
Proc. Indian Acad. Sci. (Math. Sci.) Vol. 121, No. 3, August 2011, pp. 327–337.
c© Indian Academy of Sciences

Composition operators between Bloch type spaces
and Zygmund spaces in the unit ball

JINENG DAI1 and CAIHENG OUYANG2

1Hubei Province Key Laboratory of Intelligent Robot, School of Science, Wuhan
Institute of Technology, Wuhan 430073, China
2Wuhan Institute of Physics and Mathematics, The Chinese Academy of Science,
Wuhan 430071, China
E-mail: daijineng@163.com; ouyang@wipm.ac.cn

MS received 1 September 2009; revised 31 March 2011

Abstract. The boundedness and compactness of composition operators between
Bloch type spaces and Zygmund spaces of holomorphic functions in the unit ball are
characterized in the paper.
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1. Introduction

Let

Bn = {z = (z1, . . . , zn) : |z|2 = |z1|2 + · · · + |zn|2 < 1}
be the unit ball of the complex Euclidean space of Cn (n ≥ 1). Define by H(Bn) the
class of all holomorphic functions on Bn and by H∞ the set of all bounded holomorphic
functions on Bn . Then H∞ is the Banach algebra with the supremum norm ‖ f ‖∞ =
supz∈Bn | f (z)|. For f ∈ H(Bn), its complex gradient and radial derivative are defined by

∇ f (z) = ∇z f =
(

∂ f

∂z1
(z), . . . ,

∂ f

∂zn
(z)

)
,

R f (z) = 〈∇ f (z), z〉 =
n∑

j=1

z j
∂ f

∂z j
(z),

respectively. For a positive integer k, denote R(k+1) f = R(R(k) f ) the higher radial
derivative with order k + 1. We write D j f = ∂ f

∂z j
for convenience.

For f ∈ H(Bn), we define

Q f (z) = sup

{
|〈∇ f (z), ū〉√

Hz(u, u)
: 0 
= u ∈ Cn

}
,
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where Hz(u, u) is the Bergman metric on Bn defined by

Hz(u, u) = n + 1

2

(1 − |z|2)|u|2 + |〈u, z〉|2
(1 − |z|2)2

.

The Bloch space is the space of all holomorphic functions f on Bn such that

‖ f ‖ = | f (0)| + sup{Q f (z) : z ∈ Bn} < ∞. (1)

Let M be the class of all positive continuous and decreasing functions μ(t)(0 ≤ t < 1)

such that μ(t) → 0 as t → 1, and μ(t)
(1−t)δ

is increasing when t is close to 1 for some δ > 0.
A function f ∈ H(Bn) is said to belong to the μ-Bloch space Bμ if

‖ f ‖Bμ = | f (0)| + sup{μ(|z|)|R f (z)| : z ∈ Bn} < ∞. (2)

As known, f ∈ Bμ if and only if

sup{μ(|z|)|∇ f (z)| : z ∈ Bn} < ∞.

In particular, when μ(t) = (1 − t2)α with α > 0, μ-Bloch space is also called Bloch type
space, denoted by Bα . For α = 1, the equivalence of these two norms (1) and (2) has been
proved by Timoney [9]. Moreover, when α > 1/2, a function f ∈ Bα if and only if

sup{(1 − |z|2)α−1 Q f (z) : z ∈ Bn} < ∞. (3)

However, when 0 < α ≤ 1/2, (2) and (3) are not equivalent (see [12]).
In view of the problem, Chen and Gauthier in [1] introduced a new metric Hμ

z (u, u)

which generalizes the classic Bergman metric in a more general situation. Let

Iμ =
∫ 1

0

dt

(1 − t)1/2μ(t)
. (4)

If Iμ = ∞, let

ν(t) =
(

1

μ(0)
+

∫ t

0

dt

(1 − t)1/2μ(t)

)−1

,

otherwise, let ν(t) ≡ μ(0). The metric Hμ
z (u, u) corresponding to μ is defined by

Hμ
z (u, u) = n + 1

2

1

μ2(|z|)
{

μ2(|z|)
ν2(|z|) |u|2 +

(
1 − μ2(|z|)

ν2(|z|)
) |〈u, z〉|2

|z|2
}

for 0 
= z ∈ Bn and u ∈ Cn . For z = 0, let Hμ
0 (u, u) = |u|2/μ2(0). Put

Qμ
f (z) = sup

{
|〈∇ f (z), ū〉√

Hμ
z (u, u)

: 0 
= u ∈ Cn

}
.
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In [1], the authors proved that when μ(t) = (1 − t2)α with α > 1/2, Hμ
z (u, u) is

equivalent to

(
1 − |z|2
μ(|z|)

)2

Hz(u, u),

which implies that Qμ
f (z) is equivalent to (1−|z|2)α−1 Q f (z). What is more, they proved

in general conditions that a function f ∈ Bμ if and only if

sup{Qμ
f (z) : z ∈ Bn} < ∞.

A function f ∈ H(Bn) is said to belong to the Zygmund space, denoted by Z , if its
radial derivative is in the Bloch space. That is,

‖ f ‖Z = | f (0)| + sup{(1 − |z|2)|R(2) f (z)| : z ∈ Bn} < ∞.

It is easy to see that if f ∈ Z , then

|R f (z)| ≤ C‖ f ‖Z log
e

1 − |z|2 . (5)

It is well-known that f ∈ Z if and only if (see [12])

sup{(1 − |z|2)|D j Di f (z)| : z ∈ Bn} < ∞, i, j = 1, . . . , n.

Hence the left-hand side of inequality (5) can be replaced by |D j f (z)|( j = 1, . . . , n).
Moreover, we can see that Z ⊂ Bα from (2) and (5). Note that, when 0 < α < 1, Bα can
be identified with the Lipschitz space Lip1−α consisting of holomorphic functions f on
Bn such that

| f (z) − f (w)| ≤ C |z − w|1−α

for all z, w ∈ Bn (see [6]). Therefore, for a function f ∈ Z , it may extend continuously
to the closed unit ball Bn .

Suppose that (X, ‖ · ‖X ) is a Banach space of holomorphic functions on Bn satisfying
the following conditions.

(i) Every function in X extends continuously to the closed unit ball.
(ii) X contains all the polynomials.

(iii) Evaluation at each point of Bn is a bounded linear functional.
(iv) If ϕ is a conformal automorphism of Bn and f ∈ X , then f ◦ ϕ ∈ X .

We refer to such space X as an automorphism invariant boundary regular small space
(see [3] or [7]). The first and the third assumption guarantee convergence in the norm
of X implies convergence in the sup norm: the identity map from (X, ‖ · ‖X ) to
(X, ‖ · ‖∞) is continuous by the closed graph theorem. Moreover, another closed graph
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theorem argument using (iii) shows that (iv) implies that Cϕ is bounded on X whenever
ϕ is a conformal automorphism of Bn .

For any point a ∈ Bn − {0}, we define

ϕa(z) = a − Pa(z) − sa Qa(z)

1 − 〈z, a〉 , z ∈ Bn, (6)

where sa = √
1 − |a|2, Pa is the orthogonal projection from Cn onto the one-dimensional

subspace [a] generated by a and Qa = I − Pa is the projection onto the orthogonal
complement of [a]. That is

Pa(z) = 〈z, a〉
|a|2 a, Qa(z) = z − 〈z, a〉

|a|2 a, z ∈ Bn .

When a = 0, we simply define ϕa(z) = −z. It is well known that each ϕa is a homeo-
morphism of the closed unit ball Bn onto Bn and every automorphism ϕ of Bn is the
form ϕ = ϕaU , where U is a unitary transformation of Cn .

In the paper, let ϕ = (ϕ1, . . . , ϕn) be a holomorphic self-map of Bn . Associated with
ϕ is the composition operator Cϕ : X → Y defined by Cϕ f = f ◦ ϕ for f ∈ H(Bn) if
X and Y are Banach spaces of holomorphic functions in the unit ball. The main subject
in the study of composition operators is to describe operator theoretic properties of Cϕ in
terms of function theoretic properties of ϕ. Good references for the theory of composition
operators can be found in [3] and [8]. As for the case of one complex variable, there
exist many results in the literature. For instance, bounded and compact operators Cϕ :
B → B were characterized in [5] and the general case Cϕ : Bα → Bβ was solved in
[11]. Operators Cϕ : Bα � Z were studied in [4]. Compact operators on some small
spaces were considered in [7] and [2]. However, in several complex variables case, it is so
difficult to treat them that most known results are not satisfactory. Recently, in [1], Chen
and Gauthier completely obtained necessary and sufficient conditions for the boundedness
and compactness of composition operators on μ-Bloch spaces by using a smart technique
(see Lemmas 2.2 and 2.3 in §2).

The main purpose of this paper is to study the boundedness and compactness of
composition operators between Bloch type spaces and Zygmund spaces of holomorphic
functions in the unit ball of Cn . More precisely, in §2, we give necessary and sufficient
conditions for the boundedness and compactness of Cϕ : Z → Bα by means of the tech-
nique borrowed from [1], which has been modified to make it more efficient. Meanwhile,
we find that these conditions are similar to that of Cϕ : Bμ → Bα to be bounded and com-

pact for μ(t) =
(

log e
1−t2

)−1
respectively, although the Zygmund space is a subspace

of Bμ. Section 3 is devoted to the study of bounded and compact composition operators
Cϕ : Bα → Z . Our results show that the boundedness of Cϕ : Bα → Z implies the com-
pactness of the composition operator Cϕ on the Zygmund space. Thus, we assert that the
condition ‖ϕ‖∞ < 1 is necessary for Cϕ : Bα → Z to be bounded by an interesting result
of Shapiro [7].

Throughout this paper, constants are denoted by C which they are positive and not
necessarily the same in each occurrence. The expression E ≈ F means that there
exists a positive constant C such that C−1 E ≤ F ≤ C E . For a holomorphic self-
map ϕ(z) = (ϕ1(z), . . . , ϕn(z)) of Bn , it will be convenient for us to write Rϕ(z) =
(Rϕ1(z), . . . , Rϕn(z)).
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2. The boundedness and compactness of Cϕ : Z → Bα

In this section, we characterize the boundedness and compactness of composition oper-
ators from the Zygmund space to the Bloch type space. Before doing them, we need the
following lemmas.

Lemma 2.1. Let α > 0 and X, Y = Z or Bα . The composition operator Cϕ : X → Y is
compact if and only if for any bounded sequence { fm} in X which converges to 0 uniformly
on any compact subsets of Bn as m → ∞, we have ‖Cϕ fm‖Y → 0 as m → ∞.

Proof. The result can be obtained by standard arguments (see, for example, Lemma 3.8 of
[10]). The details are omitted here.

Lemma 2.2 [1]. Let μ1, μ2 ∈ M. Then Cϕ : Bμ1 → Bμ2 is bounded if and only if

sup
z∈Bn

μ2(|z|)
{

Hμ1
ϕ(z)(Rϕ(z), Rϕ(z))

} 1
2

< ∞.

Lemma 2.3 [1]. Let μ1, μ2 ∈ M and Cϕ : Bμ1 → Bμ2 be bounded. If Iμ1 = ∞, then
Cϕ : Bμ1 → Bμ2 is compact if and only if

lim|ϕ(z)|→1
μ2(|z|)

{
Hμ1

ϕ(z)(Rϕ(z), Rϕ(z))
} 1

2 = 0.

If Iμ1 < ∞, then Cϕ : Bμ1 → Bμ2 is compact if and only if

lim|ϕ(z)|→1

μ2(|z|)|〈Rϕ(z), ϕ(z)〉|
μ1(|ϕ(z)|) = 0.

Lemma 2.4. Let μ(t) =
(

log e
1−t2

)−1
. Then

Hμ
z (u, u) ≈ 1

μ2(|z|) {μ
2(|z|)|u|2 + |〈u, z〉|2}.

Proof. It is easy to see that Iμ < ∞, therefore ν(t) ≡ μ(0) = 1. Note that

1 − μ2(t)

t2
=

(
1 + 1

log e
1−t2

)
log 1

1−t2

t2 log e
1−t2

→ 2

as t → 0. That is, 1−μ2(|z|)
|z|2 ≈ C for z 
= 0. Thus the desired result follows from the

definition of Hμ
z (u, u).
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Lemma 2.5. Let μ(t) =
(

log e
1−t2

)−1
and f ∈ Z. Then f ∈ Bμ and ‖ f ‖Bμ ≤ C‖ f ‖Z .

Proof. It immediately follows from the inequality (5).

Theorem 2.1. Let μ(t) =
(

log e
1−t2

)−1
. Then the following statements are equivalent.

(i) Cϕ : Bμ → Bα is bounded.
(ii) Cϕ : Z → Bα is bounded.

(iii) supz∈Bn (1 − |z|2)α
{
|Rϕ(z)|2 +

(
log e

1−|ϕ(z)|2
)2 |〈Rϕ(z), ϕ(z)〉|2

} 1
2

< ∞.

Proof.

(i) ⇒ (ii). It is clear from Lemma 2.5.
(ii) ⇒ (iii). Suppose Cϕ : Z → Bα is bounded. Then we can easily obtain that ϕi ∈ Bα

by taking f (z) = zi (i = 1, . . . , n). To show that (iii) holds, we have two cases to
consider:

For any given w ∈ Bn , if |ϕ(w)| ≤ 1/2, it follows from ϕi ∈ Bα that

(1 − |w|2)α
{
|Rϕ(w)|2 +

(
log

e

1 − |ϕ(w)|2
)2

|〈Rϕ(w), ϕ(w)〉|2
} 1

2

≤ C(1 − |w|2)α|Rϕ(w)|
≤ C(1 − |w|2)α

n∑
i=1

|Rϕi (w)| < ∞.

In the following, we always assume that |ϕ(w)| > 1/2. Let z0 = ϕ(w)
|ϕ(w)| . By the

projection theorem, there exists a vector ξ ∈ Cn such that Rϕ(w) = v1z0 + v2ξ =
eiθ1 |v1|z0 + eiθ2 |v2|ξ , where 〈z0, ξ 〉 = 0, |ξ | = 1, v1 = 〈Rϕ(w), z0〉, v2 = 〈Rϕ(w), ξ 〉
and |Rϕ(w)|2 = |v1|2 + |v2|2. Define

fw(z) = e−iθ1

∫ 〈z,ϕ(w)〉

0
log

e

1 − t
dt + e−iθ2〈z, ξ 〉.

Then we get

∇ fw(z) = e−iθ1ϕ(w) log
e

1 − 〈z, ϕ(w)〉 + e−iθ2 ξ̄ (7)

and

R(2) fw(z) = e−iθ1〈z, ϕ(w)〉 log
e

1 − 〈z, ϕ(w)〉
+e−iθ1〈z, ϕ(w)〉2

1 − 〈z, ϕ(w)〉 + e−iθ2〈z, ξ 〉. (8)
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From (8) it is easy to see that supw∈Bn ‖ fw‖Z ≤ C . Note that there exists a positive
constant C(C < 1) such that

(
log

e

1 − x2

)2

− 1

x2
≥ C

(
log

e

1 − x2

)2

. (9)

Since Cϕ : Z → Bα is bounded, by (7) and (9) we have

∞ > ‖Cϕ‖‖ fw‖Z ≥ ‖Cϕ fw‖Bα ≥ (1 − |w|2)α|R( fw ◦ ϕ)(w)|
= (1 − |w|2)α|〈∇ fw(ϕ(w)), Rϕ(w)〉|
= (1 − |w|2)α

{
|v1||ϕ(w)| log

e

1 − |ϕ(w)|2 + |v2|
}

≥ (1 − |w|2)α
{

|v1|2|ϕ(w)|2
(

log
e

1 − |ϕ(w)|2
)2

+ |v2|2
} 1

2

= (1 − |w|2)α
{

|〈Rϕ(w), ϕ(w)〉|2
(

log
e

1 − |ϕ(w)|2
)2

+|Rϕ(w)|2 − |〈Rϕ(w), ϕ(w)〉|2
|ϕ(w)|2

} 1
2

= (1 − |w|2)α
{
|Rϕ(w)|2 + |〈Rϕ(w), ϕ(w)〉|2
[(

log
e

1 − |ϕ(w)|2
)2

− 1

|ϕ(w)|2
]} 1

2

≥ C(1−|w|2)α
{

|Rϕ(w)|2+|〈Rϕ(w), ϕ(w)〉|2
(

log
e

1−|ϕ(w)|2
)2

} 1
2

.

This shows that (iii) holds.
(iii) ⇔ (i). It follows from Lemmas 2.2 and 2.4.

Theorem 2.2. Suppose μ(t) =
(

log e
1−t2

)−1
. Then the following statements are

equivalent.

(i) Cϕ : Bμ → Bα is compact.
(ii) Cϕ : Z → Bα is compact.

(iii) Cϕ : Bμ → Bα is bounded and lim|ϕ(z)|→1(1−|z|2)α log e
1−|ϕ(z)|2 |〈Rϕ(z), ϕ(z)〉| = 0.

(iv) Cϕ : Z → Bα is bounded and lim|ϕ(z)|→1(1−|z|2)α log e
1−|ϕ(z)|2 |〈Rϕ(z), ϕ(z)〉| = 0.

Proof.

(i) ⇒ (ii). It is obvious.
(i) ⇔ (iii). Note that Iμ < ∞, then the result follows from Lemma 2.3.
(iii) ⇔ (iv). The equivalence follows from Theorem 2.1.



334 Jineng Dai and Caiheng Ouyang

(ii) ⇒ (iv). Suppose Cϕ : Z → Bα is compact. Then Cϕ : Z → Bα is bounded. Let {zk}
be a sequence in Bn such that |ϕ(zk)| → 1 as k → ∞ and z0,k = ϕ(zk )|ϕ(zk )| . Then there
exists ξk ∈ Cn satisfying Rϕ(zk) = vk z0,k + wkξk , where 〈z0,k, ξk〉 = 0, |ξk | = 1, vk =
〈Rϕ(zk), z0,k〉 and |Rϕ(zk)|2 = |vk |2 + |wk |2. Define

fk(z) =
(

log
e

1 − |ϕ(zk)|2
)−1 ∫ 〈z,ϕ(zk )〉

0

(
log

e

1 − t

)2

dt. (10)

By a simple calculation, we obtain

∇ fk(z) = ϕ(zk)

(
log

e

1 − |ϕ(zk)|2
)−1 (

log
e

1 − 〈z, ϕ(zk)〉
)2

(11)

and

R(2) fk(z) = 〈z, ϕ(zk)〉
(

log
e

1 − |ϕ(zk)|2
)−1 (

log
e

1 − 〈z, ϕ(zk)〉
)2

+ 2〈z, ϕ(zk)〉2

1 − 〈z, ϕ(zk)〉
(

log
e

1 − |ϕ(zk)|2
)−1

log
e

1 − 〈z, ϕ(zk)〉 .
(12)

It is easy to check that ‖ fk‖Z ≤ C for any positive integer k from (12), and { fk} converges
to 0 uniformly on any compact subsets of Bn from (10). Since Cϕ : Z → Bα is compact,
it follows that limk→∞‖Cϕ fk‖Bα = 0 from Lemma 2.1. On the other hand, by (11), we
have

‖Cϕ fk‖Bα ≥ (1 − |zk |2)α|R( fk ◦ ϕ)(zk)|
= (1 − |zk |2)α|〈∇ fk(ϕ(zk)), Rϕ(zk)〉|
= (1 − |zk |2)α|vk ||ϕ(zk)| log

e

1 − |ϕ(zk)|2
= (1 − |zk |2)α log

e

1 − |ϕ(zk)|2 |〈Rϕ(zk), ϕ(zk)〉|.

That is, limk→∞(1 − |zk |2)α log e
1−|ϕ(zk )|2 |〈Rϕ(zk), ϕ(zk)〉| = 0. Therefore the desired

result follows and the proof is complete.

3. The boundedness and compactness of Cϕ : Bα → Z

The following results completely characterize the boundedness and compactness of com-
position operators from the Bloch type space to the Zygmund space. For the purpose, we
need some lemmas.

Lemma 3.1. If

sup
z∈Bn

n∑
j=1

(1 − |z|2)|Rϕ j (z)|2
1 − |ϕ(z)|2 < ∞ (13)
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and

sup
z∈Bn

n∑
j=1

(1 − |z|2)|R(2)ϕ j (z)| log
e

1 − |ϕ(z)|2 < ∞. (14)

Then Cϕ : Z → Z is bounded.

Proof. Suppose that (13) and (14) hold. For any f ∈ Z , by the characterization of the
Zygmund space, we have

(1 − |z|2)|R(2)( f ◦ ϕ)(z)|
= (1 − |z|2)

∣∣∣∣
n∑

i, j=1

D j Di f ◦ ϕ(z)Rϕi (z)Rϕ j (z)

+
n∑

j=1

D j f ◦ ϕ(z)R(2)ϕ j (z)

∣∣∣∣

≤ C(1 − |z|2)
( n∑

i, j=1

|Rϕi (z)Rϕ j (z)|‖ f ‖Z

1 − |ϕ(z)|2

+
n∑

j=1

|R(2)ϕ j (z)| log
e

1 − |ϕ(z)|2 ‖ f ‖Z

)

≤ C‖ f ‖Z .

Clearly, |( f ◦ ϕ)(0)| ≤ C‖ f ‖Z . So it follows that Cϕ : Z → Z is bounded.

PROPOSITION 3.1

Z is an automorphism invariant boundary regular small space.

Proof. We will show that the space Z has all the properties (i)–(iv) with automorphism
invariant boundary regular small spaces. From the definitions it is easy to see that (i)–(iii)
hold for Z . To show that (iv) holds, we need to prove that for any conformal automorphism
ϕ = ϕaU = (ϕ1, . . . , ϕn) of Bn , if f ∈ Z then f ◦ ϕ ∈ Z , where a is a point of Bn

and U is a unitary transformation of Cn . Note that ϕ j ∈ H(Bn)( j = 1, . . . , n) from (6),
which implies that R(k)ϕ j ∈ H(Bn) and R(k)ϕ j is bounded in the closed unit ball for any
positive integer k. By the Schwarz-Pick lemma in the unit ball (see [6])

1 − |z|2
1 − |ϕ(z)|2 ≤ 1 − |ϕ(0)|2

|1 − 〈ϕ(z), ϕ(0)〉|2 ≤ 1 + |ϕ(0)|
1 − |ϕ(0)| ,

we have

(1 − |z|2)|Rϕ j (z)|2
1 − |ϕ(z)|2 ≤ C

1 − |z|2
1 − |ϕ(z)|2 ≤ C
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and

(1 − |z|2)|R(2)ϕ j (z)| log
e

1 − |ϕ(z)|2 ≤ C(1 − |z|2) log
e

1 − |z|2 ≤ C

for all z ∈ Bn . Thus it follows that f ◦ ϕ ∈ Z from Lemma 3.1. The proof is complete.

Lemma 3.2 [7]. Suppose X is an automorphism invariant boundary regular small space.
If Cϕ : X → X is compact, then ‖ϕ‖∞ < 1.

Theorem 3.1. Let α > 0. Then the following statements are equivalent.

(i) Cϕ : Bα → Z is compact.
(ii) Cϕ : Bα → Z is bounded.

(iii) Cϕ : Z → Z is compact.
(iv) ϕ j ∈ Z( j = 1, . . . , n) and ‖ϕ‖∞ < 1.

Proof.

(i) ⇒ (ii). It is obvious.
(ii) ⇒ (iii). Suppose { fm} is a bounded sequence in Z and it converges to 0 uniformly on
compact subsets of Bn . By the Weierstrass theorem the sequence {R(2) fm} also converges
to 0 uniformly on compact subsets of Bn . We now prove that ‖ fm‖Bα converges to 0. For
any ε > 0, there exists δ(0 < δ < 1) such that (1 − |z|2)α < ε whenever δ < |z| < 1.
Meanwhile, there exists a positive integer N such that | fm(0) < ε, |R(2) fm(z)| < ε for
all |z| ≤ δ and all m ≥ N . Note that a function f ∈ Bα if and only if R f ∈ Bα+1 (see
[12]). Hence we obtain

‖ fm‖Bα ≤ | fm(0)| + sup
z∈Bα

(1 − |z|2)α+1|R(2) fm(z)|
≤ ε + sup

|z|≤δ

(1 − |z|2)α+1|R(2) fm(z)|
+ sup

δ<|z|<1
(1 − |z|2)α+1|R(2) fm(z)|

≤ ε + ε + ε sup
δ<|z|<1

(1 − |z|2)|R(2) fm(z)|
≤ 2ε + ε‖ fm‖Z

≤ Cε

for all m ≥ N . Thus, it follows that ‖Cϕ fm‖Z ≤ C‖ fm‖Bα → 0 as m → ∞ from the
boundedness of Cϕ : Bα → Z . Therefore Cϕ : Z → Z is compact by Lemma 2.1.
(iii) ⇒ (iv). Suppose Cϕ : Z → Z is compact. Then it is clear that ϕ j ∈ Z ( j = 1, . . . , n).
The necessary condition ‖ϕ‖∞ < 1 follows from Proposition 3.1 and Lemma 3.2.
(iv) ⇒ (i). Suppose { fm} is a bounded sequence in Bα and it converges to 0 uniformly on
compact subsets of Bn . Then there exists a positive integer N such that |D j fm(z)| < ε

and |Di D j fm(z)| < ε(i, j = 1 . . . , n) for all |z| ≤ ‖ϕ‖∞ and all m ≥ N . Since ϕ j ∈ Z ,
by (5) we have

(1 − |z|2)|Rϕ j (z)|2 ≤ C(1 − |z|2)
(

log
e

1 − |z|2
)2

‖ϕ j‖2
Z ≤ C.
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Hence it follows that

(1 − |z|2)|R(2)( fm ◦ ϕ)(z)|
= (1 − |z|2)

∣∣∣∣
n∑

i, j=1

Di D j fm ◦ ϕ(z)Rϕi (z)Rϕ j (z)

+
n∑

j=1

D j fm ◦ ϕ(z)R(2)ϕ j (z)

∣∣∣∣

≤ Cε(1 − |z|2)
⎛
⎝ n∑

j=1

|Rϕ j (z)|2 +
n∑

j=1

|R(2)ϕ j (z)|
⎞
⎠

≤ Cε

for all z ∈ Bn and m ≥ N . Clearly, fm(ϕ(0)) → 0 as m → ∞. Thus, ‖Cϕ fm‖Z → 0
and so Cϕ : Bα → Z is compact by Lemma 2.1. The proof is complete.
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