspaces operator Syy, for WW,, by

Sw, () = Tw, T3y, (). f €M,

which is a positive, self-adjoint, invertible operator on H with A -Idy < Sy, < B -1dy.

2. Main result

For establishing a relationship between discrete and continuous frame of subspaces, we
generalize the concept of continuous frame and resolution of identity to arbitrary Hilbert
space H. For this purpose, we introduce the summation to noncountable form. Let H be
a Hilbert space and {7y },ecx be a family of bounded operators on it. If now, set I", the
collection of all finite subset of X, then I' is a directed set ordered under inclusion.

Let f be a fixed element of the Hilbert space H. Define the sum S(f) of the family
{T:(f)}xex as the limit

S =Y Tu(f) = nm{z To(f): v € F}.

xeX xey

If this limit exists, we say that the family {7 (f)}xex is unconditionally summable. It is
easy to see that the family {7y ( f)}xcx is unconditionally summable if and only if for each
& > 0, there exist a finite subset yg € I such that

DTN =Y T <,

X€Y1 X€Y2

for each y1, 2 > yp. Therefore for each ¢ > 0, there is a finite subset y of X such that

T (Ol <e

for all x € X\yo. Hence for a fixed element f € H, if {Tx(f)}rex is unconditionally
summable, then Jy = {x € X : T (f) # 0} is countable.
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DEFINITION 2.1

Let H be a Hilbert space and let  : X — [0, o) be a measurable mapping such that
w # 0 almost everywhere. We say that a family of bounded operator {7y }xcx on H is an
unconditional continuous atomic resolution (uca-resolution) of the identity with respect
to w for H, if there exist positive real numbers C and D such that for all f € H,

(a) the mapping x +— T is weakly measurable;
®) CIfI* = [y o) ITx(HIPdu(x) < DI FI%:
© f= erX T (f).

The optimal values of C and D are called the uca-resolution of the identity bounds. It
follows from the definition and the uniform boundedness principle that sup, oy | T llxex
< 00.

Remark 2.2.

(a) If f € H satisfies in (c), then as we mention above, there is a countable measurable
subset J ¢ (depends of f) of X such that

Te(f) =0,
forallx € X\Jy. So
/X oI T(HIPdu) = Y oD IT; (AP}
JeJy

and condition (b) transform to

CIfIP < Y oD ITH(HIP w({ih) < DIFIP.
JeJy
(b) If H is a separable Hilbert space with orthonormal bases {e,};° |, then by condition

(c), for each n there exists a countable measurable subset J;, of X such that
Ti(ey) =0,
for all x € X\ J,. So, we can find a countable subset J = Uzozl J, of X such that

T (f) =0,
forall f € Hand x € X\J, and we have

/X oI T(NHIPdu) =Y o (WDITi (NI wdiD.

jeJ
Therefore, if H is a separable Hilbert space, Definitions 2.1 and 3.1 in [4] coincide.

From now on, H is a Hilbert space with orthonormal bases {e; },ca and X is a locally
compact Hausdorff space endowed with a positive Radon or discontinuous measure w,
and w : X — [0, 00) is a measurable mapping such that @ # 0 almost everywhere. For a
fixed element f € H, by [7] there exists a countable subset J of A such that ( f, e;L> =0
forall A € A\J.
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The following is an important example of uca-resolution compatible with Definition
2.1, and note that this example does not satisfy in the definition of resolution of identity
and atomic resolution of identity which is stated in [5] and [4], respectively.

Example 2.3. Let H be a Hilbert space with orthonormal basis {e; },ea . If, we consider
A as alocally compact space with discrete topology and measurable space endowed with
counting measure, then the family {7} },c of bounded operators on H is defined by

T.(f) = (ex, fler, forall f € Hand ) € A,

is an uca-resolution of identity for H.

In the next theorem we show that every uca-resolution of identity for H, provides a
continuous frame of subspace.

Theorem 2.4. Let {Ty}rex be a family of bounded operators on H and for each x € X,
set Wy, = T (H). Suppose that there exists D > 0 and R > 0 such that the following
conditions hold:

@ f = cx @@ Te(Hr(x));
1) [y 027w, (f) — Te(HIPdu) < R I
© [y @) T(H)*du(x) < DI fII%,

forall f € H. Then {(Wy, w(x))}xex is a continuous frame of subspaces for H.

Proof. Let f be a fixed element of H. As we mention in Remark 2.2(a), there exists a
countable subset J; of X such that

()T (HHr{x}) = 0,
forall x € X\ Jr, and

/X o) I T (HIPdu) =Y oI T (HI7ndx).

xeX

So we can use Cauchy—Schwarz inequality and compute as follows:

2
LAt = <<f Zw(x)2Tx(f)u({x})>>

xeX

2
DoV rx) £ @)y r({x}) T(f))

xeX

IA

2
= ( o)V ((xD) mw, (). @)y u({x}) T (f))
xeX
2
(Z o)y p(x}) mw, (NHllle @)y nd{x}) T (f)II)

xeX
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< (Zw(x)znnm (f)llzu({x})> (Z llo> )/ (fx) Tx<f>||2)

xeX xeX

< ( / w(X)2||7TWX(f)||2dM(X)> ( / w(x)2||Tx(f>||2du<x>>
xeX X

< D| fI? ( /X w(x)? 7w, (f)||2du<x)> :

Also, by triangle inequality and hypothesis we have

2 2 R ? 2
/w(x) lrw, () IPdp(o) < D(l +,/5) 1£12.
X

so the assertion holds. O

Casazza and Kutyniok in [5] introduced an interesting example of atomic resolution of
identity. In the next theorem we obtain the uca-resolution of identity form, which is the
converse of Theorem 2.4.

Theorem 2.5. Let {(Wy, w(x))}xex be a continuous Bessel frame of subspaces for H
with Bessel bound D, and for each x € X. Let Ty, : H — W, be a bounded operator such
that Tymrw, = Ty. Also assume that for each f € 'H,

f=) 0’ T(HHrdx)).
xeX

Then for all f € H we have

1 2 2 2 2

B”f” = Xw(x) 1T (OII7du(x) < DE| fII7,
where E = sup, x| Tx |lxex-
Proof. By a similar proof of Theorem 2.4, we obtain

1

SIfI? < / o T (NP du ).

D X

Also we have

IA

1
ann2 / ()N T (HIPdp(x)
X

= [X ()2 Termw, (H)12dp(x)

IA

/Xw(X)ZIITx||2I|7wa(f)||2du(x)

IA

E /X ()|, (HII*du(x) < DE| fI*.
Whence, for each f € H,
1
BIIfIIZS/w(x)zllTx(f)Ilsz(X) < DE|f|*
X

as we required. ]
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PROPOSITION 2.6

Let {Wy}xex be a family of closed subspaces of Hilbert space 'H such that the mapping
x — mw, is weakly measurable. Also suppose w is a bounded map and the following
conditions hold for all € H:

(a) There exists C > 0 such that

2 1 2
/ I, () 1P dieco) < 1 £ 1P,
X

(b) f =2 rex o@)mw, (SHpn({x).

Then {(Wy, w(x))}xex is a continuous frame of subspaces for 'H.

Proof. By condition (a) we see that

sup,.cx w(x)

c I£I% (f € H).

/X 0@, () 1Pdu(x) <

Condition (b) implies that for a fixed element f of H,

fx o), (HIPdpx) = Y 00 Imw, ()12 rdx)

xeX
and
/ lrw, (AP dpe) =D lmw, (HIP ).
X xeX

Now, since the family {w (x)u({x}) T} is unconditionally summable, we can use Cauchy—
Schwarz inequality and compute as follows:

2
(<Z o @ pxDmw, (f), f>)

xeX

e

2
(Z w(x)u({x})llnwx(f)IV)

xeX

IA

(Zw(x)zu({x})llﬂwx(f)IIZ) (Z 7w, (f)||2u({x})>

xeX xeX

IA

1
ellAN <Z w(X)2IIJTWx(f)||2M({x})> :

xeX
Thus
CIFI? =) o) lmw, (HI*ndx) = fx @ () 7w, (F)IPdpe(x)
xeX

for all f € H, and this completes the proof. (I
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In the following proposition we give a reconstruction formula for continuous frame of
subspaces in the special case.

PROPOSITION 2.7

Let {Wy}yex be a family of orthogonal closed subspaces of Hilbert space 'H. If {(Wy,
w(X)}xex is a continuous frame of subspaces for 'H with bounds C, D, then for each

feH,
=Y mw ().

xeX

The converse is true if w is bounded and there exists C > 0 such that

2 1 2
/ 7w, (HII7dr(x) = Ellfll ,
X
forall f € H.

Proof. Let {(W,},ex be a continuous frame of subspaces. First, we should note that for
each f € H, by the Hahn-Banach theorem and orthogonality of the family {W, },cx, there
exists a sequence { f,,} in H such that f, —> f and for each n we have the following
equality

fo=_ 7w, (fo).

xeX

Now we define S, (f) = >
f € H. Therefore

ClIS, (f) — fI* < /X () lw, (Sy (f) — HHIFdp(x)

rey Tw, (f), where y is an arbitrary finite subset of X and

< /X 0w, ) IPdu()
< DIfI*
By replacing f with f,, — f we obtain

D
1Sy (fn = 1) = (Un = DI =y Fllfn = S
The converse holds by Proposition 2.6. O

Now we want to show that, by a given uca-resolution of identity, each f € H has a new
countable reconstruction formula. First we need the following lemma:

Lemma 2.8. Let {Ty}xex be an uca-resolution of the identity with respect to weight w for
'H with bounds C and D, and let { f;}ic1 be a frame sequence. Then there exists a count-

able subset J of X, such that {(,()(j)«//,L({j})T;k(ﬁ)}iE[’je‘] is a frame for span{ f;}ics.

Proof. Ifweset J; = {x € X : Tx(f;) # 0}, then by definition of uca-resolution of iden-
tity, J; is a countable and measurable subset of X. Now, set J = Uie ; Ji- So J is a count-
able and measurable subset of X, and for each f € span{f;}ic; and x € X\J we have
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Hence we see that for each f € span{ f;}icy,
CIfI? <> PHu@iPITi (O < DIFIP
jeJ
and
f£=Y T,
jeJ
and these series converge unconditionally.

Now, suppose that A and B are frame bounds of { f;};c;. For each f € span{ f;}ic; we
have

AY P DrGHITIOIF = DY K DD, fi)l?
jeJ jeJ iel
< BY o’ (DrWidITi (O,
jeJ

and therefore

ACIFIP <= AY > (DrDITiHI

jeJ
DY UL @ DrDTF I
jeJ iel

BY o’ (DuibITi(HI* < BDIfI?

jeJ

A

IA

IA

and this complete the proof. ]

Theorem 2.9. Let {Ty}xcx be an uca-resolution of the identity with respect to weight
w for 'H with bounds C and D. Then for each f € H, there exists a countable subset |
(dependents on f) of X, such that we have the following reconstruction formula

=) OuiNS' () =Y OuiNT TS (f),
iel iel
where S is a frame operator of a frame sequence.
Proof. Let f be a fixed element of Hilbert space H. Set
Hy = spanfe;}jecs,

where J = {j € A : (ej, f) # 0} is a countable subset of A. Then, by Lemma 2.8,
there is a countable subset / of X such that the sequence {w (i)v/u({iDNT*(e))}icr, jes is
a frame for H .

If now, S € B(H) is the frame operator of {w (i)/u({i})T*(e;)}ic1, jes, then we have

S = Y. Y (fo@OVrUiDT )o@V rdih T (e))

iel jeJ

S P OuUNTS | D AT (f).e))e;

iel jel

Za)z(i)p.({i})Ti*Ti(f)-

iel
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Hence, the reconstruction formula follows immediately from the invertibility of the
operator S. U

In the rest of paper we consider the stability of perturbation in uca-resolution of identity.
First, let us state and prove the following useful lemma.

Lemma 2.10. Let {Tx}xex and {Sy}xex be two families of bounded operators on 'H and
there exists 0 < A < 1 such that for all finite subset I of X,

> T

iel

> (T = S)(f)

iel

<X , feH. (2)

If {(Ty, w(x)}xex is an uca-resolution of identity then we have the following reconstruc-
tion formula

f=Y 88, feH

xeX

where S is an invertible operator on H.

Proof. Let f € H and let I be a finite subset of X. Since

PRAGEDITT)

iel iel

F=Y 8D < | =D 1|+

iel iel

:

> T H : 3)

iel

therefore by inequality (2) we have

F=Y 8O < |fF =D 1O+

iel iel

Hence, the family {S, (f)}rcx is unconditionally summable. Now, we define S : H — H
by S(f) = > ex Sx(f). By inequality (3) and using that {(7, (x)} is assumed to be
uca-resolution of identity, S is well defined and we have

ILf = SHI=AIFIL

for all f € H. So |lidyy — S| < A < 1, and therefore S is an invertible operator on H.
Hence for all f € H we have

Y ssTiH =S58 =1
xeX

and this complete the proof. O

DEFINITION 2.11

Let {Ty}rex and {Sy}rex be two families of bounded operators on H, and let w : X —
[0, c0) be a measurable map such that w(x) # 0 almost everywhere. Suppose that 0 <
A1, A2 < 1,and ¢ : X — [0, 0o) is an arbitrary positive map such that fX e(x)*du(x) <
oo. If

o) (T = SOOI = Al )T (H)1 + A2 llo () S (NI + @) £
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for all f € 'H and x € X, then we say that {(Sy, @ (x))}xex is a (A1, A2, ¢)-perturbation
of {(Tx, w(x))}xex.

From now on, let {S }cx be a family of bounded operators on H such that the mapping
x = Sy(f) is weakly measurable. Then for each bounded operator S : 'H — H, the
map x — S,S(f) is weakly measurable. Hence by Lemma 2.9, we have the following
theorem.

Theorem 2.12. Let {(Ty, w(x))}rex be an uca-resolution of identity for H with bounds
C and D, and let {(Sy, w(x))}xex be a (A1, A2, @)-perturbation of {(Ty, w(x))}rex for

some 0 < A1, Ay < 1. Moreover assume that (1 — A])\/E — (fX go(x)2du,(x))% > 0 and
for some 0 < A < 1,

1Y (T = SHOIN <A D THIL f e,

iel iel
for all finite subset I of X. Then there exists an invertible operator S on H such that
{(ScS™!, w(x)}xex is a uca-resolution of the identity on 'H.

Proof. First it should be noted that by Lemma 2.10, there exists an invertible operator S on
H, such that the family {S,S~!},cx satisfies in Definition 2.1(c). Also by open mapping
theorem and closed graph theorem, there exist A > 0 and B > 0 such that

AlFI =1 OI < BISI

forall f € H.
Now, for f € H we obtain

( /X w(x>2||sx<f>||2du(x>)2

< (/Xw(X)z(llTx(f)ll + (T — Sx)(f)ll)sz(X))

1
2

=< (/X((a)()C)2 T (ON+ AN T O+ 2208 (D)

, 3
+ eI du(x))
3
<(1+x) ( /X a)(X)zllTx(f)llsz(X)>

: !
+A2 (/Xw(x)zllsx(f)||2dM(X)> + £l </X ‘P(x)zdu(x)) .

Hence

/X 0?18 ST A IPdp(x)

2 12
B ((1 +A1)¢5J1r£f;;a(x> du(x))2> B1f.
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To prove the lower bound, first we observe that

1
I£1% < ol / 0 ()2 T (HIPdp(x),
X

for all f € H. Therefore, by triangle inequality we have

( /X w(x)ZIITx(f)IIZd/L(X))Z - ( /X w(x)2I|Sx(f)II2du(x))2

%
< ( /X o ()T — Sx)(f>||2)
1 1

2 2 ? 2 2 ?
=M (/Xw(X) 1T (O dM(X)) + 22 (/Xw(X) I1Sx (O dM(X))

L ( / (x)%d (x))é ( / w ()T () (x))%
el X@ 12 . x 2 .

Hence
1= A1 = ([ o) 2du(x)? }
JC X 2 2
( n ( /X )T ()l du(X)>
%
< ( /X w(X)zlle(f)llsz(X)> .
So
1y 2
(1= 2)VC — ([ ()2 du)?\ 5
1 A%l f)
+ A2
- /X w2155 (N Pdu),
as we required. ([

Remarks 2.13. Suppose {Ty}xex and {S,}rcx are two families of bounded operators on
H. If {(Tx, @(x))}xex 1s a uca-resolution of identity, then by Cauchy—Schwarz inequality
we have

KTeSx(f). &) = [Sx(f). T (9))]

< ISc(OMTE g
= ISc(HONNgl sup [Tl
xeX

forall f, ¢ € Hand x € X. Hence, for each f € H and x € X,

1T Sx (O = ISk (HIE,

where E = sup,cx | 7% |-
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Theorem 2.14. Let {(T, w(x))}rex be an uca-resolution of identity for H with bounds
C and D, and let {Sy }xex be a family of bounded operators on 'H such that for some K,

/X 0?18 (HIFdrx) < KIFI2,

for all f € H. Suppose that ¢ : X — [0, 00) is a positive map, and there exist 0 <
A, A2 < 1 such that

o) f—o )T Sx (NI = 2illo@) T (H[F+22llo () TS (Hll+eCOll f1I.
Also
1Y (T = SO < MDY T
iel iel
for all finite subset I of X and forall f € 'H, where0 < A < 1. IffX e(x)du(x) < oo and

0< (fX a)(x)zdu(x))% —x~D— (fX e(x)2du(x)) < oo, then there exists an invertible
operator S on H such that {(SyS™', w(x))}rex is an uca-resolution of the identity on H.

Proof. For f € H we have

171 ( f w(x)zdu(X)) :
X

< ( [X (lo@) f — 0@ TSy () + o) Te Sy ()12 dM(X))Z
< ( / lo@) f — 0T, Sx(f)IIZdM(X)>
3

( ||w(x>TxSx(f>||2du<x)>
( [ (il T (N + Al )T Se (NIl + e £1) du(x)>
1

( ||w(x>TxSx(f>||2du<x)>2
1
< MVDIflI+ (1 +22) (/X w(X)zllTxSx(f)Ilsz(X)>2

1

5 2
+I£1 </X @(x) dM(X))
1

<MVD|fl + (1 +21)E (/Xw(X)zlle(f)llsz(X)>2

1

A ( /X w(x)zdw)) i
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where E = sup, .y || T ||. Therefore

([ @()2dp(x)2 — 2v/D — (fy (1) 2du(x))?
E(I + /)

A1

1

< ( /X w(x)zlle(f)llsz(X)>2 .

Now by Lemma 2.10, and similar to the proof of of Theorem 2.12, the assertion holds. [
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