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Abstract. If X is a geodesic metric space and x, x,, x3 € X, a geodesic triangle
T = {x1, x2, x3} is the union of the three geodesics [x;x;], [x2x3] and [x3x;] in X.
The space X is §-hyperbolic (in the Gromov sense) if any side of T is contained in a
8-neighborhood of the union of the two other sides, for every geodesic triangle 7' in
X. If X is hyperbolic, we denote by §(X) the sharp hyperbolicity constant of X, i.e.
8(X) = inf{§ > 0: X is §-hyperbolic}. In this paper we characterize the product graphs
G, x G, which are hyperbolic, in terms of G, and G,: the product graph G| x G is
hyperbolic if and only if G, is hyperbolic and G, is bounded or G, is hyperbolic and G,
is bounded. We also prove some sharp relations between the hyperbolicity constant of
G| x G3,8(Gy), 8(G») and the diameters of G, and G, (and we find families of graphs
for which the inequalities are attained). Furthermore, we obtain the precise value of the
hyperbolicity constant for many product graphs.

Keywords. Infinite graphs; Cartesian product graphs; connectivity; geodesics;
Gromov hyperbolicity.

1. Introduction

The study of mathematical properties of Gromov hyperbolic spaces and its applications is
a topic of recent and increasing interest in graph theory; see, for instance [2—4, 7-9, 11,
12, 18-22, 24, 26, 27, 29, 30].

The theory of Gromov’s spaces was used initially for the study of finitely generated
groups, where it was demonstrated to have an enormous practical importance. This theory
was applied principally to the study of automatic groups (see [23]), that play an important
role in sciences of the computation. Another important application of these spaces is secure
transmission of information by internet (see [18, 19]). In particular, the hyperbolicity also
plays an important role in the spread of viruses through the network (see [18, 19]). The
hyperbolicity is also useful in the study of DNA data (see [7]).

In recent years several researchers have been interested in showing that metrics used
in geometric function theory are Gromov hyperbolic. For instance, the Gehring—Osgood
j-metric is Gromov hyperbolic; and the Vuorinen j-metric is not Gromov hyperbolic
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except in the punctured space (see [13]). The study of Gromov hyperbolicity of the quasi-
hyperbolic and the Poincaré metrics is the subject of [1, 5, 14-17, 24, 25, 27-30]. In parti-
cular, in [24, 27, 29, 30] it is proved the equivalence of the hyperbolicity of Riemannian
manifolds and the hyperbolicity of a simple graph; hence, it is useful to know hyperbolicity
criteria for graphs.

In our study on hyperbolic graphs we use the notations of [10]. We now give the basic
facts about Gromov’s spaces. If y is a continuous curve in a metric space (X, d), we say
that y is a geodesic if it is an isometry, i.e. d(y (¢), y(s)) = s — t for every t < s. We say
that X is a geodesic metric space if for every x, y € X there exists a geodesic joining
x and y; we denote by [xy] any such geodesics (since we do not require uniqueness of
geodesics, this notation is ambiguous, but it is convenient). It is clear that every geodesic
metric space is path-connected. If X is a graph, we use the notation [u, v] for the edge of
a graph joining the vertices # and v.

In order to consider a graph G as a geodesic metric space, we must identify any edge
[u, v] € E(G) with the real interval [0, [] (if [ := L([u, v])); hence, if we consider [u, v]
as a graph with just one edge, then it is isometric to [0, /]. Therefore, any point in the
interior of the edge [u, v] is a point of G. A connected graph G is naturally equipped with
a distance or, more precisely, metric defined on its points, induced by taking shortest paths
in G. Then, we see G as a metric graph.

Along the paper we just consider (finite or infinite) graphs with edges of length 1, which
are connected and locally finite (i.e., every vertex has finite degree). These conditions
guarantee that the graph is a geodesic space. We do not allow loops and multiple edges in
the graphs.

If X is a geodesic metric space and J = {Ji, J2, ..., Jy} is a polygon, with sides
Jj € X, we say that J is §-thin if for every x € J; we have that d(x,U;4;J;) < 6.
We denote by §(J) the sharp thin constant of J, i.e. 6(J) := inf{§ > 0: J is é-thin}.
If x1, x2, x3 € X, a geodesic triangle T = {x1, x2, x3} is the union of the three geodesics
[x1x2], [x2x3] and [x3x1]. The space X is -hyperbolic (or satisfies the Rips condition
with constant §) if every geodesic triangle in X is §-thin. We denote by §(X) the sharp
hyperbolicity constant of X, i.e. §(X) := sup{§(T"): T is a geodesic triangle in X}. We say
that X is hyperbolic if X is §-hyperbolic for some § > 0. If X is hyperbolic, then §(X) =
inf{§ > 0: X is §-hyperbolic}.

A bigon is a geodesic triangle {x, x2, x3} with xo = x3. Therefore, every bigon in a
8-hyperbolic geodesic metric space is §-thin.

Remark 1. There are several definitions of Gromov hyperbolicity (see e.g. [6, 10]). These
different definitions are equivalent in the sense that if X is § 4-hyperbolic with respect to
the definition A, then it is §p-hyperbolic with respect to the definition B, and there exist
universal constants ¢y, ¢y such that c184 < ép < ¢p §4. However, for a fixed § > 0, the set
of §-hyperbolic graphs with respect to the Definition A, is different, in general, from the
set of 6-hyperbolic graphs with respect to the Definition B. We have chosen this definition
since it has a deep geometric meaning (see e.g. [10]).

The following are interesting examples of hyperbolic spaces. The real line R is
0-hyperbolic: in fact, any point of a geodesic triangle in the real line belongs to two sides
of the triangle simultaneously, and therefore we can conclude that R is O-hyperbolic. The
Euclidean plane R? is not hyperbolic: it is clear that equilateral triangles can be drawn
with arbitrarily large diameter, so that R? with the Euclidean metric is not hyperbolic.
This argument can be generalized in a similar way to higher dimensions: a normed vector
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space E is hyperbolic if and only if dim E = 1. Every arbitrary length metric tree is
0-hyperbolic: in fact, all points of a geodesic triangle in a tree belong simultaneously to two
sides of the triangle. Every bounded metric space X is (diam X)-hyperbolic. Every simply
connected complete Riemannian manifold with sectional curvature verifying K < —k?2,
for some positive constant k, is hyperbolic. We refer to [6, 10] for more background and
further results.

If D is aclosed connected subset of X, we always consider in D the inner metric obtained
by the restriction of the metric in X, that is

dp(z, w) :=inf{Lx(y): y C D is a continuous curve joining z and w}

> dx(z, w).

Consequently, Lp(y) = Lx(y) for every curve y C D.

We would like to point out that deciding whether or not a space is hyperbolic is usually
extraordinarily difficult: Notice that, first of all, we have to consider an arbitrary geodesic
triangle 7', and calculate the minimum distance from an arbitrary point P of T to the union
of the other two sides of the triangle to which P does not belong to. And then we have to
take supremum over all the possible choices for P and then over all the possible choices
for T. Without disregarding the difficulty of solving this minimax problem, notice that, in
general, the main obstacle is that we do not know the location of geodesics in the space.
Therefore, it is interesting to obtain inequalities relating the hyperbolicity constant and
other parameters of graphs.

In §3 of this paper we find several lower and upper bounds for the hyperbolicity constant
of G| x G», involving §(G1), 8(G2) and the diameters of G| and G; the main results of
this kind are Theorems 13 and 18. These results allow us to obtain Theorem 21, the main
result of the paper; it characterizes the product graphs G| x G> which are hyperbolic, in
terms of G| and G»: the product graph G x G2 is hyperbolic if and only if G is hyperbolic
and G» is bounded or G is hyperbolic and G is bounded. We also find families of graphs
for which many of the inequalities in §3 are attained. Furthermore, in §4 we obtain the
precise value of the hyperbolicity constant for many product graphs.

2. The distance in product graphs

Before starting the study of the hyperbolicity of product graphs, it will be very useful to
study first the distance function in product graphs.

DEFINITION 1

Let G1, G2 be two connected locally finite graphs with edges of length 1 without loops nor
multiple edges. We define G| x G, as the graph with vertices V(G x G3) = V(G1) X
V(G»>) and [(u1, uz), (vi, v2)] € E(G1 x G») if and only if we have either u; = vy €
V(G1) and [uz, v2] € E(Gy) orup = vy € V(Gp) and [uy, v1] € E(G1). We consider
that every edge of G| x G has length 1.

Remark 2. Apoint (u, v) belongsto G| x Gy ifandonly if wehaveu € Giandv € V(G»3)
orveGyandu € V(Gy).

The following result allows to compute the distance between any two points in G| X G.
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PROPOSITION 3
For every graph G, G> we have
@) Ifuy,vi ¢ V(Gy),uy,v1 € lar, b1] € E(Gy), and uy # vy, then,
dG,xG,((u1, uz), (v, v2))
= dg,(u2, v2) + min{dg, (u1, a1) + dg, (vi, a1), dg, (u1, b1) + dg, (vi, b1)}.
(b) Ifus, va ¢ V(G2), u2, vy € [az, br] € E(G»), and uy # v1, then,
dG, xG,((u1, uz), (vi, v2))
=dg, (u1, v1) + min{dg, (u2, a2) + dg, (v2, a2), dg, (u2, b2) + dg, (v2, b2)}.

(c) Otherwise, we have
dG, <G, ((u1, uz), (vi, v2)) = dg, (u1, v1) + dg, (uz, v2).
Proof. We will prove each item separately.

e Let us start with the case (a). Since u1, v1 ¢ V(Gy), uy, vy € la1, b1] € E(G1), and
uy # v2. Then us, va € V(G3) and the two shortest possible paths to go from (u1, us)
to (v1, v2) have lengths dg, (b1, u1) + dg, (U2, v2) + dg, (b1, v1), and dg, (a1, u1) +
dg,(u2, v2) +dg, (a1, v1); therefore,

dG,xG,((u1, uz), (vi, v2))

= dg, (u2, v2) + min{dg, (u1, a1) + dg, (v1, a1), dg, (u1, b1) + dg, (v1, b1)}.

e By symmetry, we also have (b).
e In order to prove (c), let us distinguish the following cases:

(i) ur = v2 € V(Gr),

(i) uy € V(G1),v2 € V(G2),

(iii) u2, vy € V(G2), u1, vy do not belong to the same edge,
(i) uy =v1 € V(Gy),

(ii") uz € V(G2),v1 € V(Gy),

(iii’) uy, v, € V(Gy), uz, vz do not belong to the same edge.

It is clear by Remark 2 that if (u#1, u3), (vi, v2) are in case (c), then they are either in
(1), (ii), (iii), (i), (ii") or (iii’).
In (i), we have
dG,xG, (w1, uz), (vi,u2)) = dc, xju) (U1, uz), (vi, u2))
=dg,(u1,v1) =dg,(u1, v1) +dg, Uz, uz).
In (ii),
dG,xG,((u1, uz), (v, v2))
=dg,xG, (U1, uz), (w1, v2)) +dg,xc, (U1, v2), (v1, v2))
= dpuyxG, (U1, u2), (U1, v2)) + dg, xfv,)} (U1, v2), (v1, v2))

=dg,(u1, v1) +dg, Wz, v2).



Gromov hyperbolicity in Cartesian product graphs 597

In order to prove (iii), let u be any vertex of a geodesic in G joining u; with vy. Then
dc,xG,((u1, uz), (vi, v2))
=dG,xG, (U1, u2), (U, u2)) + dg,xG,((u, uz), (u, v2))
+dc,xG,((u, v2), (v1, v2))
=dg,(u1, u) +dg,(uz, v2) + dg, (u, vi)
=dg,(u1,v1) +dg,(u2, v2).

The cases (i), (ii’), (iii’) are similar to (i), (ii), (iii) by symmetry.

COROLLARY 4

For every graph G1, Gy we have

(@) Ifur,vr ¢ V(G1),u1,v1 € [ar, b1] € E(G1), and uy # vy, then
dc,xG,((u1, u2), (v1,v2)) < dg, Wz, v2) + 1.

®) Ifuz, v2 ¢ V(G2),uz, vz € [az, bl € E(Gy), and uy # vy, then
dGxG, ((u1, uz), (vi, v12)) < dg, (ur,v1) + 1.

Proof. 1t suffices to prove case (a), since case (b) is similar. Note that, by Proposition 3
we have

dG,xG,((u1, uz), (vi, v2))
= dg,(uz, v2) + min{dg, (u1, a1) + dg,(v1, a1), dg, (u1, b1) + dg, (v1, b1)}.

In fact, we have that dg,(u1,a1) + dg,(vi,a1) + dg,(u1,b1) + dg,(v1,b1) =
this implies that dcl(ul,al) + dGl(vl,al) < 1or dG](ulabl) + dcl(vl,bl) <
therefore, min{dg, (u1, a1) + dg, (v1, a1), dg, (u1, b1) +dg,(v1, b))} < 1.

These results allow us to obtain information about the geodesics in G| x G».
COROLLARY 5
Let us consider the projection Pj: G| x G —> G for j =1, 2.
(a) If y is a geodesic joining x and y in G1 X Gy, then for each j = 1,2 there exists a
geodesic y* in G joining Pj(x) and P;(y), with y* C P;(y) and dg; (p, y*)<1/2
for every p € P;(y).

(b) Ify is a geodesic joining two points of G| x Gy in the case (¢) of Proposition 3, then
P;(y) is a geodesic in G| for j = 1,2.

Theorem 6. For every graph G, G2 we have

() dG,xG,((u1, u2), (v, v2)) =dg, (uy, v1)+dg,(uz, v2), forevery (uy, uz), (vi, v2) €
V(G x G2),

(ii) dg,(u1, vi)+dg,(u2, v2) < dg,xG,((u1, uz), (vi, v2)) < dg, (u1, vi)+dg,(u2, v2)+
1, for every (uy, uz), (vi, v2) € G1 x Gap.
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Proof. Tt is clear that (i) is a direct consequence of case (c) in Proposition 3.
In order to prove (ii), it suffices to check it for case (a) in Proposition 3 (since case (b)
is similar). This is equivalent to prove that

dg,(u1,v1) <min{dg, (u1, a1) +dg,(v1, a1), dg, (w1, b1) +dg, (v1, b1)}
<dg,(u1,v1) + 1.

The second inequality is a direct consequence of Corollary 4. The first inequality is a
consequence of the triangle inequality, since

dg,(uy, v1) < dg, (a1, u1) +dg, (a1, v1),
dg,(u1,v1) < dg, (b1, u1) +dg, (b1, v1). o
Although it is simple to check that diamg,xc,V(G1 x G2) = diamg, V(G1) +
diamg, V (G>), it is not so simple to compute diamg, xG,(G1 x G2).

Theorem 7. Let G, G2 be any graph. Ifdiam/GG = sup{dg(u,v),u € G,v € V(G)},
then we have

diamg, xG,(G1 x G2) = max{diamg, V(G1) + diamg, G>, diamg, V (G2)
+ diamg, G1, diam’Gl G + diam’G2 Gy}

Proof. We can assume that G ; has at least two vertices, since otherwise diamg, x G, (G1 X
G,) = diamg; G}, for some j € {l,2} and the formula holds. Parts (a) and (b) of
Proposition 3 give

sup{de, xG, ((u1, u2), (v1, v2)): (u1, uz) and (vy, v2) hold either (a) or (b)}
< max{l + diamg, Gy, 1 + diamg, G>}.
Since G ; has at least two vertices, diam(;j V(Gj) = 1, j =1, 2, which implies that
sup{dG, xG,((u1, uz), (v1, v2)): (u1, uz) and (vy, v2) hold either (a) or (b)}
< max{diamg, V(G1) + diamg, G», diamg, V (G») + diamg, G}.
In case (c), we have
sup{dG, xG, ((u1, uz), (v1, v2)): (c) holds}
= sup{dg, (u1, v1) + dg, (U2, v2): (c) holds}.

We denote by (i), (ii), (iii), ('), (ii’), (iii’) the cases in the proof of Proposition 3.
If up = vy, € V(Gy), then

sup{dc, =G, (1, uz2), (v1, uz)): (i) holds}
< sup{dg, (u1, v1): ur, v € Gy}
< diamg, G < diamg, G + diamg, V(G2).
Ifu; € V(Gy), va € V(G,), then

sup{dc, xG, ((u1, u2), (v, v2)): (i) holds}
= sup{dg, (u1, v1) + dg, (u2, v2): (ii) holds}
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< sup{dg, (u1, v1): u1 € V(G1)} + sup{dc, (u2, v2): v2 € V(G2)}
< diam/GlGl + diam’Gsz.
If up, v2 € V(G») and u1, v; do not belong to the same edge, then
sup{dg, xG, (U1, uz), (v1, v2)): (iii) holds}
= sup{dg, (u1, v1) + dg, (u2, v2): (iii) holds}

< sup{dg, (u1, v1): u1, vi € G1} + sup{dg, (u2, v2): uz, v2 € V(G2)}
= diamg, G| + diamg, V (G2).

The cases (i), (ii'), (iii’) are treated in the same way. Therefore,

sup{dG, xG,((u1, uz), (v1, v2)): (c) holds}
< max{diamg, V (G1) + diamg, G>, diamg, V (G2)
+ diamg, G1, diamg;, G| 4 diamg;, G2}.
Combining (a), (b), (c), we deduce that
diamg, xG,(G1 x G2)
< max{diamg, V (G1) + diamg, G>, diamg, V (G2)

+ diamg, G1, diam/G1 G+ diam’Gsz}.

Letuy, vi € Gy, up,v2 € G be such that dg, (41, v1) = diam/GlGl and dg, (uz, v2) =
diam/Gsz with u1 € V(G1), v2 € V(G3). Then

dG,xG,((u1,uz), (vi,v2)) =dg,(u1, v1) +dg,(uz, v2)

= diam’GlG1 + diam’Gng.

Now let uy,v; € V(Gy) be such that dg,(u1, vi) = diamg, V(G1), and let us choose
uz, v2 € Gy such that dg, (12, v2) = diamg, G2 (42, vz are not in the interior of the same
edge). Then

dG,xG,((u1, uz), (vi,v2)) = dg, (uy, v1) + dg, (U2, v2)
= diamg, V(G1) + diamg, G».

Changing the role of u1, v; and u, v we also obtain

dG,xG,((u1, uz), (v, v2)) = dg, (uy, v1) + dg, (U2, v2)
= diamg, G + diamg, V (G2).

Hence

diamg, xG,(G1 x G2) > max{diamg, V(G1) + diamg, G2, diamg, V(G2)
+ diamg, G1, diam’G] G+ diam’Gsz}.

This inequality completes the proof. m|
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We can deduce several results from Theorem 7. The first one says that diamg, G +
diamg, G is a good approximation for the diameter of G| x G».

COROLLARY 8
For every graph G1, G> we have
diamg, G| + diamg, G2 — 1 < diamg, xG,(G1 x G2)
< diamg, G| + diamg, G>.
Proof. We always have
max{diamg, V(G1) + diamg, G2, diamg, V (G2)
+ diamg, G1, diamg;, G| + diamg;, G2}
< diamg, G| + diamg, G>.
On the other hand, every graph G with edges of length 1 satisfies
diamgG < diam;G + 1/2, diamgG < diamgV (G) + 1.
Therefore,
diamg, G| + diamg, G, — 1
< max{diamg, V (G1) + diamg, G, diamg, V (G2)
+ diamg, G1, diamg;, G| + diamg;, G2},
and Theorem 7 gives the result. O

Furthermore, we can characterize the graphs for which the diameter of G| x G» is equal
to diamg, G| + diamg, G>.

COROLLARY 9

The equality diamg, xG,(G1 X G2) = diamg, G + diamg, G2 holds if and only if we
have diamg,G1 = diamg,V(G1), or diamg,G, = diamg, V(G3), or diamGjGj =
diam’C;jGj forj=1,2.

COROLLARY 10
If T is any tree and G is any graph, then

diam7 g (T x G) = diamyT + diamgG.

3. Bounds for the hyperbolicity constant

The following result will be useful.

Theorem 11 (Theorem 8 in [26]). In any graph G the inequality §(G) < % diamG holds
and it is sharp.

Corollary 8 and Theorem 11 give the following result.
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COROLLARY 12

For every graph G1, Ga, we have §(G1 x G3) < %(diam(;lGl + diamg, G2), and the
inequality is sharp.

Theorem 26 provides a family of examples for which the equality in Corollary 12 is
attained: P, x C,, withm — 1 < [n/2].
We have the following upper bound for §(G; x G2).

Theorem 13. For every graph G, G, we have

8(G1 x G2) < min{max{1/2 + diamg, V(G2), 6(G1) + diam/Gsz},
max{1/2 + diamg, V(G1), 8(G2) + diamg, G1}},

and the inequality is sharp.

Proof. By symmetry, it suffices to show that (G| x G2) < max{l/2 + diamg, V (G2),
8(Gr) + diam/Gng}. We can assume that diamg, V(G2) > 1, since if G, has a single
vertex, then G1 x G, isisometric to G and the inequality is direct. If § (G 1) +diam/G2 Gy =
00, then the inequality holds. Hence, without loss of generality we can assume that G is
hyperbolic and G, is bounded. Let Ty = {y1, y2, ¥3} be any geodesic triangle in G| x G».

Let P; be the projection P;: G1 x G —> G and y/f := P1(y;). By Corollary 5 there
exist geodesics y /’F c ny (j = 1,2, 3) joining the imagés by P; of the vertices of Tj, such
that y]’. is contained in a 1/2-neighborhood of y;“, forj =1,2,3.

Assume first that y{ = y/", i.e. that y| is a geodesic in G 1. Consider the geodesic triangle
T = {yl/, 2z yS*}. Since G is hyperbolic, then dg, (a, y;' U y3*) < 8(Gy), for every
a € y.Letnow (4, v) € G| x G2 beany pointin y;. Letus consider p € y; Uy C y;Uy;
with dg, (u, 5" U y§) = dg, (u, p) < 8(G1) and g € G2 with (p, q) € y2 U ys.

If u, p belong to the interior of the same edge [a1, b1] € E(G1), then v, q € V(G»3).
If v = g, then

dc,xG,((u, v), Y2 Uys) <dg,xc,((u, v), (p,v))
=dg,(u, p) <1 < diamg, V(G2) + 1/2.

If v # g, then [a1, b1] x {g} € y» U y3, since otherwise there exists a point of y; in the
interior of the edge [a1, b1] x {g} and hence, y| is not a geodesic in G1. Consequently,

dG,xG,((u, v), 2 Uy3) <dg,xG,((u, v), [ar, b1l x {q})
< diamg, V(G2) + 1/2.
If v, g belong to the interior of the same edge [a2, b2] € E(G3), then Corollary 4 gives
dG,xG,((u,v), (p,q)) <dg,(u, p) +1 = 8(G1) +diamg, V(G2).
If u, p do not belong to the interior of the same edge in G| and v, g do not belong to
the interior of the same edge in G, then Proposition 3 gives

dGlez((ua 'U), (p’ C])) = dGl(M, P) + dGz(U5 Q)

Assume that dg, (v, ¢) < diam’Gsz; then dg, ¢, ((u, v), (p, q)) < 8(G1) +diam’GzG2.
Assume now that dg, (v, q) > diam’G2 G»; then v, g are not vertices of G», and g belongs
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to the interior of the same edge [a3, b3] € E(G»). If (p, a3) or (p, b3) belongs to y» U y3,
without loss of generality we can assume that (p, a3) belongs to y» U y3, and we have

dc,xG,((u, v), y» Uy3) <dg,xG,((u,v), (p,az))
= dg, (u, p) +dg, (v, a3) < 8(G1) + diamg, G».

If (p, a3), (p, b3) ¢ y2Uys, theny, Uys C {p} x [as, b3] and hence, y1 C {p} X [a3, b3].
Therefore, we have dg, xg, (4, v), y» U y3) =0.

Assume now that y| is not a geodesic in G. By Proposition 3, y; joins two points
(u1, uz) and (v1, v2) with u1, vy in the interior of some edge [«1, f1] and uz, v2» € V(G2);
furthermore, L(y1) < 1 +dg,(u2, v2) < 1+ diamg, V(G2).

If (u, v) € y1. then dg, xG, (1, v), y2 U y3) < L(y1)/2 < (1 + diamg, V (G2)) /2.

Therefore, §(7p) < max{l/2 4+ diamg,V (G2),8(G1) + diam’G2 G,}, for every
geodesic triangle Ty in G; x Gj, and consequently §(G; x Gz) < max{l/2 +
diamg, V(G2), 8(G1) + diam/G2 Gy}

In order to check that the inequality is sharp, it suffices to note that the inequality in
Theorem 15 (which is a particular case of this one) is sharp. a

We have the following consequences of Theorem 13.
Theorem 14. For every graph G, G, we have

5(G1 x G») < min{max{1/2, 8(G1)}
+ diam’Gsz, max{1/2, §(G2)} + diamg, G}
< 1/2 +min{8(G1) + diamg;, G2, §(G2) + diamg G1}.

The following bound for the hyperbolicity constant will be very useful. It is a conse-
quence of Theorem 13 and the inequality diam; G < diamg V (G) + 1/2.

Theorem 15. If T is any tree and G is any graph, then
8(T x G) <diamgV(G) +1/2
and the inequality is sharp.

Theorem 24 gives that the equality in Theorem 15 is attained for every tree and every
graph with diam7 7 > diamg V (G).

Theorem 16. For every graph G, G, which are not trees we have
8(G1 x G2) < min{8(G1) + diamg, G2, §(G2) + diam; G1}.

Proof. Theorem 11 in [22] gives that if G is not a tree, then §(G) > 3/4. This fact and
Theorem 13 give the result. |

We say that a subgraph I" of G is isometric if dr(x, y) = dg(x, y) forevery x,y € T.
The following result will be useful.

Lemma 17 (Lemma 5 in [26]). If T is an isometric subgraph of G, then §(T") < §(G).

We also have the following lower bounds for § (G x G?).
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Theorem 18. For every graph G, G, we have

(@) 8(G1 x G2) = max{3(G1), (G2},

(b) S(Gl X Gz) > min{diamc;l V(Gl), diamGzV(Gg)},

(¢) §(G1 x G2) > min{diamg, V(G1), diamg,V(G2)} + 1/2, if diamg, V(G1) #
diamg, V(G2),

(d) §(G1 x Gy) = %min{(S(Gl) + diamg, V(G2), §(G3) + diamg, V(G1)}.

Furthermore, inequalities in (b) and (c) are sharp, as the first and second item in
Theorem 23 show.

Proof. Part (a) is immediate: G| x {v} and {u#} x G, are isometric supbgraphs of G| x G»
for every (u, v) € V(G x G3); then Lemma 17 gives that §(G1 x G2) > 6(G1 x {v}) =
8(G1) and 8(G1 x Gp) = §({u} x G2) = 6(G,). Hence, we obtain §(G| x Gy) >
max{3(G1), §(G2)}.

In order to prove (b), let D := min{diamg, V(G), diamg, V(G2)}. If D < oo, let us
consider a geodesic square K := y; U y» U y3 U y4 in G| x G, with sides of length
D; then T := {y1, y», ¥} is a geodesic triangle in G| x G7, where y = y3 U y4. It is
clear that the midpoint p = y3 N y4 of y satisfies dg,xG,(p, Y1 U y2) = D; therefore
8(T) > D, and consequently §(G| x G2) > D.If D = oo, we can repeat the same
argument for any integer N instead of D, and we obtain §(G1 x G2) > N, for every N:
hence, §(G| x G3) =00 = D.

In order to prove (c), we can assume that D < oo, since if D = oo then part (b) gives
the result. Without loss of generality we can assume that diamg, V(G1) < diamg, V(G2).
Let us consider a geodesic rectangle R := o1 Uoz U o3 Uoy in G| x G with L(o7) =
L(o3) = diamg,V(G1) and L(0y) = L(os) = diamg,V(G2). Then B := {0, y}is a
geodesic bigon in G| x G, where 0 := o1 U 02, ¥y := 03 U 04. Let p be the point in oy
with dg, xG,(p, 01 N 02) = 1/2; then

dc,xG,(p,y) = 1/2 4+ diamg, V(G1)
= 1/2 4+ min{diamg, V (G1), diamg, V (G2)}.

Consequently, §(G1 x G2) > §(B) > 1/2 4+ min{diamg, V(G1), diamg, V(G2)}.
In order to prove (d), let £ := max{§(G1), §(G2)}. Then from parts (a) and (b), we have

1
8(G1 x G2) =z max{D, E} > E(D + E)

1
=5 min{diamg, V(G1) + E, diamg, V(G2) + E},

v

1
3 min{diamg, V(G1) 4+ §(G2), 6(G1) + diamg, V(G2)}. O

Note that the items (a) and (d) will play an important qualitative role in the rest of the
paper.

Corollary 12 and Theorem 18 allow us to give lower and upper bounds for § (G| x G7)
just in terms of distances in G and G».
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COROLLARY 19
For every graph G, G> we have

min{diamg, V(G1), diamg, V(G2)} < §(G1 x G2)
1
< E(diamGlGl + diamg, G7).

Theorems 14 and 18 give that 6 (G x G») is equivalent, in a precise way, to min{§(G ) +
diamG», §(G7) + diamG1}.

COROLLARY 20

For every graph G1, G> we have

1
3 min{é(G1) + diamg, V(G3), 6(G2) + diamg, V(G1)}

1
<8(G1 x Gp) < 3 + min{8(G1) + diamg;, G2, §(G2) + diamg; G1}.

Corollary 20 allows to obtain the main result on this topic: the characterization of the
hyperbolic graphs G| x G».

Theorem 21. For every graph G, G, we have that G| x Gy is hyperbolic if and only if
G is hyperbolic and G is bounded or G is hyperbolic and G is bounded.

Many parameters y of graphs satisfy the inequality y (G| x G3) > y(G1) + y(G2).
Therefore, one could think that the inequality 6(G| x G2) > §(G1) + §(G2) holds for
every graph G1, G,. However, this is false, as the following example shows:

Example 22. §(P x C3) < §(P) + 6(C3), where P is the Petersen graph.
Proof. We have that

diampV (P) = 2, diam, P = 5/2, diamp P = 3,
diamc,V(C3) =1, diam’C3C3 = diam¢;C3 = 3/2.

Theorem 11 in [26] gives that §(P) = 3/2 and 6(C3) = 3/4. Theorem 7 gives
diampyc; (P x C3) = 4 and by Theorem 11, we obtain §(P x C3) <2 < 3/2+43/4 =
§(P) +8(C3). ]

4. Computation of the hyperbolicity constant for some product graphs

We obtain in this section the value of the hyperbolicity constant for many product graphs.
Theorem 23. The following graphs have these precise values of §:

e §(P, x Py)=n—1, foreveryn > 2.
e (P, x Py) = min{m, n} — 1/2, for every m,n > 2 with m # n.
e 5(Qy,) =n/2, foreveryn > 2.
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e §5(Cy x Cp) = (m+n)/4, foreverym,n > 3.
e §(T1 X T2) = 8(Pi+diamTy X Pi+diamty), for every trees T\, T2, i.e.,

diamp, 71, if diamp, T = diamp, 7>,
§(Ty x Tp) =
min{diamy, 71, diamp, 17} + 1/2, if diamp, T # diamp, 7.

Proof. We cansee P,, x P, as the subset of points (a, b) in the Cayley graph of Z x Z C R?
with0 <a <m —1,0 < b < n— 1. Given any geodesic triangle T in P,, x P,, the bigon
B with vertices x = (0,0), y = (m — 1,n — 1) and geodesics y; = [(0,0)(0,n — D] U
[0, n—=1)m—1,n—1)],y»=[0,0)(m —1,0)]U[(m —1,0)(n — 1, n — 1)] verifies
8(T) < 6(B).

If m =n,then§(B) =dp,«p,((0,n —1), y2) = n— 1. Therefore 6(P, x P,) =n—1.

If m # n, then without loss of generality we can assume that m < n. We have §(B) =
dp,xp,((0,m—1/2), y2) = m—1/2;therefore,§ (P, x P,) = m—1/2 = min{m, n}—1/2.

First of all let us prove by induction that diamgp, O, = n. For n = 1, we have
diamg, Q1 = diamp, P, = 1.

Now suppose that diamg, O, = n. Since Q,+1 = O, X P2, by Theorem 7 we deduce
that diamg, , Q11 = n + 1. Therefore, we have proved diamg, O, = n. Consequently,
Theorem 11 gives that 6(Q,) < n/2.In order to prove the reverse inequality, we consider
0, contained in [0, 1] C R”". Let us define two n-dimensional vectors x;, y; for each
0 <i < n as follows:

r—/l\ﬁ
xi =(0,...,0,1,..., 1) hasi-times ‘1’ in the i last components and ‘0’ in the rest of the
components,
r—’l‘
yi=(,...,1,0,...,0) hasi-times ‘1’ in the i first components and ‘0’ in the rest of the
components.

Now we consider the paths y; := x0, X1, ..., Xn, ¥2 1= Y0, Y1, ..., Yn. lf n = 2p, let

7 1= xp; thendg, (xp, yp) = nand dp,(xp,y;)) =n—|p—jl>=n/2for0 < j <n.

L Xptxpin,
Ifn=2p+1,letz:= %,tben

dg,(z,y;) =1/2+min{dg, (xp, y;),do, (xp+1,¥;)}
=min{n —|p+1—jl,n—|p—jl}+1/2
=n—min{[p+1—jl,[p—jl}+1/2=n/2

for 0 < j < n. Let us consider the bigon B = y; U y». In any case, we have that the
midpoint z of yj is at distance n/2 from y»; therefore, 6(Q;,) > n/2 and, consequently,
5(Qn) =n/2.

Consider the graph C,, x C,. Corollary 9 gives diamc,,xc, (Cin x Cy) = (m +n)/2.
Thus Theorem 11 gives 6(C,, x Cp) < (m +n)/4.

Letus denote by uy, us, ..., u, (respectively, vy, va, ..., v,) the (consecutive) vertices
in C,, (respectively, in C,,) withdc,, (u;, u;+1) = 1 forevery 1 <i < m — 1 (respectively,
dc,(vj,vjy1) = 1foreveryl < j <n-—1).

First, let us assume that m or n is even; by symmetry, without loss of generality we can
assume that m is even.
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If n is even, let z = v, 24 1; then we define
y1 = [urumpo1] X {v1} U {um/241}
x [v1z] (with up € [uiuy/241] and vy € [v12])
and
Y2 i= [umpr1ur] x {z} U {u1}
x [zv1] (with uy, € [Upm/241u1] and v, € [zv1]).
If n is odd, let z be the midpoint of [v(,+1)/2, V(n+3)/2]; then
v1 = [ugumpe1] x {v1} U {umyo41}
x [viz] (with uz € [uiup 2411 and vy € [v12])
and
Y2 = {um241} X [20043)2]1 U [Um/241u1]
X {vu+3)2} U{ur} X [vp+3)2v1] (With uy, € [up2+1u1]).

We have that B = {y1, 2} is a bigon and L(y1) = L(y2) = (m + n)/2. If p is the
midpoint of yi, then dc, xc,(p, y2) = (m + n)/4; therefore, §(C,, x C,) > 6(B) >
(m +n)/4.

Now, let us assume that i, n are odd. Let w be the midpoint of [# (. 11)/2, t(n+3),2] and
z the midpoint of [v(;+1)/2, V(n+3),2]; then we define

y1 = [wur] x {v1} U {u1} x [viz] (with uy € [wu;] and v; € [v1z2])
and
v2 = {u1} X [2v@43)/2] U [U11gnt3)2]
X {vma3)2} Ul nsy 2} X [Vwa3)2011 Y [ gny3ypw] x {v1}

We have that L(y;) = L(y2) = (m + n)/2. If p is the midpoint of y;, then
dc,, xc,(p, y2) = (m + n)/4; therefore, §(C,, x C,) = §(B) > (m +n)/4.

Then we conclude in any case that §(C,, x C,) = (m +n)/4.

Now let us consider the graph 77 x 7>. We have that there exists an isometric subgraph
I'j of T; with I j isometric to P1+diamTJ~ ,for j =1, 2;then I x I'; is an isometric subgraph
of T1 x T, and Lemma 17 gives 8 (P14+diam7; X Pi4diamr,) < 8(T1 X T»). In order to prove
the reverse inequality let us consider two cases.

If diam7, T1 = diamy, 17, then diamy, x 7, (T7 x T2) = 2diamr, T} by Corollary 9. Now,
Theorem 11 and the first item of Theorem 23 give

L.
(I xTp) < EdlamTlez(Tl x T2)

= diamp, 71 = §(P14diam7; X PiydiamD)-

If diamy, T} # diamy, 7>, by symmetry we can assume that diamy, 71 > diamr, 7>. Then
Theorem 15 and the second item of Theorem 23 give

8(Ty x Ty) < diamp, Ty + 1/2

= 1 +diamp, 72 — 1/2 = §(Prydiamy X Plidiam?)- O
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Theorem 24. Let T be any tree and G be any graph. Then

(diamy T + diamgG)/2, if diamrT = diamgV(G) > diamgG — 1,

8(T x G) =
diamgV(G) + 1/2, if diamrT > diamgV (G).

Proof. IfdiamyT > diamg V (G), then the formula is a direct consequence of Theorem 15
and the third item of Theorem 18.

Assume now that diamy7 = diamgV(G) > diamgG — 1. First of all, note that
Corollary 12 gives §(T x G) < (diam7T + diamgG)/2.

In order to prove the reverse inequality, we consider two cases: diamg G = diamg V (G)
and diamg G = diamgV(G) + 1/2.

If diamgG = diamgV(G), then diamgG = diamy7T and the second item of
Theorem 18 gives

1
8(T x G) > diamypT = E(diamrT + diamgG).

If diamg G = diamg V (G) + 1/2, then there exist v € V(G) and w € [a, b] € E(G)
with dg(v, w) = diamgG (note that w is the midpoint of [a, b]). Let y,, y» be two
geodesics joining v and w, witha € y, and b € y.

Let uy, up € V(T) such that dr(uy, uy) = diamyT. We define o1 := [upu;] x {v} U
{u1} xyg, 02 = {ur1} x[wb]U[uu] x {b}U{us} x [bv]; o1, 02 are geodesics joining (12, v)
and (u1, w) with length diamy T + diamg G. If p is the midpoint of o1, it is easy to check
thatdr xg(p, V(T xG)) = 1/4and §(T xG) > drxg(p, 02) = (diamr T +diamgG) /2.

Od

Note that §(T x G) = (diamr T + diamg G)/2 does not hold for every tree T' and every
graph G withdiam7 T = diamg V (G) = diamg G — 1, as shown in the following example.

Let G be a graph obtained from two graphs G, G, isomorphic to C3 by identifying a
vertex of G with a vertex of G5. It is clear that diamg V (G) = 2 and diamgG = 3. One
can check that §(P; x G) =9/4 < 5/2 = (diamp, P; + diamgG)/2.

Theorem 25. Let us consider any tree T with at least three vertices and any complete
graph K,y withn > 4. Then §(T x K,) = 3/2.

Proof. The result is a consequence of Theorem 24, since diamy7T > 2 > 1 =

diamg, V(K,). O
Theorem 26.
5Py % o) {(m—1+n/2>/2, if m—1<[n/2].
[n/2]4+1/2, if m—1>[n/2],

foreverym > 2,n > 3, where [x] := max{k € Z: k < x}.

Proof. First of all, by Theorem 24 if m — 1 > [n/2], then 6 (P, x C,) = [n/2] + 1/2.
Assume now that m — 1 < [n/2] and define {x} := min{|x — y|: y € Z}. Theorem 7
gives thatdiamp, xc, (P x C,) = m — 14+ n/2; hence, Theorem 11 gives §(Py,, x Cy) <
(m—1+n/2)/2.
In order to prove the reverse inequality, let us denote by u1, ua, .. ., u,, (respectively,
V1, V2, ..., Uy) the vertices of P, (respectively, the vertices of C,,) withdp, (u;, u;j41) =1
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forevery 1 <i < m — 1 (respectively, dc,(vj, vj;1) = 1 forevery 1 < j <n —1). Let

x := v and y be the point in C, such that dc, (x, y) = n/2. Let us define the geodesics

o1 = [(um, x)(uy, x)]U [(u1, x)(u1, y)], where [(u1, x)(u1, y)] is the geodesic contain-

ing (u1,v2), 02 1= [(u1, y)@m, y)IU [W@m, y)(Uum, x)] if n is even (with (up, vy—1) €

[@m, ¥)@m, )], and o2 = [(u1, y) (@1, Vu13)2)] U [@1, vua3)2) @m, vars)2)] U

[(Wm, v(ut3)/2) (Wm, x)] if n is odd; note that o1, 07 are geodesics of lengthm — 1 +n/2.
Now let us consider the bigon B = {071, 0»2}. Then the midpoint p of o] satisfies

dp,xc,(p,o2) =min{(m —1+n/2)/2,[n/2]1 + {(m — 1 +n/2)/2}};
therefore,
8(Pyp x Cp) =min{(m — 1 +n/2)/2,[n/2]+ {(m — 1 +n/2)/2}}.

We will now show that (m — 1 4+n/2)/2 < [n/2]+ {(m — 1 +n/2)/2}. If n is even, then
[n/2]=n/2andm — 1 < n/2;hence,m — 1 +n/2 <n and

(m—=1+n/2)/2 <n/2=[n/2] <[n/2]+{(m — 1+ n/2)/2}.

Ifnisodd, then[n/2] = (n—1)/2and (m — 14+n/2)/2 € (N+1/4)U (N +3/4); hence,
{m—-14+n/2)/2}=1/4,m—-14+n/2<m—-1)/24+n/2=n—-141/2 and

m—14n/2)/2<m—1/241/4=[n/2]+{m—1+n/2)/2}.

Therefore, §(P, x C;) = (m — 1 + n/2)/2 and we conclude that §(P, x C,) =
(m—1+4n/2)/2. a
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