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1. Introduction

There are many irreducibility criteria for multivariate polynomials in the literature. For an
excellent account on the techniques used in the study of reducibility of polynomials over
arbitrary fields the reader is referred to Schinzel’s book [9]. Some irreducibility results
involving linear combinations, compositions, multiplicative convolutions and lacunary
multivariate polynomials have been obtained in [1-3,5]. Inspired by some results of Ram
Murty [8] and Girstmair [6] in connection with the irreducibility criterion of A. Cohn
(see for instance Pdlya and Szeg6 [7]), we studied in [4] the following problem:

Given a field K, under what hypotheses a polynomial F(X,Y) € K[X, Y] with the prop-
erty that F (X, h(X)) is irreducible over K for some h € K|[X], is necessarily irreducible
over K(X)?

We provided some methods to construct irreducible multivariate polynomials over an arbi-
trary field, starting from arbitrary irreducible polynomials in fewer variables, of which we
mention the following two results:

Theorem A. If we write an irreducible polynomial f € K[X] as a sum of polynomials
ao, ...,ap € K[X] with degap > maxi<ij<,dega;, then F(X,Y) = Z?:oai (X)Y' is
irreducible over K (X).

Theorem B. Let K be a field of characteristic 0 and let f1, fr € K[X] with deg f1 > 1,
deg f> > 2. If f1 o f2(X) is irreducible over K, then f1o (f2(X) —X+Y) € K[X,Y]is
irreducible over K (X).
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134 Nicolae Ciprian Bonciocat and Alexandru Zaharescu

In this note we complement the results from [4], by allowing F (X, h(X)) to satisfy
an equality of the form F(X, h(X)) = f(X)* - g(X), with f, g € K[X], f irreducible
over K, g not divisible by f, s > 2, and studying under what hypotheses F will still
be irreducible over K (X). The first result we prove gives irreducibility conditions for
polynomials in two variables over an arbitrary field.

Theorem 1.1. Let K be a field, f, g, h € K[X], f irreducible over K, g # 0, degg <
deg h, and assume that for an integer s > 2 the polynomial f* - g is expressed in base
h via the Euclidean algorithm as [* - g = Z?:o a;h', with ag, ay, ...,a, € K[X]. If
' iaihi~! is not divisible by f, then the polynomial > "_,a;(X)Y" € K[X, Y] is
irreducible over K (X).

A more efficient method to obtain irreducible multivariate polynomials starting from
an irreducible univariate polynomial is the following analogue of Theorem A:

Theorem 1.2. Let f € K[X] be an irreducible polynomial. If for an integer s > 2 we
write f* as a sum of polynomials ag, . . ., a, € K[X] withdegag > max;<;<, dega;, and
ai +2as + - - -+ nay, is not divisible by f, then the polynomial F(X,Y) =Y !_,a; (X)Y!
is irreducible over K (X).

The next two results provide other ways to produce irreducible multivariate polynomials.

Theorem 1.3. Let K be a field, f € K[X] irreducible over K, and assume that for an
integer s > 2 we have f(X)* = boX" + b1 X" + - -+ b X" € K[X],0=n0 <nj <
- < ng, by - by # 0. Let us construct from f* the polynomial F(X,Y) = byX0YJo +
biX"Yh 4 b XYk € K[X, Y], withif, j; > 0,ij+ j; =n;, 1 =0,....k If
dF /oY (X, X) is not divisible by f and for an indext € {0, ..., k} we have
iy — i iy — iy

¢ .
max — — < 1 < min —

. . . N . 9
Jv<lJr Jt — Jv > Jt — Ju

then F is irreducible over K (X).

Theorem 1.4. Let K be a field, f € K[X] irreducible over K, and assume that for an
integer s > 2 we have f(X)* = by X" + b1 X" 4+ -- -+ b X" € K[X],0=n9 <n; <

- < ng, by --- by # 0. Then for every partition of the set S = {0, 1, ..., k} into two
disjoint, nonempty subsets S1, S» with k € Sy, the polynomial in two variables

F(X,Y) = ZbiX"i + Zb,-Y"i € K[X,Y]

i€eS) €Sy

is irreducible over K (X), if 0 F /0Y (X, X) is not divisible by f.

The following results extend Theorem B by considering polynomials of the form f o
f2 + f3 instead of fj o f7:

Theorem 1.5. Let K be a field of characteristic 0 and let f, f1, f2, f3 € K[X] with
deg fo > 2,deg f3 < deg fi and f irreducible over K. If fio fo+ f3 = f° for an integer
s > 2and fl’of2+f3/ is not divisible by f, then fio(fo(X)—X+Y)+ f3(Y) € K[X, Y]
is irreducible over K (X).
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The corresponding result for s = 1 is the following:

Theorem 1.6. Let K be a field of characteristic O and let f1, fa, f3 € K[X] with
deg fo > 2, deg f3 < deg f1. If f1 o fo + f3 is irreducible over K, then fi o (f2(X) —
X+Y)+ fz(Y) € K[X, Y] is irreducible over K (X).

The above results are flexible, and may be useful in applications. On the one hand, they
allow to test the irreducibility of various polynomials when other irreducibility criteria
fail, and on the other hand, they allow to construct various classes of irreducible multivari-
ate polynomials from arbitrary irreducible polynomials in a smaller number of variables.
In this connection, we provide several examples in the last section of the paper. In the
proofs of the above results we follow the same method employed in [4]. For the sake of
completeness, we give detailed proofs of the results in §2 below.

2. Proofs of the main results

For the proof of our results we need the following lemma:

Lemma 2.1. Let K be a field and let F(X,Y) = Z:':Oai(X)Yi e K[X,Y], with
ap,ai, ...,ap, € K[X], apa, # 0. Let us assume that there exist three polynomials
f, 8. h € K[X] such that f is irreducible over K, g # 0, F(X, h(X)) = f(X)* - g(X)
for an integer s > 2, and 0F /3Y (X, h(X)) is not divisible by f. Then F is irreducible
over K(X) if either degg < degh and for an index j € {1,...,n} with a; # 0
we have

degay —dega; degay — dega;
X————= _—

dec h . . 1
oy j—k = aRn =it J—k v
orif
d —d
inw > max{degh, degg}. )

k>0 k

Proof. As in [4], we base our proof on the study of the location of the roots of F, regarded
as a polynomial in Y with coefficients in K[X]. We first introduce a nonarchimedean
absolute value | - | on K (X), as follows. We fix an arbitrary real number p > 1, and for
any polynomial u(X) € K[X] we define |u(X)| by the equality

lu(X)| = pdeg),

We then extend the absolute value | - | to K (X) by multiplicativity. Thus for any w(X) €
K(X), w(X) = ‘;g; with u(X), v(X) € K[X], v(X) # 0, and we let |w(X)| = }jjg;{
Let us note that for any non-zero element # of K[X] one has |#| > 1. The nonarchimedean
absolute value | - | arises from the discrete valuation v on K (X) given by v(f) = —deg f
for f € K[X]\ {0}. This v is the 1/ X-adic valuation on K (X), i.e., the valuation asso-
ciated to the discrete valuation ring obtained by localizing K[1/X] at its principal ideal
generated by 1/X. Let now K (X) be a fixed algebraic closure of K (X). The valuation

ring of v has an extension to a valuation ring with quotient field K (X), and one can use
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that ring to extend v to a valuation w on K (X). This in turn provides us with a nonar-
chimedean absolute value which is an extension of our absolute value | - | to K(X), and
which we will also denote by | - |.

Next, assume contrarily that our polynomial F factors as F(X,Y) = F|(X,Y) -
F(X,Y), with Fi, F, € K[X,Y],degy F| =t > 1and degy F» =s > 1. Then, since

F(X,h(X)) = f(X)' - g(X) = FiI(X, h(X)) - F2(X, h(X)) 3)
and

AF/OY (X, h(X)) = 9F/3Y(X, h(X)) - F2(X, h(X))
+ F2/9Y (X, k(X)) - F1(X, h(X)),

our condition that dF/dY (X, h(X)) is not divisible by f prevents f to divide both
Fi(X,h(X)) and F>(X, h(X)). So by (3) it follows that one of the polynomials
Fi1 (X, h(X)), F2(X, h(X)) must divide g(X), say F1(X, h(X))|g(X). In particular, one
has

deg F1(X, h(X)) < deg g(X). 4)
We now consider the factorization of the polynomial F(X,Y) over K(X), say

FX,Y)=a,X)(Y —61)--- (Y —6,),with 0y, ...,0, € K(X). Since ap # 0 we must
have |6;] £ 0,i =1, ..., n. Let us denote

A = max and B = min

degay — degaj
k<j ]—k k>j ]—k

degay — degaj

)

and notice that by (1) A is strictly smaller than B. Then for eachi = 1, ..., n we must
either have |0;| < p4, or |6;| > p®. In order to prove this, let us assume contrarily that
for some index i € {1, ...,n} we have p?4 < |6;| < p&. Since aj # 0 we deduce from
pA < |6;] that laj] - 16;1/ > |ax| - |6;|F for each k < j, while from |6;| < p? we find that
laj] - 16; |/ > |ag| - |6;|¥ for each k > j. By taking the maximum with respect to k in these
inequalities, we obtain

laj| - 16;1) > max |ag| - |6;]F. )
k#j

On the other hand, since F'(X, 6;) = 0, we must have

02 laj6] | - | X ax6f| = laj1 - 16,17 — max la - 161",
k] k#J
which contradicts (5).
Now, since F (X, Y) is a factor of our polynomial F (X, Y), it will factor over K (X) as
F1(X,Y) =b:(X)(Y—01)--- (Y —0;), say, with b;(X) € K[X], b;(X) # 0. In particular,
we have

b (X)[ = 1. (©)
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Recalling the definition of our absolute value and using (4) and (6), we deduce that

pdegg > pdegFl(Xﬁh(X)) = |F1(X, h(X))|

t t
= b0 [ [ 1RGO = 6] = [T 1hX) — 641

i=1 i=1

Now, making use of the fact that the absolute value | - | is nonarchimedean, for any index
i €{l,...,t} we either have

Ih(X) — 6 = |h(X)| = p®&", if 16| < p*(< |R]),
or

lh(X) — 6;] = 16i| = p®, if 16;] > p®(> |h]).
Since A < degh < B it follows that we must have

p€¢ > min{p’e”, pB},

since ¢ > 1. On the other hand, by our assumption that A < degh < B and deg g < degh,
both inequalities p9e€8 > pdee/ and pdeeg > B fail, and this completes the proof of the
first part of the lemma.

Assume now that (2) holds. In this case all the 6;’s satisfy |9;| > p? with B =
rknig w. Using again the fact that the absolute value | - | is nonarchimedean
>
we have |h(X) — 6;| > p?, for each i € {I,...,n}. This implies that we must have
0928 > pB_On the other hand, this inequality cannot hold since B > deg g, and this

completes the proof. 0

The conditions in the statement of Lemma 2.1 are in some sense best possible. First,
let us note that the condition degg < degh in the statement of Lemma 2.1 cannot be
replaced by deg g < degh. To see this, choose for instance K = Q, F(X,Y) = (X +
Y2+ WX +4Y +3X +1, f(X) = X+ 1, g(X) = X*>+ 1 and h(X) = X?. Here
we have F(X, h(X)) = f(X)3 - g(X), f is irreducible over Q, dF /Y (X, h(X)) =
2X3 + 6X? 44X + 4, which is not divisible by f, and (1) is satisfied for j = n = 2, but
our polynomial F is reducible over Q(X), since F(X,Y) = (Y +1)(X+3)Y +3X +1).

In condition (1) we must have strict inequalities too, since there exist polynomials
F, f, g and h as in Lemma 2.1, but with equality in at least one side of (1) for each
index j € {l,...,n}, and such that F is reducible over K(X). Take now K = Q,
FX,Y) = (X —=DY? - (X? =3X+ DY +X — X? f(X) = X, g(X) = 1 and
h(X) = X.Here F(X,h(X)) = f(X)* - g(X), 0F/3Y(X,h(X)) = X?>+ X — 1,
which is not divisible by f, degg < degh, and we have equality in at least one
side of (1) for each j = 1,2, while F is reducible over Q(X), since F(X,Y) =
Y -X+DH(X-1DY+X).

Finally, for condition (2) let F(X,Y) = (1 — X)Y? + (3X%> —3X + )Y —2X3 +
3X2 — X, f(X) = h(X) = X and g(X) = 1. Here F(X,h(X)) = f(X)?  g(X)
and dF/3Y(X,h(X)) = X? — X + 1, which is not divisible by f, and in this
case we have equality in (2) and F is reducible over Q(X), since F(X,Y) = (Y—
X+ D((1 = X)Y +2X> - X).
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2.1 Proof of Theorem 1.1

Note that in particular, for j = n one obtains from Lemma 2.1 the following irreducibility
criterion.

COROLLARY 2.2

Let K be a field and let F(X,Y) = Z:’:O ai(X)Y' € K[X, Y], withay, ...,a, € K[X],
aoa, # 0. Suppose there exist polynomials f, g, h € K[X] with f irreducible over
K, g # 0,degg < degh, dega; < degh + dega,, i = 0,...,n — 1, and such that
F(X,h(X)) = f(X)* - g(X) for an integer s > 2. If 0F /oY (X, h(X)) is not divisible by
f, then F is irreducible over K (X).

Theorem 1.1 now follows from Corollary 2.2, since in our case dega; < degh,i =
0,...,n—1.

2.2 Proof of Theorem 1.2

This follows immediately by Lemma 1.2 using (2) with f(X) = Z?:oai (X)and g(X) =
h(X) = 1. Thus, for an arbitrary irreducible polynomial f € K[X] and an arbitrary
integer s > 2, by writing f*(X) = Z;’zoai(X) with degap > max<;<, dega; and
aj + 2a + - -+ + na, not divisible by f, one may construct polynomials F(X,Y) =
Yo pai(X )Y of arbitrarily large degrees with respect to ¥, and which are irreducible
over K (X).

2.3 Proof of Theorem 1.3

The conclusion follows by Lemma 2.1 with #(X) = X and g(X) = 1. To see this, we
notice that the polynomial F' may contain different monomials having the same power of
the indeterminate Y, say b, X'* Y/« and b; X" Y /' with j, = j; and i, < i;. In this case we
have

iv_iu iv_il . . iv_iu iv_it . .
— > —— forj, <j, and ——F— < —— forj, > ji.
Jt — Jv Jt — Jv Jt — Jv Jt — Jv

Therefore, grouping together all the monomials containing the same power of Y and
writing F as a polynomial in ¥ with coefficients a; € K[X], one obtains

dogaj —degdj oy iZit  and  min
S T u<li Ji=Jw Jo>Ji

degajv—(flegaj, > min {lv—{t

max ; st
Jt—Jv Jo>Ji Ji—Jv’

Jv<lJt
so our condition

iv_it . iv_it
max — — <1 < min — -

. . . . )
Jo<Jr Jt — Jv o> Jt — Ju

will imply (1).
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2.4 Proof of Theorem 1.4

Let S; and S7 be as in the statement of Theorem 1.4 and note that F remains unchanged if
we move by from one sum to another. So without loss of generality, one may assume that
0 and k belong to S;. Let So = {iy, ..., i}, witht > 1 and i; < ip < ... < i;. Then one
may write the polynomial /% as f(X)* = Z;io a;j (X)X, with ap(X) = ZieSl b; X",
an; (X) =b;,i € S and a;(X) = 0 forany index j € {1,...,n;}\ {n; | i € S2}. Thus,
degap = ny and

mi
Jj>0 J n;

. degap —dega;  ng
n——m —— = —

since n;, < ny — 1. Therefore (2) holds for A(X) = X, g(X) = 1 and n = n,,, so by
Lemma 2.1 the polynomial

nj,

FX.Y)=)Y a;(X)Y) =3 bX" + 3 by"

j=0 ieS) ieSy

must be irreducible over K (X).

2.5 Proof of Theorem 1.5

Let f, f1, f>, f3 be as in the statement of Theorem 1.5, and let F(X,Y) = f1 o (f2(X) —
X+Y)+ f3(Y),g(X)=1land h(X) = X,s0 F(X, h(X)) = f(X)*-g(X). Let us denote
deg f1 by n. Then degy F(X,Y) = n, and using the Taylor expansion of F (X, Y) with
respect to Y we may write F as Z?:o a;(X)Y', with

1 . .
ai(X) = - - 70 (pX) - X))+ £, i=0,....n

This shows us that dega; = (n — i) deg f> foreachi =0, ...,n, so

degap — d deg f — (n — k) d
mip Jegd0 —degay . ndeg fr — (n —k)deg f

=d > 2.
k>0 k k>0 k eg fo >

On the other hand max{deg g, degh} = 1, so (2) is satisfied, and we conclude by Lemma
2.1 that F must be irreducible over K (X).

2.6 Proof of Theorem 1.6

Here one applies the proof of Lemma 2.1 for s = 1, by ignoring the condition that
dF/dY (X, h(X)) is not divisible by f, which is no longer necessary. The rest of the proof
is similar to that given for Theorem 1.5.

3. Examples

(i) For each n > 1 the polynomial (X" — X" ) + (X" 1 = X" )Y +--- + (X = 1)
Y"1 4 y" is irreducible over Q(X). Indeed, take; f(X) = X,s =n > 2, and
write f" =ag+aj +--- +a, withg;(X) = X" — X" "l fori =0,...,n— 1
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and a,(X) = 1. Here degap > maxj<j<p,dega;, f 1 a1 +2a2 + --- + na, =
14+ X +---4 X" ! and the conclusion follows from Theorem 1.2.

(ii) Let K be a field, f € K[X] irreducible over K, and assume that for an integer s > 2
we have f(X)' = bo X" +b1 X" 4. .-+ X™ € K[X],0=no <n; <--- < ny,
by ---by # 0. Construct as in Theorem 1.3 from f* the polynomial F(X,Y) =
boXoYd 4 py Xyl ... 4 XYk € K[X, Y], withif, j; > 0,0 + j; = ny,
I = 0,...,k and assume that 9 F/9Y (X, X) is not divisible by f. Next, denote
by § the set of those indices ¢ for which j, = max{jo, ..., jk}. If maxqg¢sia <
1 + maxyes iy, then F must be irreducible over K (X). Indeed, when we write F as
Z?:o a; (X)Y!, we obtain dega, = maxyes iy and maxo<;<,—1 dega; = maxygs iy,
and the conclusion follows from Corollary 2.2 with 2(X) = X and g(X) = 1.

For instance, taking K = Q, f(X) = X + 1 and s = 6 we deduce that each of the
polynomials

fI(X,Y) =14 6Y +15XY +20X%Y + 15X3Y + 6X%Y? + X3Y3,
F(X,Y) =14 6X + 15XY +20XY? + 15X2Y% + 6X°Y> + X?v*,
f(X,Y) =14 6Y + 15Y% +20X%Y + 15X°Y + 6X°Y? + X°Y3,

is irreducible over Q(X).

(iii) Let £(X) = 1+ X2, write f> as f>(X) = fio fa+ f3, with f(X) = 10X> +5X* +
X3, £(X) = X% and f3(X) = 1+5X>+10X*, and note that £ o f>(X) + f41(X) =
10X 4 40X3 4+ 30X* +20X% 4 5X3, which is not divisible by f. Then, in view of
Theorem 1.5, the polynomial 1 + 5Y% + 10Y* + 10(X?> — X + V)3 +5(X%> - X +
Y)* + (X% — X + Y)? is irreducible over Q(X).

(iv) An immediate consequence of Theorem 1.6 is the following irreducibility criterion:

COROLLARY 3.1

Let K be a field of characteristic 0, f(X) = Y i a; X% e K[X] an irreducible poly-
nomial, ap - - -a, # 0, 'd > 2. Then for any fixed integer k such that 0 < kd < n, the
polynomial Zf:o a;Y? +Z;’:k+1 ai(X?—X+Y) € K[X, Y]isirreducible over K (X).

Indeed, one may write f as f = f] o f>» + f3, with f1(X) = Z:’:kﬂ aiX', H(X) =
x4, and f3(X) = Yi_ga; X%, so by Theorem 1.6 the polynomial Y f_qa; Y% +
ikt a;(X? — X 4+ Y)' must be irreducible over K (X).

For instance, since 102 040201 and 103 060 301 are prime numbers, by Cohn’s theorem
the polynomials 1+2X2+4X* 42X+ X% and 14+3X%46X*+3X%+ X8 are irreducible
over Q, hence the polynomials

AXY)=142Y2+4X2 =X+ V) 42X - X+ V)
+X2-x+1)*

HAXY)=143Y2+6(X2—X+Y)+3X> - X+7Y)
+ XX+

are irreducible over Q(X).
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We end by noting that as another consequence of Lemma 2.1, one may formulate sim-
ilar irreducibility criteria for polynomials in r > 3 variables X1, X», ..., X, over K. For
any polynomial f € K[X1,..., X,] we denote by deg, f the degree of f as a polyno-
mial in X, with coefficients in K[X1, ..., X,_1]. The next result follows from Lemma
2.1 by writing Y for X,, X for X,_; and by replacing K with the field generated by K
and the variables X1, ..., X, _».

COROLLARY 3.2

Let K be a field, r > 3, and let F = Y " (a;X. € K[Xi,...,X,] with
ap,...,an € K[Xq,...,Xr—1], apa, # 0. Suppose there exist polynomials f, g, h €
K[X1,...,X,_1] such that Z:':Oa,-h" = f* . g for an integer s > 2, f as a
polynomial in X,_y is irreducible over K(X1,...,X,-2), ¢ # 0, and 0F/0X,
X1,..., Xp—1, h(X1, ..., X,_1)) is not divisible by f. Then F as a polynomial in X,
is irreducible over K(X1, ..., X,_1) if either deg,_; g < deg,_; h and for an index
Je{l,...,n}witha; # 0we have

deg,_jar —deg,_;a; deg,_ar —deg,_a;j

max - < deg,_; h < min . ,
k<j j—k k>j Jj—k
orif
de ap — de a
min —or=1490 o1k max{deg,_, h, deg,_; g}.
k>0 k
Acknowledgement

This work was supported by CNCSIS-UEFISCSU, project PNII-IDEI 51, code 304/2007.

References

[1] Bonciocat A I and Bonciocat N C, Some classes of irreducible polynomials, Acta Arith.
123(4) (2006) 349-360

[2] Bonciocat A I and Bonciocat N C, A Capelli type theorem for multiplicative convolutions
of polynomials, Math. Nachr. 281(9) (2008) 1240-1253

[3] Bonciocat A I and Zaharescu A, Irreducibility results for compositions of polynomials
in several variables, Proc. Indian Acad. Sci. Math. Sci. 115(2) (2005) 117-126

[4] Bonciocat N C and Zaharescu A, Irreducible multivariate polynomials obtained from
polynomials in fewer variables, J. Pure Appl. Algebra 212 (2008) 2338-2343

[5] Cavachi M, Vajaitu M and Zaharescu A, An irreducibility criterion for polynomials in
several variables, Acta Math. Univ. Ostrav. 12(1) (2004) 13-18

[6] Girstmair K, On an irreducibility criterion of M. Ram Murty, Am. Math Mon. 112(3)
(2005) 269-270

[7] Polya G and Szegd G, Aufgaben und Lehrsitze aus der Analysis, vol. 2 (Berlin: Springer-
Verlag) (1925)

[8] Ram Murty M, Prime numbers and irreducible polynomials, Am. Math Mon. 109(5)
(2002) 452-458

[9] Schinzel A, Polynomials with special regard to reducibility, Encycl. Math Appl., vol. 77
(Cambridge Univ. Press) (2000)



	Irreducible multivariate polynomials obtained from polynomials in fewer variables, II

	Abstract
	Introduction
	Proofs of the main results
	Proof of Theorem 1.1
	Proof of Theorem 1.2
	Proof of Theorem 1.3
	Proof of Theorem 1.4
	Proof of Theorem 1.5

	Proof of Theorem 1.6

	References




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


