Proc. Indian Acad. Sci. (Math. Sci.) Vol. 121, No. 1, February 2011, pp. 19-26.
© Indian Academy of Sciences

Projective normality of Weyl group quotients

S S KANNAN and S K PATTANAYAK

Chennai Mathematical Institute, Plot H1, SIPCOT IT Park, Padur Post Office,
Siruseri 603 103, India
E-mail: kannan @cmi.ac.in; santosh@cmi.ac.in

MS received 30 July 2010; revised 8 October 2010

Abstract. In this note, we prove that for the standard representation Vof the Weyl
group W of a semi-simple algebraic group of type A,, By, C, Dy, F4 and Gy over C,
the projective variety P(V™)/W is projectively normal with respect to the descent of

(9(1)®|W‘, where V™ denote the direct sum of m copies of V.
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1. Introduction

Let G be a semi-simple algebraic group over C and W the corresponding Weyl group. Let
V be the standard representation of W. By Noether’s theorem the C-algebra of invariants
C[v™W is finitely generated (see [14]), where V" denote the direct sum of m copies
of V. Itis an interesting problem to study the quotient varieties V" /W = Spec(C[V""]V)
and P(V™)/ W (see [12] and [13]). Also, Yx € P(V'™), the isotropy W, acts trivially on
the fiber of the line bundle O(l)@"W‘ at x. Hence, by Proposition 4.2, p. 83 of [10], the
line bundle O(1)®W! descends to the quotient P(V™)/ W, where O(1) denotes the ample
generator of the Picard group of P(V™). We denote it by £. On the other hand, V"/ W is
normal. So, it is a natural question to ask if P(V"")/ W is projectively normal with respect
to the line bundle £. In [9] it is shown that the projective variety P(V")/ W is projectively
normal with respect to the line bundle £ for m = 1. In this paper we show that P(V"™")/ W
is projectively normal with respect to the line bundle £ for any m. At the end of the paper,
we give a counter example showing that the result does not hold for symmetric groups
over a field of positive characteristic.

The layout of the paper is as follows: Section 2 consists of preliminary notations and
definitions. Section 3 consists of the main theorem, a corollary and a counter example.

2. Preliminary notations and definitions

Let G be a semi-simple algebraic group of rank n over C. Let T' be a maximal torus of
G. Let Ng(T) be the normalizer of T in G and let W = Ng(T)/T be the Weyl group of
G with respect to 7. Consider the standard representation V = Lie(7") of W. For every
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integer m > 1, the group W acts on the algebra C[V"] of polynomial functions on the
direct sum V" :=V @ --- @ V of m copies of V via the diagonal action

Wf) 1,y vm) = fw v, w ), feCIVT, we W.

If m = 1, then the algebra C[V]" of invariants in one vector variable is generated by
n algebraic independent homogeneous invariants fi, f», ..., f, of degreesd;, da, ..., d,
respectively such that [[7_, d; = |W| by a theorem of Chevalley—Serre—Shephard-Todd
(see [1,8,16,17]). We will refer to such a system of generators of C[VIV as a system of
basic invariants. Explicit systems of basic invariants are known for each type of irreducible
Weyl groups W (see [11]). For the definition of root systems and Weyl groups we refer to [5].

Although a system of generators for C[V™]" is not given independent of the Weyl
group W, the classical approach to find a system of generators for C[V™]% is by the
method of polarization. For type A, by a theorem of Hermann Weyl (see [19]), the alge-
bra C[V™]5 is generated by polarizations of the elementary symmetric polynomials. For
the Weyl groups of types B, C,, and G», the algebra C[V"]" is generated by polariza-
tions of the basic invariants (see p. 811 of [18]). However Wallach [18] showed that the
polarizations of the basic invariants do not generate C[V"*]1% for type D, and for m > 2.

Now we will recall the definition of polarizations of a polynomial from p. 5 of [19].

Let f € C[V]Y be a homogeneous polynomial of degree d. For vy, va, ..., v, € V and
11, t, ..., ty are indeterminates, we consider the function f(3_; #;v;). Then
f(Zt,»vi) = P Sfelor,.. v, e
i ac(ZH)m, |a|=d

where f,, € C[V"]" are multihomogeneous of the indicated degree . Here for o =
(a1, az,...,an) € (ZT)", we have t% = t4 ... t% and |a| = ay + - - - + a,,. We call the
polynomials f,, the polarizations of f.

Polarizations of a polynomial can also be defined in terms of some linear differential
operators called the polarization operators. Choosing a basis for V' and writing v; =
(xi1, ..., xin) we define

The operators D;;’s are called polarization operators. They commute with the action of
W on C[V"™] and applying successively operators D;; (i > j)to f € C[V1Y we obtain
precisely (up to a constant) the polarizations of f in any number of variables.

Before ending this section we will recall the following.

Let G be a finite group and V be a finite dimensional, faithful representation of G
over an algebraically closed field of characteristic not dividing |G|. Let O(1) denote the
ample generator of the Picard group of P(V). Let £ denote the descent of the line bundle
O(1)®16! to the quotient P(V)/G.

We recall the following definition of projective normality of a polarized variety (X, £)
from Exercise 5.14, Chapter II of [4].

A polarized variety (X, £) where L is a very ample line bundle is said to be projectively
normal if its homogeneous coordinate ring ®,cz., H O(X, £L®") is integrally closed and it

is generated as a C-algebra by H(X, £).
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The polarized variety (P(V)/G, L) is
. G
Proj( ®nez., (H'(P(V), O(1)#"1)))

= Proj( ®,ez., (Sym"'Gl(V*))G).

For a reference, see Theorem 3.14, p. 76 of [12].

Now we will state a combinatorial lemma which can be applied to prove our main
theorem.

Letd = (dy,d>,...,d;) € N and N = (]_[f:1 d;). Consider the semigroup My =
{(my,ma,....m)eZ’: Zle m;d; = O0mod N} and the set Sy = {(m1,m2, ..., m;) €
ZrzO . Z;=1 m,-d,- = N}

Lemma 2.1. My is generated by Sy ford € N'.
Proof. See Lemma 2.1 of [9]. O

3. Main theorem
In this section we will prove our main theorem.

Theorem 3.1. Let G be a semi-simple algebraic group of type A,, By, Cn, Dy, F4 or
G». Let W denote the corresponding Weyl group. Let V be the standard representation of
W. Then (V™)) W is projectively normal with respect to the line bundle O(1)®!W!,

Proof. By a theorem of Chevalley—Serre—Shephard-Todd (see [1,8,16,17]), the C-algebra
CIV1Y = (Sym(V*)W is a polynomial ring C[fi, f>, ..., f,] with each f; being a
homogeneous polynomial of degree d; and [['_, d; = |W|.

Let R := ®,>0R,; where R, = (Sym?WlymW Since the C-algebra R is integrally
closed, so to prove our claim, it is enough to prove that it is generated by R;. We prove
this dealing case by case.

Type A,, By, C,. We first note that the Weyl groups of type B, and C, are the same,
and the root systems are dual to each other. Hence, the standard representation V for B,
and the standard representation V' for C,, are also the same. So, here we need to deal with
cases A, and B, only.

For the diagonal action of the Weyl group on V™, in type A, by Weyl (see pp. 36-39
of [19]) and in type B, by a theorem of Wallach (see p. 811 of [18]), the algebra crvmw
is generated by polarizations of the system of basic invariants fi, f2, ..., fa-

Foreachi € {1,2,...,n}, let{f;; : j = 1,2,...,a;} denote the polarizations of f;
where a; is a positive integer. Since the polarization operators Djj = » ;_, xik%ﬂ do
not change the total degree of the original polynomial, we have

degree of f;; =degreeof f; =d;, VYV j=1,2,...,qa;. 2)

Let us take an invariant polynomial f € (SqulWl(V’”))W, where g > 1. Since fi;’s
generate C[V""]W without loss of generality we can assume f is a monomial of the form

[T T, £
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mij

Since f =[], ]_[(]1’:] £ e (Sym?WI(vm)) W we have

n aj n
DY mijdi = qIW|=q (]‘[m) .
i=1

i=1 j=1

Let m; = Zjl:l mjj. Then we have /| m;di=q([]7_, di), and hence (my, ma, ...,

my) is in the semigroup My = {(my, ma, ..., m,) € Z_;: Y i _ mjd; = Omod N}.

By Lemma 2.1, the semigroup My is generated by the set Sqa ={(my,ma,...,my,) €
ZL, - Yoimimid; = []i_; di}. So there exists (m|,m},...,m)) € Z", such that for
each i,

r n
m; <m; and E mid; = Hd,-.
i=1 i=1

a

]izl m;jj, for each i and j there exists m;j < mj; such that

Again, since m; < m; =)
aj
’r_ ’
m; = E m;.
Jj=1

Then g = []/_, ]_[j’=1 fl.r;"j is W-invariant and is in (Sym!"I(v™)V.

Let f/ = %. Then f’ € (Sym@—DIWI(ym))W and so by induction on ¢, f’ is in the
subalgebra generated by (Sym!"!(v™)W.

Hence f = g - f’ is in the subalgebra generated by (Sym!"!(v™)W.

Type D,. Before proving the theorem for this case, let us recall the action of the Weyl
group of type B, and D, on the euclidean space R”. Let W and W’ denote the Weyl
group of type D, and B, respectively. Then W’ acts on x = (x1,x2,...,x,) € R" by
permutation of x1, x3, ..., X, and the sign changes x; — —x; and the group W acts on x
by permuting the coordinates and changes an even number of signs. Then it is clear that
the group W’ is generated by the group W and a reflection o defined by

o(X1, X2, ..o, Xn—1, Xp) = (X1, X2, ..., Xp—1, —Xn).

From [6] we can take the polynomials
n
fi =Zx,%’, i=1,2,...,n—1
k=1

and
fa=Xx1-X2...%,

for the basic invariants of C[V]V.
For C[V]"" we can take the basic invariants of the polynomials as

n
f,-:Zx,?i, i=1,2,....n—1
k=1
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and

/ n 2n
= X, .
a Zkzl k

For odd r > 1, define the operator
n
)
P = X5, ——,

where x1x, xo¢ are standard coordinates of R?". The operator P, commutes with the
diagonal action of W and W’ on C[V?] and preserves C[V?]"V.

Now by [7] and [17] the algebra C [(v31V is generated by the polarizations of the basic
invariants fi, f2, ..., f, and the polynomials

1
Py ... Py (fn) <r,-31 odd, » ri 5n—l>.
i=1

Note that the degree of the polynomial P,.(f;) is n + r — 1 and so the degrees of the
polynomials Py, ... P, (f,), (ri =1 odd, Zle ri <n—1)are

n+r+r+---+r)—1<2n-2.

So C[V?2]" is generated by homogeneous polynomials of degree < 2n — 2.
Now we will prove the theorem for type D, by dealing with two cases.

Case 1. nis even. In this case note that the degrees of the basic invariants fi, f2, ..., fu
are all even. So the degrees of the polynomials P, ... P, (f,), (r; = 1 odd, Zf: 17 <
n — [) are all even. Since the polarizations of the basic invariants have the same degrees
as the basic invariants, we conclude that in this case the algebra C[V?]" is generated by
homogeneous polynomials of even degrees less than or equal to 2n — 2.

Now for m > 2, by Theorem 3.4 of [7], the algebra CvmW is generated by the
polarizations of the generators of C[V2]". Again since the polarization operators do not
change the degree of the original polynomial we conclude that the algebra C[V™]W is
generated by homogeneous polynomials of even degrees, same as the degrees of the basic
invariants. So in this case we can employ the same proof as in the case of type A, By
and C,,.

Case 2. nisodd. In this case since the degree of the basic invariant f;, is odd and r;’s are
all odd, we have degrees of all the polynomials P, ... P, (f,;), (r; > 1 odd, Zi:l ri <
n —[) are odd.

Again, since for m > 2, the algebra C[V"]" is generated by the polarizations of
the generators of C[V2]W, among the generators of C[V"]V we have some odd degree
invariants as well which are not necessarily having the same degrees as the degree

of f.

Now, let us take one odd degree invariant f € C[V™V and write
_ S0 fHo)
f= 2 + 2
where o is the reflection (x1,x2,...,x,-1,%,) — (x1,X2,...,Xy—1, —X,) defined

before.
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Since W is a normal subgroup of the Weyl group W' of type B, and W’ is generated
by W and o, we have

fHo())
=3

Again, since f is homogeneous of odd degree, the degree o is odd and hence

w is equal to O since crvmW s generated by polarizations of the basic invariants

i, fas oo os fu—1. f, which are all of even degrees. Hence, for an odd degree invariant
f e C[v™"Y, we have

o(f)=—F.

So for any W-invariant polynomials f and g of odd degrees we have o (f - g) = fg

and hence we conclude that f2, g? and fg are in crvmv.
Now let us take a typical invariant monomial

o w
£=\TITT A" | #ins . ng e (syma™ivm)

i j=l

where f;;’s € C[V™W are the even degree invariants of degrees di,da, ..., d,—1
obtained by taking the polarizations of the even degree generators of C[V2]W and h;’s €
C[V™" are the odd degree invariants obtained by taking the polarizations of the odd
degree generators of C[V?]".

Again since hl2 and h; - hj are in crvmv, they are polynomials in f;;’s and the
polarizations of the even degree basic invariant f;. So we may assume that le _Li=0
or 1.

Suppose Y7, l; = 1, then f is of the form

f — Hl_l[ fifjﬁij “h e (C[Vm]W,

i j=I

where £ is of odd degree, say ¢. So we have

aj
DO mijdi+t=q-|W|.
j=1

i

This is not possible since d;’s are all even and |W]| is even. So we conclude that
P, li = 0and hence f is of the form g|"' g5 ... g/"" where g;’s are all of even degrees
less than or equal to 2. So in this case we can proceed the proof as in the case of Type

Ay, B, and C,,.

Type Fy and G,. Since the cardinality of the Weyl group of Type G, is 12 = 22 - 3
and the cardinality of the Weyl group of Type Fy is 1152 = 27 - 32, by Burnside’s p?g”
theorem (see p. 247 of [15]), they are solvable. Hence the result is true for each case by
Proposition 1.1 of [9]. O
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We deduce the following result of Chu-Hu-Kang [2] as a consequence of Theorem 3.1.
COROLLARY 3.2

Let G be a finite group of order n and U be any finite dimensional representation of G
over C. Let L denote the descent of O(1)®™. Then P(U)/G is projectively normal with
respect to L.

Proof. Let G = {g1, g2,...,&n} and let {uy, us, ..., ur} be a basis of U. Let V be the
natural representation of the permutation group S,. Let {x1, x2, ..., x,} be a basis of V;
then the set {x{1, ..., Xnl,..., X1k, ..., Xnk} 1S a basis of vk,

Consider the Cayley embedding G — S, g — (g; := gg&i)- Then

n: Sym(V¥) — Sym(U), i+ gi(ur)

is a G-equivariant and degree preserving algebra epimorphism.
Now we will use Noether’s original argument (see p. 2 of [14]) to show that the
restriction map

n: Sym(Vk)S" — Sym(U)°

is surjective. For any f = f(uy,...,ux) € Sym(U)G, we define

1
fh= ;(f(XU, X12, - X1k A - A F(Knls X2 -+ X)) € Sym(VE)Se,

Then we have

1
(" = ;(f(gl(ul), g1(u2), ..., g1(up)) + - -
+ f(gn(ul)» gn(u2)’ LR ] gl’l(uk)))
1
=;(glf(ul,uz,.--,uk)-i-'“+gnf('41,u2,.--,uk))=f~

Hence, 77(f’) = f and 7 is surjective. So the corollary follows from Theorem 3.1. [

A counter example. Let F be a field of characteristic p # 2 and V be the natu-
ral representation of the permutation group G = Sps,s > 2 over F. Consider U =
VeV@---@®V.Then by Theorem 4.7 of [3] we have

— ——

(p*)! copies
BWU, G) = max{p*, (pH!(p* — D} = (pHI(p’ = 1),

where §(U, G) denote the Noether number, which can be defined as the minimal num-
ber ¢, such that the algebra Sym(U*)® of invariants can be generated by finitely many
elements of degree at most 7.

So there exists a homogeneous polynomial f € (SymdU G d = (p*)!(p®—1) which
is not in the subalgebra generated by (Sym”U*)%; m < (d — 1).

Hence, f € Rps—1) = (Sym”’ ~DIGIy*)G byt not in the subalgebra generated by
Ri = (Sym/®!U*)C . Thus, projective normality does not hold in this case.
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Remark 1. We could not find any reference for the generators of C[V™] for type
E¢, E7, Eg. We are now working on it. Due to time constraint, we will write it in the
future work.

Remark 2. We believe that from Theorem 3.1, we will be able to prove the projective
normality result for any finite dimensional representation of any Weyl group. We are
working on this problem.

Remark 3. In general one can ask the following question: Let H be a finite subgroup of
GL(V) generated by pseudo reflections and let £ denote the descent of the line bundle
O(1)®H1 15 the polarized variety (P(V")/H, L) projectively normal?
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