Proc. Indian Acad. Sci. (Math. Sci.) Vol. 121, No. 2, May 2011, pp. 143-154.
© Indian Academy of Sciences

Approximation of the inverse G-frame operator
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Abstract. In this paper, we introduce the concept of (strong) projection method for
g-frames which works for all conditional g-Riesz frames. We also derive a method for
approximation of the inverse g-frame operator which is efficient for all g-frames. We
show how the inverse of g-frame operator can be approximated as close as we like using
finite-dimensional linear algebra.
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1. Introduction and preliminaries

In 1952, Duffin and Schaeffer [8] introduced frames. They used frames as a tool in
the study of nonharmonic Fourier analysis. Various generalizations of frames in Hilbert
spaces have been proposed and studied recently. For example, frames of subspaces [1],
pseudo frames for subspaces [10], bounded quasi-projectors [9] and oblique frames [7].
Wenchang Sun [12] introduced the concept of g-frames which includes all the men-
tioned generalizations. Members of ordinary frames are vectors of a Hilbert space, while
members of g-frames are bounded operators.

In all that follows, H denotes a separable Hilbert space with the inner product (., .)
linear in the first entry. A family {f;}7°, € H is a frame for H, if there exist two positive
constants A, B such that

AlFIP < D 1A F)P < BIFIP (1.1)

i=1

for all f € H. The numbers A, B are called frame bounds. Observe, that if {f;}7, is a
frame for H and n € N, then {f;}'_, is a frame for E,, = span{f;}7_, (see [3]). We say
that {f;}7°, € 'H is a Riesz frame if every subfamily of { f;}°°, is a frame for its closed
linear span, with the same frame bounds A, B for each subfamily. A frame { f;}7°, € H is

called a conditional Riesz frame for 'H if there exist common bounds A, B > 0 such that

AlFIP <D KA P < BISFIP

i=1

forevery n € Nand all f € span{f;}7_,.
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If {fi}72, € H is a frame for H, the frame operator S : H — H is defined by Sf =
Y2 (S fi) fi- The series Y o2 (f, fi) fi converges unconditionally for each f € H, and
S is a bounded, invertible and positive operator. Using these properties of S, we have the
following representations

o]

Zfs =Y LS (1.2)

i=1

for all f € H. Since H is usually an infinite dimensional Hilbert space, in practice it
can be very difﬁcult to apply the frame decomposition formula (1.2) directly. In case
we can not find S~ explicitly, we need to approximate S~! or at least approximate the
frame coefficients {(f, S~ f;) )}72,. In [5], Christensen introduced the projection method
to approximate the frame coefficients {{f, S~ fi)}:2,. Here we summarize some results
about the approximation of inverse frame operator.

Let { fi}{2, be a frame for H with the frame operator S. For every n € N, {fi}!_, isa
frame for E;, = span{f;}!"_,; denote its frame operator by

Sn i Ey — Ep, Snf:Z<fvfl>fl

i=1

Since E, is finite dimensional, we can find S, ! using linear algebra. We say that the
projection method works if

(LSTV) = (ST i) as n— oo (1.3)

forall f € H and all i € N. Christensen [5] proved that (1.3) holds if and only if for all
J € N, there exists ¢; € R such that ||Sn_1fj | <cjforalln > j.Itis natural to ask under
which conditions {( f, Sn_lfi)};':1 converges to {(f, S_lfl-)}f.’il in the £%-sense, i.e.,

DUES = (AT P4 YD KA ST =0 (1.4)

i=n+1

for all f € H. If (1.4) is satisfied, we say that the strong projection method works. It is
clear that ) -2 ol ST L£)| — Oforall f € H when {fi}32, is a frame for H. So we

only need to show that > ", [(f, S, LfY = (f, STV fi)1? — Oforall f € H. It is shown
in [2] that the strong projection method works for all conditional Riesz frames.

Throughout this paper, {H;}ics is a sequence of Hilbert spaces, where J is a subset of
N, and B(H, H;) is the collection of all bounded linear operators from H into H;.

DEFINITION 1.1

We call a sequence {A; € B(H, H;) : i € J} a g-frame for H with respect to {H;}icy, if
there exist two positive constants A and B such that

AlFIP <Y A FI> < BIFIP (1.5)

iel
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forall f € H. Wecall A and B the lower and upper g-frame bounds, respectively. {A;}ics
is called a tight g-frame if A = B and a Parseval g-frame if A = B = 1.

Let {A; € B(H,H;) :i € J} be given. Let us define

ieJ ieJ

(Z@Hi) = {{fi},-ejzfi €M and Y | fil? <oo}
1%

with inner product given by ({filics,{gilics) = Zie]<fi’gi)' It is clear that
(Zie J GBH,') A is a Hilbert space with respect to the pointwise operations. If {A; €
B(H,H;) : i € J}is a g-frame for H, then the operator

T: (Z@M) —H, TA[D =) A (1.6)
1%

ieJ iel

is well defined, bounded and its adjoint is T*f = {A;f}ics. A sequence {A; €
B(H,H;) : i € J}is a g-frame if and only if the operator T defined by (1.6) is bounded
and onto (see [11]). The operators 7 and T™* are called synthesis and analysis operators
for {A; € B(H, H;) : i € J}, respectively.

PROPOSITION 1.2 [12]
Let {A\; € B(H, H;) : i € J} be a g-frame for H. Then

S:H—>M, Sf=) AAf
iel

is a positive, bounded and invertible operator.

Proposition 1.2 implies that every f € H can be represented as
f=8ST =) AINST S f=STISE =) STIATAL (L)
iel ieJ

The operator S is called the g-frame operator of {A;}icy.

DEFINITION 1.3

A g-frame {A; € B(H,H;) : i € J} for H is called a conditional g-Riesz frame if there
exist common bounds A and B such that for every finite set £ C J, {A;}icg is a g-frame
for span{A’* (H;)}ier with the bounds A and B.

2. Approximation of the inverse g-frame operator by the projection method

In this section, {H;}72, is a sequence of finite dimensional Hilbert spaces. We start with
the following lemma.



146 M R Abdollahpour and A Najati

Lemma 2.1. Let {A; € B(H,H;)}!_, be a finite family of bounded operators. Then
{Ai}!_, is a g-frame for KC,, = span{A}(H;)}!_, with respect to {H;}7_,.

Proof. We have

n n
DIAFIR <Y AP
i=1 i=1

for all f € IC,,. For the lower g-frame bound, we consider the continuous mapping
n
K, >R W) =) AR
i=1

Since KC,, is finite dimensional, B, = {f € K, : || f]l = 1} is compact. So we
can find ¢ € B, such that W(g) = infyep, W(f). We claim that A = W(g) > 0. If
A=3Y1, |Aigl?> =0, then A;g =0fori = 1,2, ...,n. Therefore (g, A%h) = 0 for
allh € Hyandi = 1,2, ..., n. Hence we get g = 0, which is impossible. Let f € H
and f # 0. We have

S IasE =Y HA(Ff”)H2 AFIP = AlFI
i=l1 i=1

O

Let {A;}72, be a g-frame for H with g-frame operator S and n € N. Lemma 2.1 implies
that {A;}7_, is a g-frame for KC;, = span{A’(H;)}!_,. Let

n
Sn :K:n_>K:n, SanZATAif
i=1

be the g-frame operator of {A;}?_,. We want to know how we can approximate S 1 by
operators S, ! Since K, = span{A} (H;)}?_, is finite dimensional, we can find S, ! using
the linear algebra.

Theorem 2.2. Let {A;}:°, be a g-frame for H with bounds A and B. For a given n € N,
let Sy be the g-frame operator of {A;};_,. Then

(g, STTATAf) — (g, STIATAf) as n— o0 2.1
forall f, g € 'H,if and only if
VieNVfeHIc s >0: IS, AN fIl <cig (2.2)

foralln > i.

Proof. First, we assume that (2.2) is satisfied. Let f € H. Fixi € N, and define
O, =S, ATAf — STIAIA S, n>
Then
S, = SS;TATA f — AFA S (23)
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Since Sh = S,h + Y p2, . AjfArh forall h € Ky, we get from (2.3) that
(o)
SOy =SuS, AN f + Y AFARS AT — ATAf
k=n+1

o0
= Y AALSTATAG S
k=n+1
Hence

o
®, = Z STUAFALSTIATA; f.
k=n+1

Now for g € H, we have

o
(8. Pn)| = <g, > S‘lAzAkS,IIA?A,-f>

k=n-+1
o
=1 > (AS7g kS TATAS)
k=n+1
1 1
) 2 00 2
< > nasT'el? Y A AR AP
k=n-+1 k=n-+1

2

o0
1 _ _
B2 ATAFI] DD IIAS T gl
k=n+1

A

o0
1 _
<Bicip| Y Ias'gl?
k=n+1

Since {A;}32, is a g-frame, Y22, . [AxS™'gl> — 0 as n — oo. Therefore
|(g, ®n)| — O0asn — oo. Conversely, if (2.1) holds, we can fix f € H, i € N and define
W, p:H—C, W, () =g S, 'ATAif), n=>i.

Itis clear that W), ¢ is linear and bounded for n > i. Also by (2.1) the sequence {¥;, 7},
converges pointwise. By Banach—Steinhaus theorem there is a constant ¢; ¢ > 0 such that
W, rll = ||S,lefA,-f|| <cjysforaln>i. 0

Following Christensen [5], we say that the projection method works if (2.1) is satisfied
for every f, g € H.

COROLLARY 2.3

The projection method works for any conditional g-Riesz frame.

If S, : Ky — K, is the g-frame operator of {A;}_,, then S, is invertible and every
h € K, can be written as

n n
h=Y S, AfAih =" AFAS, A
i=1 i=1
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If P, : H — K, is the orthogonal projection, then P, f = >/ S, lA;."AI-P,, f for all
f € H. Let g be an arbitrary element of IC,,. Then

n n
(Paf.g) = <Z SN AP S, g> = 3 PaAI NS )
i=1 i=1

n

Y (f AN g)

i=1

n
<Z STVARAG f, g>.
i=1

Therefore
n
Pof =Y S, 'AfAif
i=1

forall f € H.

Remark 2.4 Let {A; € B(H, H;)}72, be a g-frame for H, K, = span{A; (H;)}}_, and let

i=1
P, : H — K, be the orthogonal projection. Since { P,},” | is increasing and (U;2 | KC,) =
‘H, we have P, f — fasn — oo.

Following Christensen [6], we say that the strong projection method works if

n
ST STIATALf = STIAFA )P = 0 as n— o0

i=1

satisfies for all f € H. Itis clear that the projection method works if the strong projection
method works.

Theorem 2.5. Let {A; € B(H, H;)}ics be a g-frame for H with the upper bound B. The
following conditions are equivalent:

(@ S;'P,f — S7'f as n— ocoforall f € H.
(b) ||(S—Sn)Sn_1Pnf|| — 0 as n— ooforall f €H.
© XX, IAST Py fII> = 0 as n— coforall f € H.

Moreover, the (strong) projection method works in case the equivalent conditions are
satisfied.

Proof.
(a) & (b). Let f € H. Since P, f — f asn — 00, using
S Puf =S f=STNPf = )+ 5SS =SS, Pt
(S =SS, ' Puf =SS, Puf =S7 ) = (Puf = £).

we get that (a) and (b) are equivalent.
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(a) = (c¢). We have

00 2
> IAS P fIP
i=n+1

2

D IAKS Paf = ST )+ ASTHIP

i=n+1
1 1
0o 2 00 2
<| DN P =SSO+ DD AT AP
i=n+1 i=n+1

. 4
<VBIS ' Pf = ST+ DD AT

i=n+1
for all f € H. Since ZfinH ||A,~S_1f||2 — 0 as n — o0, the result follows.
(c) = (b). For each f € H, we have

1S =SS, ' PufI* = sup [{((S—Su)S, ' Puf, g)?

lgll=1
2
o0
= sup |( Y AFAS ' Pufig
||g”=1 i=n+1
0 oo
< sup YO IASTT PR D lAigl
lel=1—n 1 i=n+1
o
=B Z IA:S; PafI? =0 as n— oo.
i=n+1

Moreover, let f € H and ®; = A} A; for all i. We have

SUEST O f = ST O IP =) PSS O f) = (f. ST e )

i=1 i=l1

=Y S, ' Puf =S £ O )

i=1

n 2
< (Z (S, Puf =571, ®l-f>|)

i=1
n n
<Y A Paf = STEOIPY AP
i=1 i=1

< BIS; ' Pof = STUAIRAAIR

Therefore if (a) is satisfied, then the strong projection method works. U
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Theorem 2.6. Let {A; € B(H, Hi)}?il be a conditional g-Riesz frame. Then Sn_1
P.f — S7'fasn — oo forall f € H. Consequently, the (strong) projection method
works for any conditional g-Riesz frame.

Proof. Let A, B be the g-Riesz frame bounds for {A; € B(H, H;)}72,. By assumption,
we have || S| < %. Let f € H. We have

IS, Puf — ST £
<P.ST f = STUFI IS Puf — PuST Sl

n
DOSTIATAST =S, P f
i=1

Since P, f — fand > ' | AfA; ST f—P,f — Oasn — oo, weget S, ' P, f — S7!f

asn — 00. O

= |PST f =S I+

n
D OAAST f = Pof

i=1

< 1P.ST f = STUEI 1S,

-1 -1 1
SIBSTf =S+

n
S AFAISTf - Pan :
i=1

3. General method for approximation of the inverse g-frame operator

We recall that in this section, {H;}72, is a sequence of finite dimensional Hilbert spaces.
In this section, we derive a method for approximation of the inverse g-frame operator
which is efficient for all g-frames. We start with the following proposition.

PROPOSITION 3.1

Let {A; € B(H,H)IZ, be a g-frame for H with bounds A, B and K, =
span{A}(H;)}!_,. Foranyn € Nand 0 < a < 1, there exists a number m, such that

() «AlfI? < 2" 1A fI? for all f € Kas

@{i) If P, : H — K, is the orthogonal projection, then {AiP,,}?;rlm " is a g-frame for IC,
with bounds A and B. Moreover, P, Sym, : IKCn — K, is the g-frame operator for
{Ai P} with | Py Suem, | < B and || (PySusm,) "'l < 24

Proof.

(i) Letn e Nand 0 < @ < 8 < 1. Choose ¢ > 0 such that ./BA — /B ¢ > ~/aA. Since
{f € K, : |Ifll = 1} is compact, there is a finite set {gj}]]‘.:1 C K, with | g;]l = 1 such
that

(feKu:lfl=1}SUs_({feka:llf —gjl <e)



Approximation of the inverse G-frame operator 151

Since {A; € B(H, H;)}2, is a g-frame for H, we have

AsZnAig,nz, j=12, ...k

Therefore we can choose m,, such that

n+my

BA< Y INigI? j=12.... .k
i=1

Now, let f € IC, with || f|| = 1. Then || f — g;|| < & forsome j € {1,2, ..., k}. Hence

n+my, 3 n+my 3 n+my, 2
(Z 1A £ ) (Z 1A g; ) (Z ||Ai<f—g,-)||2>

i=1

> /BA—VBI|f —gjll = VBA — vBe > VaA.

(ii) Since P, f = f forall f € Iy, it follows from (i) that

n+my n+my

aAllfII? < Z 1A FIP =) IAP I < Z 1A P f1* < BIFIIP

i=1 i=1
forall f € K. So {A; P,}/2]"™ is a g-frame for K, with the claimed bounds. Moreover,

n-—+my n-—+my n—+my

PuSutm f=Pu Y AfAif= PaATAPif= ) (AiP)*(AiPy)f

i=1 i=1 i=1

for all f € K,,. Therefore P,S,4m, is the g-frame operator for {A; P, }"+m” The norm
estimates follow from Proposition 3.4 in [4]. O

Theorem 3.2. Let {A;}72 | be a g-frame with g-frame bounds A, B and g-frame operator
S. For n € N, choose m,, such that

A n+my
SUFIP < 30 I
i=1
forall f € K. Then
(PuSpim,) 'Puf = S7Vf asn— oo

forall f € H.

Proof. Let f € 'H. Since

S_lf - (PnSnern)_anf = PnS_lf - (PnSn+mn)_1Pnf
+U=P)ST'f
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and (I — P,)S™'f — 0asn — oo, it is enough to prove that ¥, = P,S™'f —
(PySpsm,) ' Py f — 0asn — oo. By Proposition 3.1, we have

A

1l < 1P Sntm,) ™ 1 Sptmy PuS™ = £
2 _ _
< {180, PaSTVF = Sum, P, ST 11

+ WSt Patm, ST f = 111}

A

2 _ - S -
_Z{BnPnS 'f = Puim,S lf“+H > ATAS lfH}_’O’
n+my,+1

asn — 00. O

Theorem 3.3. Let {A;}°, be a g-frame for H with the g-frame operator S. Then the
following are equivalent:

i X', Sn_lA;‘gi — Zﬁl S_IA;‘gi asn — oo, forall {g;}°, € (Z?il SHi)e, .
() If {8132, € (52 @Hide, with Y 50, Afgi = 0, then S;' Y1 Afgi — 0 as
n — oo.
(iii) {A;}72, is a conditional g-Riesz frame.

Proof. Since range of T* is closed, we have (Z;’i] @Hi)e, = R(T*) @ KerT. So for
{81152, € (52, ®@H,)e,, there exist g € H and {f;}°°, € Ker T such that

{gi}ig) = {Aig)i2) +{fili2-
Then

n n n n
YOS Afgi =) S ATAig+ Y S ATfi=Pug+ S Y ALS
i=1

i=1 i=1 i=1
On the other hand,

o0 o0 o0 o
D OSTIATgi =) STIATAig+ ST AT fi=g+ ST Y AL
i=1

i=1 i=1 i=1

So (i) and (ii) are equivalent.

(i)= (iii). Let us define the operators
o0 o
0:(Xem), —H Olad =) 5 A
i=1 i=1

oo n
0n: (L @H:), — M. Qulsil =38 Al
i=1

i=1
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It follows from (i) that the sequence {Q,}7°, converges pointwise to Q. Hence
by Banach-Steinhaus theorem, sup, ||Q,ll < oo. For each f € H and {g;} €

(O°72, ®Hi)e,, we have
n

(f. Onlgidi) =Y (f. S, Afi)
1

n n

= (f PuS, AT =) (NS, Paf gi).
i=1 i=1

i

Therefore Q) f = {hi};?il where h; = A,-S;]Pnf forall1 <i < nand h; = 0 for all
i > n.Hence 0,0} = Y1, S, A¥A; S, P, and

1S, =118, Pall = 1100 Q511 < 110l
Therefore sup,, ||Sn_l | < oo.

(iii)— (ii). Let {A;}{2, be a conditional g-Riesz frame and {g;}°, € O, ®Hi)e,
with Zﬁl AYgi = 0. Since the sequence {||S;] I}, is bounded and

n n
St Do AFsi [ 1S Do Al
i=1 i=1
weget S; 1" | A¥gi — Oasn — oo. O
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