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Abstract.  Consider an irreducible, admissible representation 7 of GL(2,F) whose
restriction to GL(2,F) ™ breaks up as a sum of two irreducible representations 4 +_.
If 7 = ry, the Weil representation of GL(2,F) attached to a character § of K* does not
factor through the norm map from K to F, then x € K* with (X'971)|F* = WK/F
occurs in rg 4 if and only if 6(9)(_1, Yo) = 6(5)(_1, Yp) = 1 and in rg _ if and only
if both the epsilon factors are —1. But given a conductor n, can we say precisely how
many such x will appear in 7 ? We calculate the number of such characters at each given
conductor # in this work.
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1. Introduction

Let F be a nonarchimedean local field of characteristic not two and K a separable
quadratic extension. Then if K = F(xo) with xo an element of K* whose trace to F is 0
we have an embedding of K* into GL(2,F’) given by

a bx?
0
a+bxol—>|:b B :|

Let GL(2,F)™ be the subgroup of index 2 in GL(2,F) consisting of those matrices
whose determinant is in Ng,r (K *) where Ng /F is the usual norm map from K to F.
In [4], Prasad considered irreducible, admissible representations = of GL(2,F) whose
restriction to GL(2,F)™ breaks up as a sum of two irreducible representations 7, + 7_.
There he gave a characterization of characters x of K* occurring in the restriction of 7 to
K*. It is immediate that if a character x occurs in such a restriction then yx | 7+ must be the
central character of . Hence if  is supercuspidal then w = ry, the Weil representation of
GL(2,F) attached to a character 6 of K* which does not factor through the norm map from
K to F. He showed that x occurs in rg, if and only if e@x " vo) =€e@x ", o) =1
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and in r_ if and only if both the epsilon factors are —1 (6 is the Galois conjugate of ).
What he proved exactly is the following:

Theorem 1.1. Let rg be an irreducible admissible representation of GL(2, F) associated
to a regular character 6 of K*. Fix embeddings of K* in GL(2, F)™ and in D** ¢, and
choose a nontrivial additive character W of F, and an element xq of K* with tr(xg) = 0.
Then the representation rg of GL(2, F) decomposes as rg = rg4 @ ro_ when restricted
to GL(2, F)* and the representation ry’ of D* decomposes as ry' = ro/. @ ro’_ when
restricted to D** ., such that for a character x of K* with (x-0~")|p+ = WK/Fs X
appears in rg if and only ife@x ', o) =€e@x ™', vo) = 1, x appears in rg_ if and
only ife®x =", Yo) = €@x ', o) = —1, x appears inrg’, if and only if (®x ", o) =
Land e @x~ ", vo) = —1, and x appears in ry'_ if and only if e(@x ™", Yo) = —1 and
€@x ' vo) = L.

Here D7, is the unique quarternion division algebra over F. This result was proved only
in the odd residue characteristic case in [4]. Proof in the even residue characteristic case
appeared independently in [5] and [3].

We have, by definition of central character, 6|+ = w,,@ where w,, is the central
character of rg and @ = wg,r. Since 0| p+ # wy, the character 6 cannot occur in rg|g+.
A necessary condition for a character A of K* to occur in rg|g+ is that its restriction to
F* should be equal to the central character w,,. The question we would like to ask at this
point is whether 6 twisted by some character A of K* can occur in ry with A|px = w. Note
that such a twist satisfies the said necessary condition. Making it more precise, it means,
whether there exist some A such that A6 occurs in rg|g+. We prove some results which
give an affirmative answer to this question. In fact, we try to count at each conductor level
precisely how many characters occur in rg and rg_. It is not really surprising to see
that the necessary condition is not sufficient to guarantee the occurrence of a character.
Our computations on the local e-factors are sometimes long, but by no means they are
complicated. We feel that we have performed all kinds of computations possible using the
e-factors of characters. Lending the words of Tunnell [7] the results here in this exposition
are presented as an ‘entertainment’. The main results in the exposition are in the last two
sections.

2. Notations

Our notations are consistent with those used in [3] more or less because we depend heavily
on not only the results in [3], but also the computations performed there.

Throughout this paper F will be a nonarchimedian local field of characteristic # 2
and K a quadratic extension of F. The image of x € K under the nontrivial element
of the Galois group of K over F is denoted by X. For a local field F, O will be the
ring of integers in F, Pr = mr OF the unique prime ideal in O and 7w a uniformizer,
i.e., an element in Pr whose valuation is one, i.e., vr(rr) = 1. The cardinality of the
residue field of F is denoted by ¢ and Ur = OF — P is the group of units in Of. Let
P} ={x € F:vp(x) > i}and fori > 0 define UL = 1 + P;? (with the proviso that
Ul = Up).

Conductor of an additive character ¥ of F or K is n(y) if ¥ is trivial on P~ but
nontrivial on P ")~ Fix an additive character ¥ of F of conductor zero (with no loss
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of generality, as in [3]) and let ¢ = Yo trg,;r where trg,F or simply ‘tr’ is the trace
map from K to F. By Nk, or simply N we mean the norm map from K to F" and by
dgF or simply d the differential exponent of K over F' which is such that tr P dcop
but trPI;d_1 Z Op. The conductor of ¥k is d. For a character x of F* or K* by a(x)
we mean the conductor of x, i.e., a(x) is the smallest integer n > 0 such that x is trivial
on U". We say that x is unramified if a(y) is zero. Also, if x| and x; are two characters
of F then a(x1x2) < max(a(x1), a(x2)). Equality holds if a(x1) # a(x2). Furthermore,
a(x) =alx™").

A character 6 of K* is regular if it does not factor through the norm map from K to
F. This guarantees that 6 # 6. The F-valuation of 2, v F(2), will always be denoted by
t. Therefore, 2 = n;u, u € Urp. By xo we will always denote a nonzero element of K
with trace 0. Define ¥ by ¥o(x) = ¥ (trf[—xxo/2]) for x € K. Then 1 is an additive
character of K trivial on F.

If G is a locally compact abelian group by G we mean the group of characters of G.
Denote by wkF, or simply  the character of F* associated to K by class field theory,
i.e., it is the unique nontrivial character of F*/N(K™).

If X is a finite set, by | X| we will mean the number of elements in X.

3. Some useful results

Deligne [1] described how the epsilon factor changes under twisting by a character of
small conductor in the theorem:

Theorem 3.1. Let «, B be two characters of a local field F such that a(a) > 2a(B). Let
Vo be an element of F* such that a(1 + x) = ¥ (yux) for vp(x) > “(2—“) (ifa() =0, let

Yo =7""). Then (@B, v) = B~ (yw)e (@, ).
Note that vp(yy) = —a(a) — n(y).
From [3] we have

Lemma 3.2. Ifa(x) > 2a(®), x|r+ = w, then

€(x. Y0) = d(—x0/2)0 ' (vy), (1)
where X~(Z)_1(1 +x) = WK(YX@*IX)'

Here y, is as in Theorem 3.1.
The main theorem in [3] states the following:

Theorem 3.3. Let K be a separable quadratic extension of a local field F of charac-
teristic not two. Let W be a nontrivial additive character of F, and xy € K* such that
tr(xo) = 0. Define an additive character Yoy of K by yro(x) = W (tr[—xx0/2]). Then

e(w W)—w <xz:§°> _ § :
@ 2 X€ES
XX F*
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x € K* — F* where as is usual, the summation on the right is by partial sums over all
characters of K* of conductor < n.

We have the following result obtained by combining Corollary 7.2 and the calculations
given at the end of §7 in [3].

Theorem 3.4. Letx =1+ JTIr:_lrer’ where x' € Ur. Then

_qr—l, ifm=20
0, ifm=1,2,...
Yoo xn= andm #d —1
X€ SQ2r+2m) o(—e(w, 1//)(()(*0—’701), ifm=d—1
x-02|2
XX F*
and
_qr_l’ lf‘m = 0
0, ifm=1,2,...
Z £ ) = and m #d — 1
x'€ S 2r+2m) —w(—e(w, w)w(‘o—’f()l)’ ifm=d-—1.
«-%0%|2
XX F*

Note that Namboothiri and Tandon [3] defined S to be the set {x € K* : x|r+ = o,
€(x, Vo) = 1} and S(I) = {} € S : a(x) = I}, analogously defined as S’ and S’(I) with
the property that €(x, ¥9) = —1. For computational convenience, we slightly changed
our definition of S to denote the set {x € K* : xlpe=w,e(x~ ", Yo) = 1} and S(I) =
{x € S : a(x) = l}. Analogously, we redefined S’ and S’(I). Because of this change
in notations, we have an extra term w(—1) in the above version compared to the one
appeared in [3]. This is due to the fact that xx = 1 since their restriction to F* is w and
SO e(x_l, Yo) = w(—=1)e(x, ¥o). We define S; = S(1) U S'(1).

When K/F is ramified, the following result can be verified trivially by applying
Lemma 5.1 in [3].

Lemma 3.5. Let x € F* and Y a nontrivial character of (F, +).

(D) Ifn < a(x) +n(y), then

Z x Ty (n;"u) =0.

Up

ue
a(x)
Up

) Ifn > a(x) +n(), then

Z x Ly (mp"u) =0.
ue gk

We also have the following theorem from [3].
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Theorem 3.6. |S(1)| = |S'(1)| for each feasible |, that is when |l = 2d — 1 or ] = 2 f with
f=d.

We use Theorem 1.1 to determine whether x € S is such that x6 occurs in rg or
rg_. By this theorem, x6 occurs in rgy if and only if e@(x) ™, vo) = e(x ™", o) =
1=e@x0) ", vo) = e(x "5, v0) and x0 occurs in rg_ if and only if € (x ™!, Yo) =

-1 = e()(’1 g, wo). Note that a character y6 can occur in ry if and only if it occurs in
either rp orin ry_. Also, if x € S(I) for some / then x6 can occur in ry if and only if
it occurs in rg 4. Furthermore if x € S(I), then x6 cannot occur in rg_ since for that x,
€( X_l, Yo) = +1. Since its multiplicity cannot exceed 1 in rg, itis soin g and rg_.

Now we are ready to start our counting. We divide the proof mainly into two cases:
K /F ramified and K /F unramified.

4. Counting the twists when K/ F is ramified

It is known (see, for instance, §3 of [2]) that if d is odd then d = 2¢ + 1 and there exists

a uniformizer, denoted by g such that tr 7xg = 0. Let xo = mk. In this case 7112( is a
uniformizer of F which we denote by nr and Nmg = —np. If d is even (which can only

happen if the residue characteristic is 2), then Og = OFf[7wk] where 7wk is a uniformizer
of K which satisfies the Eisenstein polynomial X* — u’ 7p X — wp with s < . Again
Nng = —np.Inthiscased = 2s and mg = ”2“ (1+x0) where xq is a unit of trace 0. We
note that n (1) is equal to 2 if d is odd and 2(s — ¢) if d is even. So n () is always even.
Note also that if x|p+ = w, then ‘1(\)() is either 2d — 1 or it is even, say 2 f, with f > d.

We know that (see [3]) if x € F* and v is a nontrivial additive character of F', then

(LY = x(g O Y 1T v /e, 3)
yE%

where vr(c) = a(x) + n(y¥). In particular, since a(w) = d and we have chosen v such
that n(yy) = 0 we have

e V) =o(Th)g " > 0@ (ry). )

U
ye b
UF

This expression is obtained by normalizing the Haar measure given in the expression for
e-factor in [6] such that the volume of OF is 1.
To start off, we have the following simple lemma.

Lemma 4.1. For a regular character 6 of K*, a(%) is always even.

2r
Proof. Suppose a(%) = 2r + 1, r > 0. Then it has to be nontrivial on % But %(1 +
K

0(1+rha)
5(1+n}a)

Tpa) = = 1, where a € F; which is a contradiction. O
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4.1 Twist by characters of odd conductor

We reserve the symbols @ and @k to denote elements of Syq 1.

Lemma 4.2. If% = (—1)YK, then no @0 can occur in ry.

Proof. By Theorem 1.1, @@ can occur in rg_ if and only 1fe(g&)_ ,Y0) = €@ ' o) =
—1.

1 and in ry_ if and only if e( > o) = €@ Yo) = Since g unramified, we
have

0 0 -
€ <—d)l, wo) — 5(771()‘1(&) I)Jrn(gﬁ())e(d')fl, WO)

= g(m”—‘ (@', o) (since n (o) even)

= —€e(@ ", ¥o)

which shows that e (@~ !, ¥g) = _e(@—lg, Vo) Y& € S(2d—1). Similarly e(@~ !, yo) =

—e(o™! g, Yo) forall @ € §'(2d — 1). So @0 can occur neither in rg nor in rg _ for any
@ € Sp4_1. Therefore it cannot occur in ry. U

Theorem 4.3. Let 0 # a(%) < a(®). Then among all ® € S(2d — 1) half and only half

will be such that @0 occur in rg and among all ® € S'(2d — 1) half and only half will
be such that @9 occurinrg_.

Remark. When d = 1, a(&) = 1. Therefore, since a(%) # 0, this theorem is not
applicable in the d = 1 case.

0
Proof. We show that E SQd—1) € (cb_l rk 1//0) = 0 so that half of ® € S(2d — 1) will
CU

be such that 6(&)‘1 g, 1/;0) = +1 and the other half will be —1. The first half will occur in
rg 4. The remaining half will not occur either in rg ;. or in ry _. The other part of the proof
is similar. B
Note that n(y) is always even irrespective of d. Also, a(®~ hy = a( %) Taking
()

d . o~
c= 7TF+ 2 71,}1, in eq. (3) we have thatif ® € S(2d — 1), then

7 T g
€ (5)—15,1//0) = q_zdzld)‘lg (ﬂi+ : m?1>

0 (. np)
x Y a=0)v (nF(‘” : )7T1<)’>-
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y2»=0o0ry € UZ.Also
UF'

Write y € u rasy = yi(l+xp wgy)r = Ly € Ud,

note that 7 is tr1V1a1 on F*. Summing over S(2d — 1), we get

P

®eS(2d—1)

_ n(p)
Zq(—z'izl)w( at 0) — (k) Z [cb(nKyl(l—i-n;_anyz))

V1,2, ro

n(W()))

_ —(d+
(1+7T;~ lﬂKyz)lpO <7‘L’F 2

X

mryi(1+ ﬂ}_lﬂKy2)>] .

|

But from the identity in Theorem 3.3 and the fact that we have to only consider char-
acters in S with odd conductor (which is equal to 2d — 1) when vg(x) = 1, it
follows that

> oGy (1 + 7 7k )
2}
o(—De(w, ¥)q'w(yy), ifd=2t+1
oDe(o, l/f)qs’% xw @y un'yy (1473t Y/ y)), ifd = 2s.
Also,

) B
Yo <7TF( : )JTK)’1(1+7T} ]JTKY2))

w(—n;"yl) ifd =2t +1
| v i (L 7 ) i d = 2.

Letd = 2t + 1. If we keep y» fixed,

(a+232)

> akyi (1 + T y))vo <n; mr(1+ n}lm(yz)>

V1, @

=e(w,V)q’ Zw(—yl)l/f(_”;dyl)

Y1

= e(w, ¥)q'e (@, PIo(rh)q

which is a multiple of € (w, ¥) independent of y; and y>. So

Yo« (Jé,%) - CZ%((I + 7 k) = C x 0 =0,

®eSQ2d—1) r.y2
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since % is a nontrivial character of U’Z(g : and a(%) < 2d — 2. Here C is a constant
UpU, °
independent of y; and y,. Similarly if d = 2s, then if we again keep y» fixed,

=

> ey (L + e y))vo <7rF k(1 +n;1m<yz)y1)
V1, @
=€(w, w)qs_%w(—n;*tuu’)

x Y o+ 75y y v (= gy (L 7 )
Y1

which is again a constant multiple of € (w, ¥) independent of y; and y,. So

Y 0 _
> (” ‘5"”°>=C’Zg(<1+n; riy) =€ x0=0,

@0eS(2d—1) Y2

where C’ is a constant multiple of € (w, ). This completes the proof of the theorem. [

COROLLARY 4.4

The number of @ € Sxq—1 such that @0 occurs in rg is |Sxq—11/2 = |SQ2d — 1)| =
|S'(2d — 1)|.

Proof. This is clear since occurring in ry means occurring in either ry orin ry _. Equality
follows from Theorem 3.6. U

Lemma 4.5. Ifa(%) > a(®) then the number of ® € S»q_1 such that @0 occurs in rg is
[S2d-11/2.

Proof. This is quite easy to verify. In this case, a(%) = a(&)_l %). Note that a(%) is even.
So if

(@ o) # € (dflg, wo>, )

consider the character 4 = (—1)"% of K* and take @, ' = & !u. If we consider the

expression for epsilon factors on both sides of eq. (5), since a (&~ g) is even, no mwx is
present but only 7 on the RHS of this equation. Therefore the twist by u will not make
any difference on the RHS. But on the LHS, an extra u(mg) = —1 will appear changing
the sign of LHS. Similarly if e(@~", %) = € (&)‘1 %, 1//0), we can make them unequal by
the same sort of twisting. So for half of @ € S24_1, the corresponding epsilon factors are
equal and for the other half they are unequal. ]

4.2 Twist by characters of even conductor

Note that if a(A) = 2f > 2d, then in the expression for e()»_l, Yp) there is no g, but
only wp.
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Theorem 4.6. Let i € SQf +2d), f = 0. a(%) < a() —2d = 2f. Then all the
elements in {A0 : L € SQ2f + 2d)} will occur in rg . Similarly if ' € S'(2f + 2d), then
all the elements in {\'0 : ' € S'(2f + 2d)} will occur in ry_. Therefore the number of
A0 where ) € Sy 124 occurring inrg is |S2 124l

Proof. Consider the two sums ZAeS(2f+2d) e, ¥p) and ZAGS(2f+2d) € (A‘l g, 1//()).
We have

> e (rlg, 1//0)

reSQ2f+2d)

n(Yo)

—f f+d+
— () T %
heSQf+2d) o Uk

27+2d
Uk

0 _ n(o)
X A=) <nF(f T )y>.

In this summation, by Theorem 3.4, Z/\es<2f+2d) A(y) # 0 only for two types of y’s:

(1) when y = y1(1 + )7k y2), y1, y2 € U, and

d—1
(2) wheny = yi(1 + n}ﬁ Tk Y2), Y1, Y2 € Up or yo = 0.

But since a(%) <2f and % = 1 on F* we have % trivial on these y’s. So both the sums

are independent of % and so they are the same. That is,

Yo 0Ty = Y e(x‘g,wo)

reSQf+2d) reS2f+2d)

which means

e Yo) =€ (xlg, wo) Vi € SQf +2d)

since e (A, ) = 1 for each A € S(2f + 2d). The remaining part follows similarly. ]

COROLLARY 4.7

If% = (=1)UK, then all . € SQ2f + 2d) are such that A0 occur in ry. Similarly all
A e S'2f + 2d) are such that )0 occur in rg _.

Proof. 1t follows by taking a(%) = 0 in the above theorem. g
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Note. The above corollary shows the difference between characters of even conductor and
characters of odd conductor. This corollary is extremely opposite to Lemma 4.2.
Leti e SQf+2d), 2f < a(%) < a(L). Note that if d = 1, then no such 6 exists. So

we have d > 2 and so ¢ is even. By definition, we have

.0 e 4
e(A 15,w0>= g~/ dw( ! > Z A(y) (" vo
reSQf+2d) |
2d
d n(Vlo)
X (nF (f+ i )y>

Again, by Theorem 3.4, the sum 3, .55 £ 24) () # 0 only for two types of y’s:

K

1) y=wn <1—I—7‘[f+ ﬂKyz) Y1 € f+d’yZE]an

2 y=n (1 +ﬂp7tl<y2) V1€ M, » € Ud

Consider the first type of y’s. % is trivial on the these y’s. Now

>oam=eon Y (T k) =—g T e ().

reSQ2f+2d) 1eSQf+2d)
Also
—fed—) V(=5 yiy), ifd=2t+1
Vo |7 Y= 1 1 .
w(—rrF u uxoylyz) ifd = 2s.
Therefore

")
) A(y)%( S y)

reSQf+2d)

_qf+d7] ZyzE]Fq Z
if d odd,
SCARRED DIV DI e oY (—75 u ' x2y1y,)

vp @OV (=75 y1y2)

Vi€
Up

if d even,

—q/ Y e, @(=32) ZY]EUZ;id oDV (ry' )
F

if d odd,
—g/ 4! Z}'ZEIFL] o(—yaxguu’) ZYIE% w(yl)w(n;]yl)
o

F
if d even.
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Since a(w) = d # 1, by Lemma 3.5, ) Uy w(yNY gy = 0. So
Ve
U

F

_g_"Y0)
ooam Y ?»(y)%( S y>=0.

reSQ2f+2d) e Ur
| U£+d

Consider the second type of y’s. On these, we have

Z A(yl (1 +7T}]:7TKy2>)

reSQf+2d)

o(—=DoG)o(rly)g! T+ e, ¥), ifd odd

(=D (y1yun o (. L ¥2)q/ e(w, ¥), if d even
by Theorems 3.3 and 3.4

and

¥ yiy2) if d odd
1

. 7»1(1//())
Vo ( A= yi(l +7T,{f7TKyz)> =

w(—n;dylyzu_ u/xg) if d even.

Letd =2t + 1. Then

> Z ZA(y) Mo y)

reSQ2f+2d) ; U yze—
F

= w(—l)w(n},c)qf*”%e(w, W)

Z Z o)V (=75 y1y2)

VE€—T7 f+d e

(1+ ngmgyz)

|

E
_ qqu+’+7w(nF)e(w, )

0
X Z 5(1+”1};”Ky2) E o1y ¥ (T y1y2)
Ur UF
Ne—-r )16
F

0
= ¢¥ S o@])ew. P, ww(n;‘ﬁ)q% > =0+ nimey)

0
=g Hom e, )P 3 S0+ afac).
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If d = 25 we will get the same sum with an extra w(—1) factor. Now if a(%) >2f +4,
then

0 f _15
Z 5(1+nF71Ky2)=0 and so Z e(k g,wo) =0.

Ur reS(2f+2d)

Therefore half of elements in {A0 : A € S(2f + 2d)} will appear in rg . Similarly, half
of elements in {A'0 : 1 € S’ (2f + 2d)} will appear in ry_.
Leta(%) =2f + 2. Then

Z _(1 —+—71Fm<y2) =q7! Z _(l +71F71Ka) —g4 1.
UF aequ

Ne—r
v

Therefore if d = 2t + 1, then

> Z ZA(y) Yo’y

reSQf+2d) \ f —
F

2f+2d_lw(n};+d)e(w, 1/[)2'

—q
So
2 (m%, %) =47 (et ) x =g P o e, 9
AeSQ2f+2d)
_qurdfle(w’ 1’”)2
Similarly we will get » e Yo) = (g — g/ T e(w, ¥)?. (This is

reSQ2f+2d)
0 f U
because in place ofz Ufg _(1 + Tk y2), we have |U—§|~)
F

But
3 €0 o) = ISQf +2d)| = (g — g/

AeSQ2f+2d)
So €(w, Y)? = 1. (If d = 2s, instead of this, we have w(—1)e(w, ¥) = 1.) Therefore
number of A such that A0 appear in rg ; is ZAGS(ZfHd) (e(k‘l, Yo) + E(A_l g, 1//0)) =
%qﬂ'd—l = %qf"’d_l. If d = 2s, we can show that the sum is %qf"’d_l.
So in g, the number of A& occurring where A € SQ2f + 2d) is %qf“l’l. Sim-

ilarly in rg_, the number of A’ occurring where \ € S'(2f + 2d) is %qf”’l. We
summarize the above computations in the following two theorems.
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Theorem 4.8. Let L € SQf +2d), 2f +2 < a(%) < a(A). Then among all A6 where
A € SQ2f +2d) exactly half will occur inrg . Similarly, let M € S'Qf +2d), 2f +2 <
a(%) < a()). Then among all \'0 where ) € S'(2f +2d) exactly half will occurin ry_.
Therefore the number of A0 where A € Sy 24 occurring in vy is |82 f1241/2.

Theorem 4.9. Let . € SQf + 2d), a(%) = 2f +2 < a(A). Then the number of M0
appearing in rg where . € SQ2f +2d) is %qf"'d_l. Similarly, let \' € S'2f + 2d),
a(%) =2f+42 < a()\'). Then the number of \'0 appearing in rg_ where A" € S'(2 f +2d)

is %qﬂrd*]. The number of A0 where . € Sypioq occurring in ry is therefore
(q =g 1.

Note. These two theorems are not valid for d = 1 since no % satisfies the condition in the
theorem.

Theorem 4.10. Leta(A) =2 f +2d < a(e) =2m < a(\) 4 2d. Then the number of L0
with A € Sy py0q appearing inrg is |SQf +2d)| = |S254241/2.

Proof. Here a( lg) = % Using the definition of e-factors, we have

AES(2f+2d) ( )

n(W) n(¥g)
( ) YD M= (Y)I/fo( S O)y).

reSQ2f+2d) ye UK UK
U 2m

CDIQDI

Recall that, from Theorem 3.4 the sum ), (g5 r24) 2 () # O only for three types of y’s:
f

(1) y=y +rpmky2), y1 € Um, Y2 € 7
F
2) y=y11 +7T};+ 7TKy2), y1 € g—gﬁ, Y2 € %,
F

Q) y =+l k), v € Ul 2 € Sty or 2y =0,

F

But on the third type of y’s, A is just @ since a(X) = 2f + 2d. On the second type
of y’s,

Yo =00 Y. A+t k)

reSQ2f+2d) reSQ2f+2d)

= w(y1)(—g/ ") (by Theorem 3.4).
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0 ZAGS(Z/’+2d) A(y) is independent of A on these y’s. Finally consider the first type of
y’s.Letd =2t + 1.

Y A trfrky)) =0 Y. AQ+rimky)
reSQf+2d) reSQf+2d)

= w(=Do()e(@, PIotrly)g! T,

by Theorems 3.3 and 3.4.

Therefore

> Z > A(y1(1+nFnKy2>) (L + w7k y2))

reSQf+2d) _ Up
)26 um =y
F

)’lE

) ‘”0(”7"_ ¥+ k) = e, Yo r)g!

0
x Z > o=y (—m" y1y2)9(1+n£m<yz).
Ur
-f

Y€ 7 »ne
Urp up

In this sum, we have

Y oGy vy

ur!
= > ovEr" i o
yleUgif

Since a(w) =d and m — f > d, by Lemma 3.5, the above sum is zero.
Now 1fd = 2s we have n(yo) = 2(s — t). Also, here the trace 0 element x( is a unit

and tg = (1 + x0). Considering y’s first type, we have

)y) = Yo"y (1 + 7 lmk y2))

—m—s—+t
= N rxo(l +mwpmgy2)

n,;m s+t ;7
= _ 2
14 5 VIxg - np y2—u

= (=" y yaxd)

Yo(mp

and so

Y am(+amryd) =o(=De, o™ g o (')
reSQ2f+2d)

by Theorems 3.3 and 3.4.
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Therefore

9 .
> 2 X B apmkym)=i(l + rfag )

U U
reSQ2f+2d) yleﬁﬂevmif
F

X Yo"y (1 + wlagy)] = e(w, Yol g/t

0 : _ — -
x Y sUriaey) 3 e Wpe " e ).

Ur Ur
N2E€—= V1€ 7m
Uy I Up

The sum ZyleU—F a)(ylyzu_lu’)w(n;wrfu_]u’ylyz) =0asinthed =2t + 1 case
Up

since m — f > d. So the sum over the first type of y’s become zero. So in both d odd

and d even cases, the sum Y, (27424 e(r! g, Y¥o) depends only on second and third
type of y’s and is independent of A. Suppose this sum is n. Using similar arguments,

we have ZNeS’(2f+2d) e(k’_lg, Vo) = n. So the number of +1’s in {e(1~! g, Yo) : A€

SQf+2d)} = w. Similarly, number of —1’s in {e()\’_lg, Yo): A € S'Qf+
2d)} = —w. Therefore, the number of A6 appearing in rg_. is w,

number of A’ appearing in ry_ is w. Total number of A0 appearing in ry is
[SC2f +2d)]. O

When a(A) is too small compared to a(%) the occurrence of A0 in ry or rg_ depends
only on 6.

Theorem 4.11. Suppose . € S2m), m > d and a(%) = 2n > a()) + 2d. Then either
all the elements in {A0 : A € S(2m)} will occur in rg . or all the elements in {\'0 : )/ €
S'(2m)} will occur in rg_ and not in both. Therefore the number of A0 where A € Sy,
occurring in rg is | Som|/2.

Proof. We have that if x € K* with x|lkx = wand a(x) > 2a(®) then e(x, ¥o) =
& (—x0/2)&(yy) where

- d—1

ST

77" T mkaoGO( + ar GO (L + ax(x)mr)... ifd is odd,
Yx = ;
n;fiixoao(x)(l +a1()rg)(1 4+ a(x)TF)... if d is even.
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Here a(k‘l g) = a(g) > 4d > 2a(w). Therefore

.0 3
el A rk Yo | = o(—x0/2)
_p_d=1 0 ]
x @ ! <7th 2 mrao (kla) (l +ay ()»15) nK)
0
X (1 + axq—2 (k_15> ﬂg_l>> ,
if d odd.

But note that (
2n—2d+1 ,-18
Ug S AT

)|U2n 2a+1 determines a; (A 1o ) fori = 0,1, ,2d — 2 and on

ol CDIQD\

= %. Therefore € (1~ 10, WO) is independent of A or e(k 10, Vo) =
e(%, o). Now suppose that e(A ™", 1) # 6( ,¥0) = —1 for one A € S(2m). Then for
all M € §'2m), eV~ ) = -1 = e( Yo) = e(A 15 19 . ¥0). Therefore {A'6 : 1’ €

S’(2m)} will occur in rg_. On the other hand, if e(A ™! Wo) = 6( wo) = 1, for one XA
it is the same for all other A € §(2m). This proves the theorem. (|

COROLLARY 4.12

Suppose a(A) = 2f 4+ 2d < a(e) 2m. If n = number of A0, . € SQf + 2d),
appearing in ro, then number of M0, A € S'2f + 2d), appearing in rg_ is
ISQf +2d)| —n =|S'Qf +2d)| — n. Also, if 2m > a(\) + 2d, then either n = 0 or
n=IS2f+2d)|

Proof. Follows easily from the above two theorems. (|

Only one case is left now for us to handle in this exposition viz. a( 9) = a(A). In this

case we are not giving an exact count, but still we provide a lower bound in the next
theorem. Note that our calculations deal much with a(%k) and it is difficult to find when
the two characters have equal conductor.

Theorem 4.13. Ifa(%) =a(A) =2f 4+ 2d, M|+ = w then the number of L6 appearing

in rg is greater than or equal to g/ +2=1,

Proof. Note that SQf +2d)US' 2 f +2d) = {Zx : x|+ = w. a(x) = 2d—1,2d.2d +
L2f 42 =2 U{Sx  xlp = w.a(x) =2f +2d. x|, 27421 7& 2| 2f+zd4}.
Now a gx -0 = 0 will appear in rg if and only if €(x ™!, ¥o) = €(x~ wo) So the

number of x6 appearing in g where a(x) =2d — 1,2d,...,2f +2d is greater than or
equal to |S2d — 1)| + |SQd)| + SQd +2)| +---+ [SQf +2d —2)| = q? ' + (¢ —
Dg?™' + (g — Dg? + -+ + (g — Dg/ 72 = g/+4=1 by Corollary 4.4, Lemma 4.5
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and Theorems 4.10 and 4.11. Note that we are not considering x’s with conductor equal
to 2 f + 2d and that is why we are unable to claim equality. g

Remark. 1f g = 2, there is no x such that x| 2+2-1 7 §|U2f+2d—l. So equality holds in
K K

the theorem.

5. The unramified case

Suppose K over F is unramified and let x € F* be such that X|k* = w. Let @ be an
extension of w trivial on Ux and —1 on any uniformizer of K. Note that a(%) # 0.
Otherwise, since 7x = wr € F in this case, %(m() = 1 so that % is trivial. Then 0 = 6
contradicting the regularity of 6. So a(%) > 1.

We divide our counting into mainly three cases:

Case 1. a(%) < a(x). We have €(x ", %) = @(—x0/2)@ ' (y,-1) by eq. (1). Since @
is trivial on units in the unramified case, let y -1 = n;a(X). So we have €(x !, yo) =
(=1)?00+ where t = vp(2). Since a(%) < a(x) we have e(x_lg, o) = (—1)a00H =

e()(_l, WO)- So all the x’s are such that all x6 will occur in g or all will occur in ry_
depending on whether a(x) is even or odd.

= = 0
Case?2. a(x) < a(%). In this case, a(x‘lg) = a(%). So e(X_lg, WO) = (—1)0(5)“.
Also, e(X_lg, wo) = (—1)*00+ 59 will occur in ry if and onlyifa(y) = a(%)(modZ).

Case 3. a(x) = a(%). Here we have two possibilities:

@))] a()(_lg) <a(yx)ora(y) < a(x‘lg): In this case, if a(x) = a(%)(modZ) then x6
will occur in ry.
) a(x~'%) = a(x): In this case x0 will occur in ry.

Remark. Since by Theorem 1.1, A6 appears in ry (respectively rp_) if and only if 16
does not appear in ry, , (respectively ry ). All the theorems proved in this paper have their
obvious D7}, analogues.
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