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Abstract. For a harmonic map f from a Riemann surface into a complex
Grassmann manifold, Chern and Wolfson [4] constructed new harmonic maps df and
df through the fundamental collineations d and 9 respectively. In this paper, we study
the linearly full conformal minimal immersions from 52 into complex Grassmannians
G (2, n), according to the relationships between the images of df and df. We obtain var-
ious pinching theorems and existence theorems about the Gaussian curvature, Kihler
angle associated to the given minimal immersions, and characterize some immersions
under special conditions. Some examples are given to show that the hypotheses in our
theorems are reasonable.
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1. Introduction

The complex Grassmannian manifold G (k, n) is the set of all k-dimensional complex lin-
ear subspaces of C*, and G(1, n) is the complex projective space CP"~!. When k > 2,
the geometrical structure of G(k,n) is much more complex than the complex projec-
tive space. For a harmonic map f from a Riemann surface into complex Grassmannians,
Chern and Wolfson [4] defined two fundamental transforms 9 and 3, through which one
can get two new harmonic maps df and d f. If the given immersion is isometric, then
harmonicity condition is equivalent to minimality. A minimal immersion from a Riemann
surface into complex Grassmannians is obtained by holomorphic immersion through
d-transforms and is called pseudo-holomorphic. In this paper, we are interested in study-
ing the geometrical properties of minimal two-spheres immersed in G (2, n), according to
the two fundamental transforms 3 and 9.

It is known that a harmonic map from S? into CP" is determined by a holomorphic
map from S? into CP", which was first proved by Din and Zakrzewski [7] and also by
Eells and Wood in [8]. However, this beautiful result is not true when ambient manifold
is the general Grassmannian, which enhances the difficulty in studying minimal surfaces
in the general Grassmannians. The geometrical properties of conformal minimal two-
spheres immersed in complex projective space were studied by Bando and Ohnita [1]
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and by Bolton et al [2]. They classified the minimal two-spheres immersed in CP" and
proved the rigidity theorems of conformal minimal two-spheres in CP”, but some of
these properties are not inherited when the ambient space is G (k, n), k > 2. The pseudo-
holomorphic two-spheres in G (k, n) were studied by Jiao and Peng [10], Jiao [11] and
Zheng [16]. They got various pinching theorems about the Gaussian curvature and Kéhler
angle.

Let f be a minimal isometric immersion from S into G(k,n). If f is pseudo-
holomorphic with constant curvature K, then K = % for some positive integer N (c.f.
[10, 16]). Li [12] has studied the minimal constant curved two-spheres into G (2, 4). For
k > 2 and n > 4, there is no more information about value distributions of Gaussian
curvature of the constant curved minimal two-spheres in G (k, n). So, studying the value
distributions of Gaussian curvature of the minimal (non-pseudoholomorphic) constant
curved two-spheres in G (k, n) is an interesting problem. In our paper, the existence the-
orems (Theorem 4.3, Theorem 5.3, etc.) give an estimation of the upper-bound of the
constant curvature.

Our method is moving frames, which is inspired from Chern and Wolfson’s early paper
[4]. The conjugate transformations 9%, 9* (see [4]) of the fundamental collineations 9
and 9 play an important role in choosing a suitable frame. We will treat G(2,4) and
G (2, 5) separately, because their understanding is basic, and also the minimal maps of 5>
to G(2,4), G(2,5) exhibit many special features not present in the general case, which
is explained in §3 and §4 respectively. In §5, we investigate the holomorphic and general
minimal two-spheres in G (2, n), where the various pinching theorems with respect to
curvature and Kéhler angle are obtained.

Throughout this paper we will use the following ranges of indices:

I1<AB=<---=n; 1<i,j<---<k;i k+1=<a,B,y<---=<n

And also, we use the summation convention, and the convention @;5 = aj,, etc. Some of
the notations used here are as follows:

[Z;] := the space spanned by the vectors Z;, Z;, similarly, for [Z];

df L df := df(x) and 8 f(x) are perpendicular under the standard Hermitian inner
product of C" for all x € S%. Similar understandings for d f C df, d f Z af, ete.

2. Preliminaries

In this section we recall some basic formulas of minimal surfaces into complex
Grassmannians, and prove some propositions with respect to the Frenet frame associated
to a holomorphic two-sphere immersed into complex projective space CP".

The complex Grassmannian manifold G (k, n) is the set of all k-dimensional complex
linear subspaces of C", or equivalently, G (k, n) = ngl()n—k)’ here U (n) is the unitary
group. Particularly, G(1, n + 1) is the complex projective space CP".

Let Z = (Zy, Z», ..., Z,) be the elements of U (n), with

dZy =w, 32, 2.1
here w 4 5 are the Maurer—Cartan forms of U (n). They are skew-Hermitian, i.e.

wyp+wgy =0. 2.2)
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Taking the exterior derivative of (2.1), we get the Maurer—Cartan equations of U (n) as
deB:ZwAC‘/\wCB’ 2.3)
c

which play an important role in the following computations. The form

dsé = Zwi&wga, 2.4
i,o

defines a positive definite Hermitian metric on G (k, n), which is Kdhlerian.
Let f:S>—>G(2, n) be a conformal immersion. Locally, the metric ds> on S? induced
by f can be written as

ds* = f*dsZ = ¢, (2.5)

where ¢ is a local complex-valued one-form of type (1, 0) on S2, which is defined up
to a complex factor of absolute value 1.

To express the situation analytically we choose, locally, a field of unitary frame Z4,
such that Z; span f(x) and Z, span f(x) respectively. We set

o5 =a,30 +b,59. (2.6)

For convenience, we denote by A := (a;a3)2x(n—2), B := (bia)2xn—2), C := AB*, where
B* is the conjugate transpose of the matrix B. The geometric meanings of A and B are
very clear, i.e., df (x) = [a1aZa, -, AkaZal, 5f(x) = [b1aZy, ..., braZy]. By the
well-known vanishing theorem 3.1 in [4] we know that rank(C) < k. Clearly, the matrix
C reflects the relationship between df (x) and 3 f(x)in f*(x) as shown below.

af (x) af (x)

3 f(x)

df(x)

rank(C) =0 k > rank(C) > 1

It is known that f is holomorphic if and only if ;5 = O for all i and «. From (2.4),
(2.5) and (2.6), one has

> aigh;, = 0. 2.7)
i,

Zai&a;a + bio’tb{a =1. (2.8)
i,o
If f is minimal, recalling the definition of Kihler angle 6 € [0, 7] associated to a given
immersion from a Riemann surface into Kdhler manifold (c.f. [6]), and through direct
computation we obtain

1+ cos6 1 —cos6
Zai&a;a =— Zb,-&b;a =— (2.9)
i,o i,o
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The structure equations of S with respect to the induced metric are

dp=—-p A9, (2.10)
K -
p=ZbN¢ (2.11)
where the purely imaginary one-form p (i.e. p = —p) is the connection form with respect

to the co-frame ¢, and K is the Gaussian curvature.
Taking the exterior derivatives of (2.6) — here we take A =i and B = «, together with
(2.3) and (2.10), one gets

Daiz A + Dbig A =0, (2.12)
where

Da;z = dajg — w;5ajg + a;gwpa — aia P, (2.13)

Dbig = dbig — w;bja + b;gwpa + biap. (2.14)
Set

Dajz = pia® + qia®. Dbia = qia¢ + riad. (2.15)

Then the immersion f: 5> — G (k, n) is minimal if and only if ¢;5 = 0, equivalently
Dajz =0 mod ¢, or Dbjzg =0 mod ¢. (2.16)
The quadratic form
N, = Daiad + Dbizd = piad$ + 2qiadd + riad ¢, 2.17)

is called complex second fundamental form of the immersion f with respect to the co-
frames w;g.

Let ¢:S> —> CP" be a linearly full holomorphic immersion. The phrase ‘linearly full’
means that the tautological bundle  J,.¢> f(x) is not contained in any trivial subbundle
of §2 x C"*1 Tt is known that there exists a Frenet frame ¢g, @1, ..., ¢, (see [15]) along
¢ such that ¢, defines a minimal map ¢, : S> — CP”, where g9 = ¢, dp4 = @441 if
A <nanddg, =0.

There is a well-known example of Frenet frame, the so-called Veronese sequence

n

7 S ¢y, which is defined as follows:

i :S? —> CP", (z0,21) —> @00 s 91 0)

in terms of homogeneous coordinate, and where

n I'(n—D! n i = \k—i
Pt = k'(Z—k)' Z <>< . >Z0 g (—zk

For more details about the Veronese sequence one can refer to [1], [2].
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The following two propositions and a lemma will be repeatedly used in the following
proofs.

PROPOSITION 2.1

Let @0, @1, ..., ¢, be the Frenet frame along the linearly full holomorphic immersion
¢ = @o: 8% —> CP". If the immersion ¢; A @) $2 — G(2,n + 1) has constant
Gaussian curvature for any 0 <i < j < n, then ¢y, ¢1, ..., @, is the Veronese sequence
s s Pp-

Proof. Itis similar to the case j = i 4 1, which is implied in Shen’s paper [13]. (]
PROPOSITION 2.2

Let @1, ¢3: 8> —> CP" be the non-constant holomorphic and anti-holomorphic immer-
sion respectively, with ¢ and ¢> the orthogonals under the standard Hermitian inner
product of C"™tL If o1 A @21 S —> G (2, n) is minimal with constant curvature K and
constant Kéhler angle 0, then 6 € [0, %) and there exist positive integers ny and na such
that 1 = <p6’ Loy = (p:l'g up to U (n + 1)-transformations.

Proof. We write ¢ and ¢; in the homogenous coordinate as follows:
¢1: 8% — CP", z=(20,21) —> (93 (@), ..., 9p(2));
@1 8% — CP", z = (20, 21) —> (¢§(2), ... 91 (D).

It is well-known that goil (z) (resp, (piz (z)) are homogeneous polynomials of degree d;
(resp. d») with respect to the variables zq, z1 (resp. Zo, Z1) since ¢ (resp. ¢;) is holomor-
phic (resp. antiholomorphic).

Since the metric on S? induced by ¢ A ¢ has constant curvature, there exists a positive
number o such that the Kihler form of G(2, n) restrict to S satisfying

—/=10d1og ¢1 *|¢2)* = —v/—1a cos 00 log |z|, (2.18)

2 2
where 6 is the Kihler angle and |z|> = |z0|> + |z1|>. Therefore, log % is a har-

monic function on S%, which is a constant by the maximum principle. Then we obtain
lo171021> = ¢|z]?*?, ¢ > 0. It is clear that cosf > 0, |¢1|> = c1]z]**" and
|(,02|2 = cz|z|2"‘2 for some positive constants ¢y, ¢z, @1 and oy, since goil (z) (resp. (pl.z(z))
are homogeneous polynomials with respect to the variables zg, z1 (resp.zo, z1) and the
irreducibility of |z|>. Then we know that ¢; and ¢, have constant curvature according to
the fact that |@1|*> = ¢1]z]?*! and |@2|> = c2|z|>*2. So the result follows from the rigidity
theorem of Calabi [3]. U

Remark. There exists a result which is similar to this proposition when ¢; and ¢, are
holomorphic immersions.

Lemma 2.3. Let U be an open subset of Riemannian surface M, and g be a complex-
valued smooth function defined on U, and ds* = ¢¢ on U. Suppose that g satisfies

dg =gV, mod ¢,
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where r is a purely imaginary valued one-form (i.e. ¥ = —r), then
Aploglgl ¢ A = 2dys
away from its zeros, and Ay is the Laplace—Beltrami operator with respect to ds2.

Proof. The proof can be found in [14]. O

3. Minimal immersions of S2 into G2,4)

In this section, we study the minimal (not £holomorphic) 2-spheres immersed in the
complex Grassmann manifold G (2, 4). According to the known vanishing theorem 3.1 in
[4], we have that one of rank(A), rank(B) is equal to 1 and tr(C) = 0. Without loss of
generality, assuming rank(A) = 1, we can study the following cases.

(a) rank(d) = 1 and rank(d) = 2. We choose a field of unitary frame Z4 such that
fx) =17, fJ-(x) = [Zy], ker(d) = [Z1] and [ Z>] = [Z3]. This field is defined up to
U() x U() x U(l) x U(1), under which we have

a1z =0, ay; =0, ay; #0. 3.1)

So, one has b,3 = 0 by the fact that tr(C) = 0 and a,3 # 0. Since rank(B) = 2, we have

bz # 0 and b3 # 0. It is easily seen that |b,3| and |b,;| are globally defined functions

on S2. The minimality of f gives @;5 = a;5¢ and wy; = a3 by the equations (2.16).
Through direct computation one gets the following relations:

dby; = biz(w33 — @41 + 0), (3.2)

dbs, = bs,(wu5 — wy; +p), mod @, (3.3)
by (2.16), which give

Aploglb;zl = K +2(lay;* —20by51* — byzl* + laps|* — laggl?), (3.4)

Amloglby| = K +2(lays* = 20by; | = b3l — lags | + lazi ). (3.5)
by Lemma 2.3. Here K is the Gaussian curvature. The summation of (3.4) and (3.5) is

Ay log |bzby;] = 2(K + 2 cos 0). 3.6)

Here we use the identities (2.9). Applying the E. Hopf’s maximum principle to (3.6), we
have proved the following theorem.

Theorem 3.1. Let f be a linearly full minimal immersion from S? into G(2,4) with
rank(d) = 1 and rank(9) = 2, K and 6 its curvature and Kdhler angle respectively. Then
K = —2cos@if K > —2cosf or K < —2cos0.

Example. The map

—v32521 z0(1z01* = 21z11%) z1(2l201* — 1211%) v/3Z0z]
—Zi V3207 —/3237 bt
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is a minimal immersion from S2 into G(2, 4) which satisfies the rank hypothesis in the
theorem, with cosf = —% and K = % Indeed, if we set z = ?—(‘), in terms of local
coordinate, the map is given by

. —V37 1-2z7 z(2—z2) /372
¢ B B2 Vo1 )

Set

Zi = u@ (=32, 1-222, 22 —z2), V32%),
Z> = u(@) (=23, V372, -3z, 1),

Zs = u) (V37% 7(zz2-2), 1-22z, V/3z),
Zy = u@) (1, 3z, V322, %),

where ) = 1 . It is clear that = [Z1,2Z>] and F1(x) =
u(2) Az 1421224z ) A 121, 22] S

[Z3, Z4]. Through direct calculations, we obtain

V3
w3 = (dZy,723) = ——dz, wu=(dZ1,7Z4) =— Z,
13 = (dZy, Z3) T+ 2P 14 = (dZy, Z4) T+ 2P
V3
w3 = (dZy, Z3) = -V dz, wy4 = (dZy, Z4) = 0.
1+ |z
By (2.5), the induced metric is ds? = ﬁhﬂz, which implies the Gaussian curvature
_2 _ /10
K = 5. Note that ¢p = 1+|z\2dz’ so we have
V10 _ /30
a=(35 0 g © 0
0 0}’ _¥30 g )7
10
from which we obtain cos @ = —1 by (2.9).

(b) rank(d) = rank(d) = 1. One can show that f is not linearly full when of = df, so
we just need to consider following cases.

(bI) df L 8 f. We choose a field of unitary frame Z4 such that f(x) = [Z;], frx) =
[Z4], ker(d) = [Z1], 0f = [Z3] and 0 f = [Z4], so this field is defined up to U (1) x
U(1) x U(1) x U(1). Under such a frame, we obtain

a3=0, a3=0, b3=0, ay;#0. (3.7)

The minimality equation (2.16) implies w5 = a;3¢ and w;; = a;;¢.

Lemma 3.2. P = wy3w330,5 is a holomorphic symmetric (3, 0)-form on S2, and P = 0.

Proof. Since Z 4 is defined up to a transformation of group U(1) x U(1) x U (1) x U(1),
P is globally defined. To show P is holomorphic, we choose a complex coordinate { on
$2, and write

a)2§ = xdé‘, 6032‘ = ydé‘, Cl)4§ == Zdé‘, (38)
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so that P = xyzd§3. By differentiating (3.8), we obtain

dx = x(wy; — w33),
dy = y(w33 —wy),
dz = z(wy; — w,3), mod dg,

from which we conclude d(xyz) = 0, mod d¢, i.e. xyz is a holomorphic function. It is
known that there are non-zero holomorphic forms on §2, so the statement holds. O

(b.L1) 3f L 3 f and ker(d) = ker(d). Since ker(d) = ker(d), we have b,; = 0, b,; # 0.
Thus

w3 =b,350, 3.9)

by (2.16), however, we have known that w5 = a;5¢, so w3 = 0. Therefore, Z; is a
constant vector in C?, up to a rigid motion, for w5 = w1z = 0. In other words, f is not
linearly full and we discard this situation.

(b.LI) 3f L 3 f and ker(d) L ker(d). Since ker(d) L ker(d), we have by; = 0, b, # 0.
Equation (2.16) gives

day; = ay3(wy; — w33+ ),
db,; = by (wyg — w7+ p), mod @,

which imply
Aploglay;l = K +2(lags|* + lags|* — 2lax ), (3.10)
Aploglbyzl = K +2(laj3I* + lagl? —21by51°), (3.11)

by Lemma 2.3. Subtracting equation (3.11) from (3.10), we get
Ay log|b11||a2§|_l =4cosb, (3.12)
by (2.9).

Lemma 3.3. P = w5w,3w35w,7 is zero on 2.
Proof. The proof is similar to Lemma 3.2. O

It is easily seen that a5, ay; are functions of analytic type [5, 15], which are either
identically zero or with isolated zeros. Therefore, at least, one of a3, as; is zero by
Lemma 3.3.

Firstly, we assume that one of a3, as; is zero but the other is nonzero. Without loss of
generality, a;5 = 0, ay3 # 0. Computating as before, one can obtain

Aploglay;] = K +2(lay|* — 2lasz|* + 1by31%). (3.13)
The summation of (3.10), (3.11) and (3.13), together with a;5 = 0 gives
2
Ay loglayzassb;l =3 K — 3) (3.14)

away from some isolated zeros of |as].
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Secondly, assuming that both a5 and a5; are zeros, the identities (3.10) and (3.11)
become

Aploglayzl = K —2(1 +cosh), (3.15)
K —2(1 —cos¥6). (3.16)

Ay log bzl

Theorem 3.4. Let f be a linearly full minimal immersion from S* into G(2,4) with
rank(d) = rank(d) = 1, 3f L 9 f and ker(d) L ker(d), K and 6 be its curvature and
Kdihler angle respectively. Then f = @1 A @2 or (91 A @2)=, here @1, ¢» are antiholo-
morphic and holomorphic immersions from S? into CP3 respectively; f is totally real if
the Kiihler angle 6 € [0, 5] or [, ] everywhere on S2.If f has constant curvature and
constant Kdhler angle, then there exists positive integers ni, ny < 3 such that f1 = (p,r,’ll
and fr = (pgz, up to a rigid motion. And also, f satisfies one of the following:

(1) The curvature K = % if K > % everywhere on §%;

(2) K =2(1 4+ cos0) (resp. 2(1 —cos0)) if K > 2(1 + cos) or K < 2(1 4+ cosb)

(resp. K > 2(1 —cos0)orK < 2(1 — cos0)) everywhere on S2,

Proof. The first part of this theorem follows from the fact that one of |a3|, |a;3| is zero
by Lemma 3.3 and identity (3.12). The statement (1), (2) are implied in (3.14), (3.15) and
(3.16) respectively. (]

Examples. The maps

( ) Zg \/§Z(2)Z] \/3202% Z%
20,21 _ o oy s
"\ 2 e v B

20 0 z1 O
0 z0o 0 z1 /)’

(z0,21) > <

satisfy the conclusions (1), (2) in Theorem 3.4 respectively, which are both totally real
(i.e.cos @ = 0). Their curvatures are % and 2 respectively.

(b.I.IIT) 8_f 1 éf, ker(d) # ker(E_)), ker(0) and ker(E_)) are not perpendicular. Since ker(d)
and ker(0) are not perpendicular, b,; # 0 and b,; # 0. Similarly, one can get

A loglaszbyl = 2(K — 1) + 4ag|*. (3.17)
Here |a,3b,;| and |ay;| are globally defined functions on § 2,
(b.ID) 9f and 3 f are not perpendicular in f J-()c)._It is clear that rank(C) = 1 when df
and 0 f are not perpendicular in f L (x). Note that 0*laro) 1 0f (x) —> f(x), so one can

choose Z; in f(x) such that ¢;5 = 0, then ¢,; # O and ¢;7 = 0 for_tr(C) = 0. Taking
[Z3] = 0f (x), [Z4] is the orthogonal complement of [Z3] in df (x) A d f(x), and we have

a;; =0, ay; #0.

Then cy3 = 0, c;7 # 0 and rank(9*[5;(,)) = 1 imply that brg = 0, by5 # 0 and also
a;3 =0by ¢;7 =0, b3 # 0. Under such a field of unitary frame, one can get

Aploglaszhzl = 2(K — 1) + 4la;s 1. (3.18)
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Theorem 3.5. Let f be a linearly full minimal immersion from S? into G(2,4) with
rank(0) = rank(d) = 1, df and 9 f are not perpendicular in fJ‘(x) (or of L 0f, ker(9)
and ker(d) are not perpendicular). If the Gaussian curvature K > 1 everywhere on S?,
then K = 1.

Proof. Applying the maximum principle of subharmonic functions to (3.17), (3.18). O

4. Minimal immersions of S2 into G2,5)

In this section, we study the minimal (not tholomorphic) 2-spheres immersed in the
complex Grassmann manifold G (2, 5) by the method of moving frames.

(a) rank(d) = rank(d) = 2. In this case, we choose the unitary frame Z4 as Chern and
Wolfson did in p. 316 of [4]. Thus we have

a5 = 0,a;3=0, 03570, ay; #0,
biz = 0,by3 =0, 5,370, bys #0,
w3 = a3, w33 = a3, w45 = as50, 033 =0.

The minimality of f,i.e. eqs (2.16), gives

daj3 = a3 — o33+ 0),
dayg = ayi(wy; — w43+ p),
dbiy = biy(wyy — @i +p).
db3s = bss(ws5 — wy; +p),  mod ¢,

and therefore
A log |by311byz1%1ay51 % lay;| ™' = 10 cos, 4.1

by Lemma 2.2, in which, |b 3], |b,zl, |a,5] and |a,;| are globally defined on S2, since the
frames we choose is defined up to U(1) x --- x U(1).

Theorem 4.1. Let [ be a linearly full minimal immersion from S2 into G(2,5) with
rank(d) = rank(d) = 2. Then f is totally real if its Kihler angle 6 € [0, 5] or [5, 7]
everywhere on S2.

Proof. Applying the E. Hopf’s maximum principle to identity (4.1). O

Example. The map <p‘11 A ¢§ (see the definition of Veronese sequence) is totally real with
rank(d) = rank(d) = 2. To calculate the curvature and the Kihler angle of ¢ A <p7 for
i # j is not simple, so one can refer to [9].

(b) rank(d) = 2 and rank(d) = 1.
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(b.I) 5f C af. In this case, we cho<_)se frames Z4 so that f(x) = [Z;], fL(x) = [Z4],
of =123, Z4], 0 f = [Z4] and ker(d) = [Z>]. Thus, we have

a5 = 0,a3#0, a3 #0, 4.2)
by = 0,b;3=0,b35=0,b;#0, (4.3)

which imply a,; = 0 for ¢p5 = 0 and r(C) = 0. Using (4.2), (4.3) and (2.16), we obtain

W3 = a9, W33 = a3P, w33 = azzd, w5 =0. “4.4)
and

da;3 = aj3(@)j — w33+ ), 4.5)

day,; = ay3(wys — w5+ p), (4.6)

dbi, = by (wyz — w7+ p), mod @, “@.7

Taking the exterior derivative of w33 = asz¢, we have
dasz = az3(w33 — w5z +p), mod ¢. (4.8)

Thus a5z is a function of analytic type (c.f. [5, 15]) by (4.8). Since f is a linearly full
immersion, we conclude that a;5 # 0 except for some isolated zeros, by reading the pull
back of the Maurer—Cartan forms (see the definition below (4.13)) and since asz is of
analytic type.

According to Lemma 2.3, equations (4.5), (4.6), (4.7) and (4.8) give

3 1
Ay log |a15|2|a2a|7|a35||b13f|2 =5(K —cos0), 4.9)

away from the zeros of |a;z|. Applying the maximum principle of subharmonic function
to (4.9), we have proved the following.

Theorem 4.2. Let [ be a linearly full minimal immersion from S? into G(2,5) with
rank(d) = 2, rank(d) = 1 and 0 f C df, K and 0 be its curvature and Kdihler angle
respectively. Then K = cos @ if K > cos 8 everywhere on S2.

Example. The minimal immersion gp(‘)‘ A <p§1 from S? into G(2, 5) has K = cos 6 = ;11.

(I of L 5f. Ch(_)osing the unitary frames Z4 so that f(x) = [Z;], fi(x) = [Z4],
of = [Z3, Z4], ker(0) = [Z1] and 9[Z] = [Z3], these frames are defined up to U (1) x
--- x U(1). Thus we have

a5 = 0,a3=0,a3#0,ay; #0, (4.10)
bz = 0,b;3=0, b;5=0, bys #0, 4.11)
Using eq. (2.16), together with (4.10) and (4.11), we obtain

w3 = b3¢, w35 = ayd, w35 = a3, w5 =a;50. (4.12)
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From (4.10), (4.11) and (4.12), we have the equations

Z o7 bid  apze 0 0 VA
Z —biyp  wy  apd  ayd byio Zy
d| Z3 | = —a13¢_’ —a§3¢3 w33 ayd  azd Z3 |, (413)
Zy 0 —0544_5 —a§4¢_3 Wyq a43¢ Zs
Z4 0 —bysp —a5sh —azsh w5z ) \ 73

in which, the matric of forms is called the pull-back of Maurer—Cartan forms.
Therefore, through direct computation as before, we obtain

3+ cosh
Am loglajzarbys| =3 (K - T) + 6%, (4.14)

by eq. (2.16) and Lemma 2.3, where 8% = |b51 + lay;|* + las;|? + 2(lazs)? + lagz ).

Theorem 4.3. Let [ be a linearly full minimal immersion from S? into G(2,5) with
rank(d) = 2, rank(d) = 1 and of L 0f, K and 0 be its curvature and Kdhler angle
respectively. Then there exists a point x € S* such that K (x) < w

Proof. If not, we assume that K > 3+°+Sg on S2. Then the identity (4.14) becomes

3(K — W) + 82 = 0 by the maximum principle of subharmonic functions. Hence,
ay3 = a,; = 0, which implies that rank(d) = 1 by reading the pull-back of Maurer—
Cartan forms in (4.13). It is a contradiction. So, the statement is true. O

Example. The map (pg A <p§‘ has K = % and cos0 = %, which satisfies the inequality in
Theorem 4.3.

(bI) 8 f € 8f and 3 f is not orthogonal to df in f(x). Choosing the unitary frames
Z 4 such that f(x) = [Z;], fJ- (x) = [Z4]. Since 2_9f and df are not perpendicular we
know that rank(C) = 1. Note that 8*|5f(x) : 9f(x) — f(x), we can choose Z; in
f(x) such that ¢,; = 0, so ¢;7 = 0 for tr(C) = 0. We can further specify the frame by
demanding that 0[Z>] = [Z3], 9 f = [Z4]. Under these unitary frames, we have

ay; =a,5 =0, a5 #0, b,z =b;53 =0. 4.15)
Since rank(8*|5f(x)) = 1 and dim 3 f(x) = 1, we have
b; =0, (4.16)

thus by; #0,a,53 #0by c;3 #0.
According to the minimality equation (2.16), together with (4.15) and (4.16), we obtain

w3 =bi3¢, w33 =a339, w35 =a35p, w5=Dby50,
and
da;; = ajz(w; — w5+ ),

day; = ap3(wy; — w33+ p),
dbs, = bs(wu5 — wy; +p), mod @,
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which imply
2 2
Aplogla,zazbyzl =3 | K — 5(1 +cosf) | + 67, 4.17)
where 82 = [b51 + la;31% + lagz? + lay|* + lasz|* + lass)?.

Theorem 4.4. Let f be a linearly full minimal immersion from S? into G(2,5) with
rank(d) = 2, rank(d) = 1,9 f € df and 3 f is not orthogonal to df in f(x). Then there
exists a point x € S% such that the Gaussian curvature K (x) < %(1 + cos B (x)).

Proof. 1t is similar to Theorem 4.3 by identity (4.17). (]

(c) rank(d) = rank(d) = 1. This case, like the case of minimal maps of S2to G(2,n)
with n > 5, exhibits many features present in the general case. One can find the results in
Theorem 5.5.

5. Minimal immersions of S? into G2, n)

In this section, we firstly study the holomorphic immersions from S2 into G (2, n). Later,
we investigate the minimal immersions of $2 into G (2, n), which are neither holomorphic
nor antiholomorphic.

5.1 Holomorphic 2-spheres into G(2, n)

Let f be a linearly full holomorphic immersion from S? into G(2, n). According to
the theory of harmonic sequence (c.f. [4, 16]), f can generate an orthogonal harmonic
sequence f1, f2, ..., fin through d-transforms, where f; : S> —> G (k;, n) is minimal
with k; < 2, and f1 = f, dfiy1 = fi fori < m, df,, = 0, and Z;”zl ki = n. If
ki =ky=---=k =2and k; = 1 forr <i < m, we say that f degenerates at posi-
tion r. In special cases, f degenerates at position 1 means that rank(d| f(x)) = 1, and f
degenerates at position m means that k; =2 foralli = 1,...,m.

Since any member of f1, fa, ..., fi, are orthogonal, we can choose the unitary frames
Za sothat fi = [Zaj—1, Zyi) fori < r, fi = [Zy4i] fori > r, d[Z2,—1] = 0 and
d[Z2r] = fr+1. Under these frames, the pull back of the Maurer—Cartan forms are

Qi Ao
—AT¢ Qy A
Ay Q33
Qr?_ Ar¢ , (51)
—AT QT
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WA A7 WA AT . AanA. A7 dAA- AT A
where Qif — ( _21—121—1 21—L21 ) for i <r, Ai — ( 2i—12i+1 2i—12i4+2 > for
W3 12 @22 Dizir1 Dizit2
. 0 0 w o7 d PP .
i<r,A = ( and Q, 757 = 21341 Dor 4127929 . Using the

A2r2r 11 0 ] —a3 i 2? @232
Maurer—Cartan equations (2.3), and taking the exterior derivative of Wy, 1377 = 0, we

obtain w,, 3, = dy,_|59- . . .
Note that the frames we choose is determined to a transformation of the group

UR2)x---xUR)yxU) x---xU(l),so|det A;| (i <r—1)and |apﬁ| Q2r<p<

r—1 n—=2@r—1)
n — 1) are globally defined functions on S
By the Maurer—Cartan forms (5.1) and through direct computations, one has

ddetA; = det Aj(w;] + wy; — w35 — w5 +2p), mod ¢,

which implies

Aplogldet Ay| = 2K +2(8; — 281), (5.2)
by Lemma 2.3.
Similarly,
Aplog|det A;| = 2K +2(8i_1 —28; +8;41), 2<i<r, (5.3)
Ay loglay, =7l = K +2(8 — 2lay, 577 1” + lay, 1 5731°) (5.4)
Ay loglap pril = K +2(jap-1 5> = 2la, 551> +la,,, 5l), (5.5)

for2r+1<p<n-—1,and
Aploglan—1il = K +2(la, 1> = 2lan—1:1*), (5.6)

where §; := tr(A; AY) and 8:= |a,, 351> +lay, 51> +la,, _;57|°. The identities (5.2)-
(5.6) are called the Pliicker formulas in [2].

Theorem 5.1. Let f be a linearly full holomorphic immersion from S* into G(2,n), K
be its Gaussian curvature. Then

(1) If f degenerates at position 1 and has constant curvature, then K = % and
f= (p(’)'*l A <p'1171 up to rigid motion;

(2) If f degenerates at position r with 1 < r and n — 2r > 1, then there exists a point

2 . 4.
x € 8¢ such that K (x) < o, eyl

(3) Ifn =0 mod 2, f degenerates at position 5 and K is a constant, then K = %.
Proof.

(1) Choosing the frames as we do at the beginning of this subsection, essentially means
that f is spanned by the first and second elements in a Frenet frame. So, the results follow
from Proposition 2.1.

(2) From the Pliicker formulas (5.2)—(5.6) and the fact that §; = 1, we obtain

n—2r r—1
4r
— 9| — -
Ay log p|—|1 R q|_|l det A, | = ¢ <K — 4r> +5, (5.7)

2
where ¢ = ("72”1)(2”2’ =4 and § is the positive functions in (5.4).
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We assume that K > Hz‘r‘—g_h everywhere on S2. Applying the maximum principle of
subharmonic functions to (5.7), we get 8 = 0, which implies that |a,, _;5.| = |a,,_,5,| =

0. In other words, f degenerates at position r—1 by reading the pull back of Maurer—
Cartan forms in (5.1). It is a contradiction, so the statements is true.
(3) For this case, utilizing the corresponding Pliicker formulas, one has

n—4
=z 2
; n-—6n—38 4
Ayl detA,—2 .|'| = K — ,
o | [T 1 ( n—2>
which implies the result. (]

Remark. Some of the functions in log(-) probably have isolated zeros, however, we assume
them to have no zeros in the proof. The result (3) was proved by Jiao in his recent paper
[11], and also by Zheng in [16] using different methods.

5.2 Minimal 2-spheres into G(2, n)

In this subsection, we agree on the following ranges of indices:
A uw=3,4 o,1=56, & n=7,8,...,n

(a) rank(d) = rank(d) = 2. Firstly, we investigate a special case that df and 9 f
are perpendicular. In this case, choosing the unitary frames Z, so that f(x) = [Z;],
af (x) =[Z,],0f(x) =1[Zs], [Z¢] is orthogonal to df and 9 f in fl(x). Therefore, one
has

aiz =a;g =0, bz =0b;z=0. (5.8)

Since rank(d) = rank(d) = 2, we have det(a;3) # 0, det(b;5) # 0.
Utilizing the minimality of f, i.e. eq. (2.16), together with (5.8), we obtain

azwys =0, mod ¢, (5.9)
and therefore

Wiz = 5P, (5.10)
by the fact that det(a;;) # 0. Similarly,

WF = Wz, 0,5 =byzd. (.11

Thus, under such a frame, the pull back of the Maurer—Cartan forms are
Qli A1¢ B](f; 0
—ATp QA Az
~Bj¢ A3 Q3 Bap |’
0 —ALP —Bj Q4
where Ay = (4;3), A2 = (a35), A3 = (a;8), B1 = (big), By = (byz), Q7 = (v;7),

Q5 = (W), 233 = (wo7) and Q45 = (wej).
By the Maurer—Cartan equation (2.3), we have

(5.12)

ddet A} = detAj(w] + @5 — w33 — w5 +2p),
ddet By = det Bi(ws5 + wgg — w7 — w5 +2p), mod ¢,
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which implies

Aplogldet Aj| = 2K +2(8p, — 284, + 84, + 845), (5.13)
Aplog|det Bj| = 2K +2(84, — 285, + 84, + 08,) (5.14)

where 84; = tr(A; AY), 8§, = tr(B; B}'). The summation of (5.13) and (5.14) is

1
Ay log|det Ajdet B1| =4 (K — E) + 284, + 845 + 6B, (5.15)
by the fact that 64, + 85, = 1.

Theorem 5.2. Let f be a linearly full minimal immersion from S? into G(2,n) with
rank(0) = rank(d) =2 and of L 9 f. Then

(1) If n > 6, then there exists a point x € S* such that K (x) < %;

(2) For n = 6, f is totally real if the Kdihler angle 6 € [0, %] or [%, ] everywhere on
S2. The curvature K = % if K > % everywhere on S2, at this time, f is generated by
a holomorphic immersion through the d-transform.

Proof.

(1) By (5.15), if K > % everywhere on $2, then we have ba; = 0, = 0, 1e. A3 =
By = 0, according to maximum principle of subharmonic functions. Its contradiction to
f is linearly full by reading the pull back of the Maurer—Cartan forms (5.12). Hence, our
statement is valid.

(2) For n = 6, there are no terms 84,, 63, in the identities (5.13), (5.14) and (5.15), so we
have

A log|det By||det Aj|~' = 6cosb, (5.16)

1
A log|det Ajdet By | =4<K—§)+28A2 (5.17)

by (2.9). The statements follow from (5.16) and (5.17) respectively. Moreover, f =
d[Zs A Zg] if the curvature K = % U

Remark. For the case where df and d f are not perpendicular, we have the same statement
(1) as in Theorem 5.2.

Example. The map <p'1’71 A gof{fl has constant curvature K = ﬁ < % when n > 6.

For n = 6, the map g015 A <p2 is totally real. Both of them satisfy the rank condition in the
theorem.

(b) rank(d) = 2 and rank(d) = 1. Studying this case is similar to the corresponding case
in §4. We write down these results in the following.

Theorem 5.3. Let f be a linearly full minimal immersion from S2 into G(2, n) withn > 6,
rank(d) = 2 and rank(d) = 1, K and 0 be its curvature and Kdihler angle respectively.
Then there exists a point x € S* such that
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(D) K(x) < 255 ifaf 13 f

(2) K(x) < W lft?f ¢ df, df and d f are not perpendicular,

(3) K (x) < 2@ i ¢ pf.

Proof. The proof of (1) and (2) are the same as Theorems 4.3 and 4.4 respectively, we
only need to prove (3).

If_éf C df, we choose the unitary frames Z4 so that f(x) = [Z;], 9f (x) = [Z3, Z4],
ker(d) = [Z>] and d f = [Z4]. Thus, under such frames we have

a;z=ais =a; = 0, ay = ay = 0, a;3#0, (5.18)
ay; #0, bz = bl§ =0, byg=0, bz#0, (5.19)
which gives b3 = 0 for ¢;7 = 0.
By the minimality equation (2.16), and together with (5.18) and (5.19), we have
w3 = apd, wyg=ayd, wiz =asP, (5.20)
w3 = a3§¢, Wi = Wyp = 0. (5.21)

Using the identities (5.18), (5.19), (5.20) and (5.21) by direct computation as we have
done before, we obtain

2(1 4 cos 6
A loglajzay;by5) =3 <K - %) + 482,

where 82 = 2{la;3 | + lay312 + lay;* + 3 oy lazp|?). I K > 2055050

$2, we conclude that la;3] = |ayz| = 0,i.e., rank(d) < I, which is a contradiction. Hence,
our statement is valid. ([

everywhere on

Example. The map (p(')’_l A <p’3’_1 (resp. <p6’_1 A gog_l) satisfies the conditions in (1) (resp.
(3)), whose curvature and Kihler angle are 4n313 (resp. 3n2_7) and 42:‘1‘3 (resp. %)
respectively. Both of them satisfy the corresponding inequality.

The results in Theorem 5.3 give an estimation of the upper-bound of the curvature if f

has constant curvature. Hence, we have

COROLLARY 5.4

Let f be a linearly full minimal immersion from S* into G(2,n) which satisfies the
conditions in Theorem 5.3, if f has constant curvature K, then K < %.

(c) rank(d) = rank(d) = 1. In this case, the method of choosing unitary frames is similar
to the corresponding case (b.I) in §3. Economically, we write down the results without
explicit proofs.

Theorem 5.5. Ler f be a linearly full minimal immersion from S? into G(2,n) with
rank(d) = rank(d) = 1, n > 5, K and 0 be its curvature and Kdahler angle respectively.

() Iff L 3 f, ker(d) and ker(d) are not perpendicular, then there exists a point x € S*
such that K (x) < 1. B
) If of L o f and ker(d) L ker(d), then f satisfies one of the following:
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(i) There exists a point x € S such that K (x) < %

(ii) The curvature K = % if K > % on S%, or there exists a point x € S* such that
K(x) < 2. The immersion f = @1 A @2, where @1, @2 are antiholomorphic and
holomorphic immersions from S? into CP"~! respectively. Furthermore, if f has
constant curvature and constant Kdhler angle, then there exist positive integers
ny,ny < n—1such that o\ = @) and 3 = @, up to rigid motion.

(3) If of and df are not perpendicular in f+(x) and K > 1 on S%, then the
curvature K = 1 and f = @1 A @2, where @1, ¢y are antiholomorphic and holomor-
phic immersions from S* into CP"~! respectively. At this time, if f has constant
Kdihler angle, then there exist positive integers ny, np < n—1 such that 1 = gozll and
@2 = @y, up to rigid motion.

Proof. The existence arguments are similar to Theorem 4.3. One also can construct cor-
responding examples to satisfy the conditions and conclusions in Theorem 5.5, from the
Veronese sequence. ]

Finally, we give some comments on this paper. Our method is moving frames and we
study the given immersion according to the relationships between the images of df and
df. Due to limitation of the method some conditions of the theorems are technically nec-
essary, which probably will be reduced or replaced by equivalent geometric conditions.
However, to our knowledge, so far, there is no better method to study the geometry of
general minimal 2-spheres in G (k, n). In this paper, the results we obtained reflect the
fact that the geometric properties of minimal 2-spheres in general Grassmannians are
restricted by the relative position of df (x) and 9 f(x)in f L (x), which make one believe
that it is better to study the general minimal 2-spheres in G (k, n) from the viewpoint of
algebraic geometry. We wish to focus on this subject in our later study.
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