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Abstract. An R-module M is called a multiplication module if for each submodule
N of M, N = IM for some ideal I of R. As defined for a commutative ring R, an
R-module M is said to be reduced if the intersection of prime submodules of M is
zero. The prime spectrum and minimal prime submodules of the reduced module M are
studied. Essential submodules of M are characterized via a topological property. It is
shown that the Goldie dimension of M is equal to the Souslin number of Spec(M). Also
a finitely generated module M is a Baer module if and only if Spec(M) is an extremally
disconnected space; if and only if it is a C S-module. It is proved that a prime submodule
N is minimal in M if and only if for each x € N, Ann(x) € (N : M). When M is
finitely generated; it is shown that every prime submodule of M is maximal if and only
if M is a von Neumann regular module (V N M); i.e., every principal submodule of M
is a summand submodule. Also if M is an injective R-module, then M isa VN M.

Keywords.  Multiplication module; reduced module; minimal prime submodule;
Zariski topology; extremally disconnected.

1. Introduction

In this paper all rings are commutative with identity and all modules are unitary. An
R-module M is called a multiplication module if for each submodule N of M, N =
IM for some ideal I of R. Multiplication modules and ideals have been investigated in
[2,3,9,12,15,18] and others. A proper submodule P of M is called prime if rx € P, for
r € Rand x € M implying r € (P : M) or x € P. In this case, p = (P : M) is a prime
ideal and we say P is a p-prime submodule of M. We use Spec(M) for the spectrum of
prime submodules of M. For any submodule N of an R-module M, we define V(N) to
be the set of all prime submodules of M containing N. We define the M-radical of a sub-
module N of an R-module M (denoted rad N) to be the intersection of all prime sub-
modules of M containing N, in fact rad N = NV(N). Of course, V(M) is just the empty
set and V(0) is Spec(M). Note that for any family of submodules N, (A € A) of M,

mAeA VN =V (ZAGA NA) '

Thus if (M) denotes the collection of all subsets V() of Spec(M), then ¢ (M) contains
the empty set and Spec(M), and ¢ (M) is closed under arbitrary intersection. We shall say
that M is a module with a Zariski topology, or a top module for short, if ¢ (M) is closed
under finite union, i.e., for any submodules N and N’ of M, there exists a submodule N”
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of M such that V(N) U V(N’) = V(N"); in this case ¢ (M) satisfies the axioms for the
closed subsets of a topological space. It is well-known that every multiplication module
is a top module; and the converse holds, if the module is finitely generated (see [12]). The
operators ‘cl’ and ‘int’ denote the closure and the interior.

An R-module M is said to be reduced if the intersection of all prime submodules of M
is equal to zero. If M is a multiplication module, then by Lemma 2.1 and Theorem 2.12
in [3] we have

rad M = NSpec(M) = / Ann(M)M.

Hence M is reduced if and only if Ann(M) is semiprime; and if and only if R =
R/Ann(M) is a reduced ring. For example, every faithful multiplication module over a
reduced ring is a reduced module. In particular, every reduced ring R can be considered
as a reduced R-module.

Throughout this paper M is a non-zero multiplication R-module and R = R /Ann(M),
unless stated otherwise.

In §2, we study the relation between the topological properties of Spec(M) and the
algebraic properties of M.

A set {N)}ea of non-zero submodules in M is said to be independent if N; N
(Zkyék’eA Ny) = 0,ie, ), cp Nu = @,ca Ni. The Goldie dimension of M, denoted
by dim M is the smallest cardinal number ¢ such that every independent set of non-zero
submodules in M has cardinality less than or equal to c¢. Also the smallest cardinal num-
ber ¢ such that every family of pairwise disjoint non-empty open subsets of a topological
space X has cardinality less than or equal to c, is called the cellularity of the space X
and denoted by c(X), see [4]. We show for an R-module M, the cellularity number of
Spec(M) is equal to the Goldie dimension of M.

A submodule N of M is called a closed submodule if it is not essential in a larger
submodule, and a module M is said to be a C S-module if every closed submodule is a
summand submodule, see [16]. An element e € R is called a M-idempotent in R if el=e
(mod Ann(M)). An R-module M is said to be Baer if for any subset X in M, Ann(X)M =
eM, for some M-idempotent e € R. Clearly, every Baer ring R can be considered as a
Baer module over R. A topological space is said to be extremally disconnected if every
closed set has a closed interior or equivalently, every open set has an open closure, see [6].
We prove that M is a Baer module if and only if Spec(M) is an extremally disconnected
space; if and only if it is a C S-module.

Minimal prime ideals of a reduced commutative ring have been investigated in [7,11]
and others. By Corollary 3.3, P is a minimal prime submodule of M if and only if p is a
minimal prime ideal of R, where p = (P : M); in particular, if M is a faithful R-module
then P is a minimal prime submodule of M if and only if p is a minimal prime ideal of
R, see Proposition 3.1 in [17]. In §3, we study minimal prime submodules of M. It is
well-known that in a reduced ring R, the prime ideal p is minimal if and only if for each
x € p, Ann(x) € p. We generalize this theorem for reduced multiplication modules: A
prime submodule N is minimal in M if and only if for each x € N, Ann(x) € (N : M).
We prove that a finitely generated submodule N of M is contained in a minimal prime
submodule of M if and only if Ann(M) & Ann(N).

The notion of a von-Neumann regular ring, V N R, plays a key role in [11]. We gener-
alize this concept for multiplication modules. The definition we use is that every cyclic
submodule of M is a summand submodule. We show that every injective R-module is a
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VNM. Also if M is a finitely generated R-module, then M is a VN M if and only if M is
reduced and every prime submodule of M is maximal.

2. The prime spectrum of reduced multiplication modules

In this section we study essential submodules of M, the topological properties of
Spec(M), the annihilator of subsets of M, and the Goldie dimension of M.

We first give the following lemmas.

Lemma2.1. Let P be a proper submodule of M. The following statements are
equivalent:

(1) P is prime.
2) (P : M) is a prime ideal of R.
(3) P = pM for some prime ideal p of R with Ann(M) C p.

Proof. See Corollary 2.11 of [3]. O

Lemma 2.2. Let I be an ideal of R and let N be a submodule of M. Then

V(N)UV(IM) =V(IN)=V(NNIM).

Proof. See Lemma 3.1 of [12]. [l

Lemma 2.3. Let M be reduced, N a submodule of M and I = Ann(N).

(1) NNIM =0.
(2) Ann(N + IM) = Ann(M).

Proof.

(1) ByLemma 2.2, V(NN IM) =V(IN) = V(0) = Spec(M). Therefore NN IM = 0.
(2) Suppose thatr € Ann(N+IM). Since rN = 0,r € I. Therefore r> € rI C Ann(M),
and this implies that r € Ann(M), for M is reduced. O

For any subset X of M, we define D(X) = Spec(M)\V(X).

Lemma 2.4. Let M be reduced, and let X be a subset of M.

(1) /Ann(X) = Ann(X).
(2) Ann(X)M = ND(X).
3) intV(X) = D(Ann(X)M).

Proof.

(1) Suppose that r € /Ann(X). Then there exists n > 0 such that V(rX) = V(" X) =
Spec(M). Thus r € Ann(X).
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(2) Suppose that P € D(X). Then Ann(X) C (P : M). This implies that Ann(X)M C
P,ie., Ann(X)M C ND(X). Conversely, if y € ND(X), then Ry = IM, for some
ideal I of R, and Lemma 2.2 implies that

Spec(M) = V(Ry) UV(X) = V(IM) UV((X)) = VI (X)).

Hence I € Ann(X), i.e., y € Ann(X)M.
(3) This follows from (2):

int V(X) = Spec(M)\cI D(X) = D(ND(X)) = D(Ann(X)M).

The following theorem is a generalization of Lemma 2.1 in [14].

Theorem 2.5. Let M be reduced, and let N C L be two submodules of M. The following
statements are equivalent:

(1) N is essential in L.
(2) Ann(N) = Ann(L).
3) int V(N) = int V(L).

Proof.

(1) = (2).Since N C L, clearly Ann(N) 2 Ann(L).Letr € Ann(N) andr ¢ Ann(L).
Then rL # 0 implies that there exists an element x € L such that 0 #= rx € N NrL.
Therefore r2x = 0, and this implies that V(rx) = V(rix) = Spec(M), i.e.,, rx = 0,
which is impossible.

(2) = (3). This follows from Lemma 2.4(3).

(3) = (1). Let L’ be a submodule contained in L in which L’ N N = 0. We must show
that L’ = 0. Now by Lemma 2.2, we have

Spec(M) = V(L' N N) = V(J'N),
where J' = (L' : M). This implies that J* € Ann(N), so by Lemma 2.4(3),

D(J'M) Cint V(N) = intV(L).
Thus V(J'L) = V(J'’M) U V(L) = Spec(M), and hence J' C Ann(L) C Ann(L').
Consequently, J'L" = J?M = 0,ie., J’* € Ann(M). But Lemma 2.4(1) implies that
J’ € Ann(M), and therefore L' = J'M = 0. O

The following characterizes the essential submodules of M via a topological property.

COROLLARY 2.6

Let M be reduced, and let N be a non-zero submodule of M. Then N is an essential
submodule in M if and only if int V(N) = (.
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The following theorem characterizes the Goldie dimension of reduced modules via a
topological property.

Theorem 2.7. In a reduced module M, dim M = c(Spec(M)).

Proof. Letdim M = c and EBAE A N, be a direct sum of submodules in M, where |A], the
cardinality of A, is less than or equal to c. Now for each A # 1’ € A, D(N;) N D(Ny) =
¢, and this implies that G = {D(N,) : A € A} is a collection of disjoint open sets in
Spec(M), i.e., c(Spec(M)) > c. Now let {G, : A € A} be any collection of disjoint
open sets in Spec(M). Then for any A € A, there exists submodule N, such that G, =
D(N,). We claim that {N, },ca is an independent set of non-zero submodules in M. Let
x € Ny N (X5 zven No)- Then

X =Xy X,

where x;, € N,, A # A forallk = 1,2, ..., n. Now we have

D(x) SD(N:) ND(Ny, + -+ + Ny,) =D(WV;) N (D(N;, ) U -+ UD(NV,))
=(G)VOGAI)U~~‘U(GAOGA,1)=@.

Therefore x = 0. This means that dim M = ¢ > |A|, i.e., ¢ > c¢(Spec(M)). O

Lemma 2.8. Let M be a finitely generated reduced R-module, and let N be a summand
submodule of M. Then there exists a M-idempotent e € R such that N = eM.

Proof. Suppose that M = N & N’. So there are ideals I and I’ such that N = IM and
N’ = I'M.Hence M = (I + I')M implies that (¢ + ¢’ — 1)M = 0 for some e¢ € [ and
e € I'.Then (e> —e)M = e¢¢/M € NN N’ =0, i.e., ¢* = e (mod Ann(M)). Now for
any x € N we have

x—ex=¢xeNNN =0.

This implies that N = eM. O

Lemma 2.9. Let M be a finitely generated reduced R-module. Then A is a clopen (closed
and open) subset of Spec(M) if and only if there exists a M-idempotent e € R such that
A =V(eM).

Proof. Suppose A is a clopen subset of Spec(M) and N = NAand N = NA°, then A =
clAd=V(NA) =V(N)and A° = V(N)and V(N) N V(N’') =@#. Hence M = N @& N’,
and by Lemma 2.8, there exists a M-idempotent e € R such that N = eM. The converse
is trivial. g

It is proved that a reduced ring R is a Baer ring if and only if Spec(R) is an
extremally disconnected space, see [5]. Now, we generalize this fact to finitely generated
multiplication modules.
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Theorem 2.10. Let M be a finitely generated reduced R-module. The following state-
ments are equivalent:

(1) Spec(M) is an extremally disconnected space.

(2) M is a Baer module.

(3) Every non-zero submodule in M is essential in a summand submodule.
4) M is a CS-module.

Proof.

(1) = (2). Let X be any subset in M. By (1) and Lemma 2.4(3), intV(X) =
D(Ann(X)M) is a clopen subset of Spec(M). Therefore by Lemma 2.9, there exists a
M-idempotent ¢ € R such that D(Ann(X)M) = V(eM). Now Theorem 4 in [13] and
Lemma 2.4(1), (2) implies that

Ann(X)M = v/Ann(X)M = rad Ann(X)M = NV(Ann(X)M)
=ND(eM) = Ann(eM)M = (1 —e)M.

(2) = (3). Let N be a submodule of M. Then by (2), we have
Anmn(N)M = eM = Ann((1 —e)M)M

for some M-idempotent ¢ € R. So Ann(N) = Ann((l — e)M), and hence by Theorem
2.5, N is essential in (1 — e) M.
(3) = (4). Let N be a closed submodule. Then by (3), there exists a M-idempotent
e € R in which N is essential in e M. But since N is closed we must have N = eM.
(4) = (1). We note that (4) immediately implies (2), for if X is a subset of M, then the
submodule N = Ann(X)M is a closed submodule in M. To see this, we let N be essential
in a larger submodule N, and let N” = (N’ : M){X). Now (N’ : M) € Ann(X) implies
that 0 2 N” € N’,and so N" NN # 0. But by Lemma 2.3, NN N C (X)NN =0,
which is impossible. This shows that N = Ann(X)M is a closed submodule and by (4),
there exists a M-idempotent ¢ € R such that N = eM.

Now we assume (2) and we show that for any closed set F, the interior of F is closed.
Since F is closed in Spec(M), then F = V(N), for some submodule N of M. Hence by
(2), there exists e € R in which

Ann(N)M = (1 — e)M, ¢> — e € Ann(M).
Therefore by Lemma 2.4(3), we have
intF =intV(N) = D(Ann(N)M) = D((1 —e)M) = V(eM),

i.e., the interior of F is closed. O

Let B(R) be the set of idempotents in R.1tis wgll-known that B(R) can be made a
Boolean algebra. Also it should be recalled that B(R) is complete if either every subset
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has an infimum or every subset has a supremum. By Theorem 9 in [1] and Theorm 2.10,
we have as follows.

COROLLARY 2.11

Let M be a finitely generated reduced R-module. Then M is a Baer module if and only
if for each x € M, Ann(x)M is a summand submodule and B(R) is a complete Boolean
algebra.

COROLLARY 2.12

Let M be a finitely generated reduced R-module. Then M is a Baer module if and only if
for each x € M, Ann(x)M is a summand submodule and the union of any collection of
clopen subsets of Spec(M) is clopen.

Proof. We note that Spec(M) is homeomorphic to Spec(R); therefore by Corollary 2.11,
it is sufficient to show that the union of any collection of clopen subsets of Spec(R) is
clopen if and only if B(R) is a complete Boolean algebra.

Suppose the union of any collection of clopen subsets of Spec(M) is clopen. Let B =
{e, : A € A} be any subset of B(R). Since V(&,) is a clopen subset of Spec(R), VA € A,
A = U, V(ey) is clopen in Spec(R). So there exists ¢ € R such that A = V(&).
Obviously ¢ is the infimum of B(R). Conversely, let {4, : A € A} be any collection of
clopen sets in Spec(R). Then by Lemma 2.9, there are M-idempotent elements &; € R
such that A, = V(ey). Let e = inf{e, : 1 € A}. We have V(e) = [, Ax. Therefore
Us.e; An is clopen. O

3. Minimal prime submodules

In this section we generalize some results in [11]. We use Min(M) for the spectrum
of minimal prime submodules of M which is a subspace of Spec(M). For each P €
Spec(M), we define nil P = NP’, where P’ ranges over all prime submodules of M
contained in P.

Let p be a prime ideal of R. Then the set

Op ={a € R: Ann(a) £ p}

is an ideal of R contained in p. It is easy to see that \/in = nil p, so if p is a minimal
prime ideal of R, p = m; in particular, p = Oy, when R is reduced, see Proposition
I.1in [11].

Now, we generalize the above concept to multiplication modules.

DEFINITION 3.1

Let P be a p-prime submodule of M. We define
Op={x e M: Ann(x) € p}.

It is easy to see that Op C P.
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We consider that p is the image p in R.

Theorem 3.2. Let P be a p-prime submodule of M.

rad Op = nil P = /OﬁM.

In particular, if M is reduced, thenrad Op = Op.

Proof. Suppose that P’ is a prime submodule of M contained in P. For any x € Op, we
have Ann(x) (P’ : M). Therefore x € P’, and this implies that rad Op < nil P. Also
by Lemma 2.1 and Corollary 1.7 in [3] we have

nil P = (nil p)M =,/ OpM.

Now leta € ,/Op and I = (Op : M). Then Ann(a" M) £ p. This implies that a € V1.
Thus by Lemma 1 in [13] we have

[OpM S VIM C rad IM = rad Op,

and this completes the proof of the first part. B
For the second part, suppose that M is a reduced module. Then R = R/Ann(M) is a
reduced ring, and this implies that ,/Op = Op. Now we have

rad Op = ‘/OﬁM = OI_JM C Op.

COROLLARY 3.3

Let P be a submodule of M. Then P is a minimal prime submodule of M if and only if
P =rad Op. In particular, if M is reduced, then P is a minimal prime submodule of M
ifand only if P = Op.

DEFINITION 3.4
An element x € M is called quasi-regular if Ann(x) = Ann(M); and it is called
non-quasi-regular if Ann(x) # Ann(M).

We denote E; (M) for the injective envelope of M as R-module.

Theorem 3.5. Let M be reduced and let {Py}yecn be the set of pa-minimal prime
submodules of M.

(1) My, is a simple R-module, and injective R-module.
(2) Ez(M) is a direct summand of Tlyen My, .
(3) Uyen Py is the set of all non-quasi-regular elements of M.
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Proof.

(1) By the previous corollary, Py, = 0, for any A € A. On the other hand, by Proposition
Lin [10], Py, is the only prime submodule of My, . So My, is a simple R-module. By
Proposition 1.1 in [11], Ry, is a field. Hence My, is an injective R-module.

(2) It follows from (1) that ITyep My, is an injective R-module; and that the canoni-
cal map M — Il My, has kernel equal to ﬂkeA P, = 0, and hence is a mono-
morphism. Thus the canonical map extends to a monomorphism

ER(M) —_—> HAEAMp)L-

(3) It follows from Corollary 3.3 that every element of (_J, ., P is a non-quasi-regular in
M. Conversely, let x be a non-quasi-regular in M. Since (), ., P = Ann(M), there
exists p,/ such that Ann(x) € p, and hence x € P,’. g

Theorem 3.6. Let M be reduced, and let N be a finitely generated submodule of M. Then
N is contained in a minimal prime submodule of M if and only if Ann(M) & Ann(N).

Proof. Let N = Rx; + --- + Rx,. Suppose that N € P, a p-minimal prime submodule
of M. So by Corollary 3.3, there exist elements ; € R\ p such that r;x; = 0 for all
1<i<n.Letr =rirp...r,. Then we have

r € Ann(N)\p € Ann(N)\ Ann(M).

Conversely, suppose that Ann(M) & Ann(N). Since M is reduced, there exists a minimal
prime ideal p € V(Ann(M)) such that Ann(N) & p. Therefore pM is a p-minimal prime
submodule of M and we have N C pM. O

DEFINITION 3.7

An R-module M is said to be a von-Neumann regular module (V N M) if every cyclic
submodule of M is a summand submodule of M, see page 105 of [8].

Theorem 3.8. Let M be finitely generated. Then M is a VN M if and only if M is reduced
and every prime submodule of M is minimal. In this case every submodule of M is an
intersection of prime submodule of M.

Proof. Assume that M isa VNM.Let N be a submodule of M and x € rad N. By Lemma
2.8 there exists a M-idempotent e € R such that Rx = eM. Hence by Theorem 4 in [13],
eM C rad N = /(N : M)M. Therefore Result 2 in [13] implies that e € /(N : M).
Consequently, e € (N : M), for some n > 0. Therefore x € eM = e"M < N, showing
that N = rad N. In particular, taking N = 0, we see that M is reduced. Now let N be a
prime submodule of M. Then 1 — e € Ann(x)\ (N : M). Hence by Corollary 3.3, N is a
minimal prime submodule of M.

Conversely, suppose that M is reduced and every prime submodule of M is minimal.
Let0 # x € M and I = Ann(x). Now by Lemma 2.2(1), Rx N IM = 0 and Ann(Rx +
IM) = Ann(M). Also by Theorem 3.6, Rx + I M is not contained in any minimal prime
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submodule of M. Therefore Rx + IM = M. Hence Rx is a direct summand of M, and
hence M isa VNM. O

Lemma 3.9 (Chinese remainder theorem). Let M be finitely generated, and let N1, ..., N,
be a finite set of (non-trivial) submodules of M. If N; + N; = M whenever i # j, then

M/ON; ~M/N; @ - ® M/N,.

Proof. For a start, we define a mapping f : M — M/N1&---®&M/N, by f(x) = (x+
Ny, ..., x + N,). The reader can painlessly supply a proof that f is a R-homomorphism
with ker f = NN;. Our problem is to show that f is onto. Put I; = (N; : M) fori =
1, ..., n. Fix the index j for the moment. Using the fact that M = N; + N; = (; +1;)M
when i # j, there exist elements a; € I; and a; € I; with a; +a; = 1 (mod Ann(M)).
This ensures that the product

ri =ayay...a;—1aj41...4, € mi#j I,'.
Now, pick arbitrary elements x; € M (i = 1, ..., n); our contention is that

f(x) = (xl + N19 ceey xn + Nn)v
where x = )" r;x;. To see this, observe that we may write x + N j as

x+N;= Z(l’,’xi +Nj) + (rij +Nj) =rjxj + Nj.

i#]

Butrjx; + Nj = x; + N;, and the proof is complete. ]

DEFINITION 3.10

Let M be an R-module. An element r € R is called a zero divisor on M, if rm = 0, for
some 0 #% m € M. We denote the set of zero divisors on M by Z(M); in fact

Z(M)={re R: rm =0, forsome 0 #m € M}.

Remark. It is well-known that in a reduced ring R, Z(R) = Up, where p varies over
Min(R), see Corollary 2.4 in [7]. This fact is generalizable for multiplication modules.
Let M be a finitely generated reduced multiplication R-module. Then

Z(M) = U{p € min(R) : Ann(M) C p}.

To see this, let r € Z(M). Then there exists P € min(M) and m € M \ P such that
rm = 0. Hence r € p = (P : M) € min(R). Conversely, suppose that p € min(R),
Ann(M) C p and r € p. By Theorem 3.6, there exists ' € Ann(r M)\ Ann(M). Thus
r'm # 0, for some m € M. This implies that r(r'm) = 0, i.e., r € Z(M). We now have

Z(M) =U{p e min(R) : p emin(R)} ={r e R: 7 € Z(R)}.
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Let S be the set of non-zero divisors on M, i.e., S = R\Z(M), Obviously, S is a
multiplicative closed subset of R. We call S~! M the total quotient module of M, and we
denote it by T(M). This is a generalization of total quotient rings, see [7].

Theorem 3.11. Let M be finitely generated, and let { Py, Ps, ..., P,} be a finite set of
distinct minimal prime submodules of M. Let S = R\ U!_,p;, where p; = (P; : M); then

STIM =~ My, & & M,,.

Proof. {S_1 Py, ..., s-! P, } is the set of all prime submodules of S~1M, and each of them
is both maximal and minimal in $~! M. Moreover (S’] M)p, = My, , foreach 1 <i <n.
Thus without loss of generality, we can assume that { Py, P», ..., P,} is the set of all prime
submodules of M, and each of them is both maximal and minimal in M. Clearly, for any
1 <i <n,M/Op, = Mpy,, and by Theorem 3.2, P; is the only prime submodule of M
containing Op,. Therefore Op, + O P, =M, i # j. The annihilator of an element of
M!_, Op is not contained in any maximal submodule of M and thus N!_, Op, = 0. Hence
by Lemma 3.9,

M=M/Op & - ®M/Op, =My, & M,,.
O

Theorem 3.12. Let M be a finitely generated reduced R-module with a finite number of
minimal prime submodules of { Py, Pa, ..., P,}. Let S = R\U}_,p;, where p; = (P; : M);
then T(M) = My, @ --- ® My, >~ Ez(M). Hence T(M) is an injective VN M (in fact a
semi-simple module), and E 5 (M) is a flat R-module.

Proof. By Theorem 3.11, T(M) = My, @ --- & My, . Thus by Theorem 3.5, My, is a

simple module, and T(M) is an injective R-module. Since T(M) is an essential extension
of M, we have T(M) = Ez(M). Il

Theorem 3.13. Let M be a finitely generated reduced R-module. If M is an injective R-
module, then M is a VN M. In this case if N is any submodule of M, I = Ann(N) and
N' =1IM, then M =E(N)® N'.

Proof. By Lemma 2.2(1), N N N’ = 0; in addition we claim that N @ N’ € M is an
essential extension. Because, if N” is a non-zero submodule of M, then N” = JM for
some ideal J of R. So J(N @ N') € JM = N”. Now by Lemma 2.2(2), N" N (N &
N’) #£ 0. Thus M = E(M) = E(N ® N') = E(N) @ E(N'). Now (E(N’) : M\)N C
E(N) NE(N’) =0, and thus E(N') € N’.Hence N’ = E(N'),and M = E(N) & N'.

Now suppose that N = Rx, x € M. Then by the preceding paragraph and Lemma 2.8,
we have N’ = eM, for some M-idempotent ¢ € R; and hence Rx € E(Rx) = (1 —e)M.
Now for any y € M we have

Il—e)yyeIMN(l—e)M=eMN({1 —e)M =0.
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This implies that / = Ann(x) € Ann((1 — e)y). Hence there is an R-homomorphism f :
Rx — R(1 —e)y with f(rx) =r(l —e)y,forall r € R. Since M is injective, f extends
to an R-homomorphism from M to M. On the other hand, by hypothesis N = JM for
some ideal J of R. Therefore x = Z?:l a; x; for some a; € J and x; € M. Thus we have

n

(I-ey=f@) =) aifx)eIM=N.

i=1

This implies that (1 —e)M € Rx, and so Rx = (1 —e)M. Thus Rx is a direct summand
of M and hence M isa VNM. 0
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