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Abstract. ~ We consider the embedding relation between the class W9 H', includ-
ing only odd functions and a set of functions defined via the strong means of Fourier
series of odd continuous functions. We establish an improvement of a recent theorem
of Le and Zhou [Math. Inequal. Appl. 11(4) (2008) 749-756] which is a generalization
of Tikhonov’s results [Anal. Math. 31 (2005) 183-194]. We also extend the Leindler
theorem [Anal. Math. 31 (2005) 175-182] concerning sequences of Fourier coefficients.
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1. Introduction

Let f be an odd continuous function of period 27 and let
o0
Z b, sinnx (D
n=1

be its Fourier series. The modulus of smoothness of order g (> 0) of the function f € C
is given by

wg(f;t) = sup

|hl=t

’

v

(=" <ﬁ)f (x+ (B —-v)h)
0

V=

where

B w, for v > 1,
= ) and [|f()ll = max |f(x)]
0 x€[0,2:

1, for v = €[0,2]
Denote by S, (x) = S, (f, x) the n-th partial sum of (1) and by f @ the derivative of

the function f of order g > 0 (f© = £) in the Weyl sense (see [17]).
For any sequence A = (A,) of positive numbers, we set

n
An =) o
v=1
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For p > 0, we define the following strong means:

S

l n
ha(f &, p; x) == {A—me) — Sy
noy=1

and

1 & 117
B (f. 2o p) o= {A—quf(-)—sv(-w
ny=1

Let Q2 be a set of all nondecreasing continuous functions defined on [0, 2] such
that

w(0) =0 and
w81+ 82) <w(b1) +w(s) forany 0 < 81 <6y <81 + 6 < 2m.

Further, we define the following classes of functions:

H(}\” p’q’w) = {f e C: hn(fv)"’ p) =0 (n_q(,() <;l))} ’

WIHG = (f € C: wp(f @, 8) = 0(w(8))).
Leindler, in [6] defined a new class of sequences in the following way:

DEFINITION 1

Lety := (y,) be apositive sequence. A null sequence a := (a,) of real numbers satisfying
the inequality

00
Z|an_an+1|§K(a)Vm» m=12,...

n=m

with a positive constant K (a) is said to be a sequence of y rest bounded variation, in
symbol: a € y RBVS.

If y = a and a, > 0, then we call the sequence a the rest bounded variation sequence;
and briefly we write a € RBVS. Leindler [7] introduced the class of mean rest bounded
variation sequences (MRBVS), where y is defined by a certain arithmetical mean of the
coefficients, e.g.,

m
Y =— Y an. @)
n>m/2

It is easy to see that the class MRBVS includes the class RBVS, consequently the
classes of almost monotone and monotone sequences, too. In [9] we proved that RBVS #
MRBVS.

A sequence a := (a,) of positive numbers is called quasimonotone (a € QMS) if there
exists p > 0 such that n™%q, | 0.

3=
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We will also need the following notations:

Ci = {f eC: f(x) = Zb,, sinnx, (by) € QMS} ,
n=1

C, = :f €C: f(x) =) bysinnx, (by) € RBVS}
n=1
and
C; = {f €C: f(x) =) bysinnx, (by) € MRBVS} .

n=1

We shall write I} < I if there exists a positive constant C such that I} < C1.
A sequence y := (y,) of positive numbers will be called almost monotone (increasing)
sequence ((y,) € AMS), if there exists a constant K := K (y) > 1 such that

Kyn > vm

holds for any n > m.
Tikhonov [12] proved the following theorem.

Theorem 1. Let B, p > 0,9 > 0, w € Qand A = (A,) be a sequence of positive numbers
such that

Aoy K Ap K iy (3)

If w is such that

1
Ann! PP (;) € AMS, 4)

then
WIHZ NC; CH(, p,q, ),
where j = 1or j =2.

The above theorem is a generalization of the theorem of Leindler [3], who generalized
the results of Mazhar [8]. In [10] we proved that under the assumption of the above theorem
the following embedding relation W7 H E" NCz C H(A, p, q, w) holds.

The next generalization of Theorem 1 was proved by Leindler in [5]. He showed that
this theorem is true with the assumptions (5) and (6) instead of (3) and (4), respectively.

Le and Zhou [1] defined the following new class of sequences (R = [0, 00)):

GBVS = {(a,) € R.:

2m—1
Z lan — an+1| < K(a) max {a,} for someinteger N andall m € N .

m<n<N+m
n=m
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Very recently, Yu, Zhou and Zhou [16] proposed a more general class:

MVBVS = {(an) eRy:

2m—1 [Am] a
Z lan — ans1| < K(a) Z “ for some A > 2 andall m GN}.
n=m n=[m/i]
Let
o0
Cy:= {f €C: f(x) =) bysinnx, (by) € MVBVS}

n=1

Le and Zhou [2] proved the following generalization of Theorem 1.

Theorem 2. Let B, p > 0, g > 0, w € Q and A = (A,) be a sequence satisfying (3).
If (4) holds, then

WqHE’ NCy C H(A, p,q, w).
Tikhonov [13-15] defined the class of §-general monotone sequences as follows:

DEFINITION 2

Let 8 := (B,) be anonnegative sequence. The sequence of nonnegative numbers a := (a,)
is said to be B-general monotone, or a € GM (f), if the relation

2m—1

Z lan — any1l < K(a)Bm

n=m

holds for all m € N.
Tikhonov in [15] considered the following examples of the sequences S,,:

(1) 1Bn = au,

(ii) 28, = ZZ:,IIV ay for some integer N,
(iii) 38, = Z‘IJV:O acv, for some integers N and ¢ > 1,
(iv) 4By =a, + 21[2;]1“ % for some ¢ > 1,

(V) 5Bn = Z,[f;l%n/c] % for some ¢ > 1,
It is clear that GM (2 8) = GBVS and GM (58) = MVBVS. Moreover (see [15])

GM (18 +2 B +3 B +4 B +5 f) = GM (58).

In order to formulate our new results we define the next class of sequences.
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DEFINITION 3 [11]

Let B := (B,) be a nonnegative sequence and r a natural number. The sequence of
nonnegative numbers a := (a,) is said to be (8, r)-general monotone, or a € GM (B, r),
if the relation

2m—1

Y lan — anir| < K(@pn

n=m
holds for all m € N.

It is clear that GM (B,1) = GM (B). Moreover, the embedding relation between
GM (B,r) (r > 1) and GM (B, 1) implies from the following remark (see [11]).

Remark 1. Let r be a natural number. If a nonnegative sequence 8 := () is such that

r—1

Y Buti < Ba
i=0
for all n, then
GM (B, 1) CGM (B, r).
Moreover, the classes GM (58, r) have the following properties (see [11]):
Remark 2. Letry,rp € Nand r; < rp. If rq|ra, then GM (58, r1) & GM (58, r2).
Remark 3. If r e Nand r > 1, then GM (58) = GM (58, 1) & GM (58, r).

Remark 4. Let ri,ro € N.If ri{ry and rp 1 rq, then the classes GM (58, r1) and
GM (58, rp) are not comparable.

Remark 5. For any r > 3 there exists a sequence a := (a,) € GM (58, r), with the
properties (7) which does not belong to the class GM (58, 2).

Finally, for r € N,

Ca(r)=1{f €C: f(x) =) bysinnx, (by) € GM (s, r)} .
n=1

It is clear that C4 = Cy4(1).

In the present paper, we generalize the above theorem of Le and Zhou to the class
GM (58, 2). Moreover, we prove that Theorem 2 is also true if a sequence (b,,) belongs to
the class GM (58, r) (r > 3) and satisfies (7).

2. Statement of the results

Theorem 3. Let 8, p > 0,q > 0, w € Q. If L = (°,) be a sequence of positive numbers
such that

1
Ayn—PioP <;>  AMS 5)
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and

Mgy K Ay, ©)
then

WqHé” NCsR)C H, p,q,w.

Remark 6. If we confine our attention to the class GM (58) then by Remark 3 the Le and
Zhou result follows from our Theorem 3. Moreover, from Theorem 3 we can derive the
embedding relation from [5], [12] and [10].

Theorem 4. Let B, p > 0, g > 0, w € Q and let . = (A,) be a sequence of positive
numbers such that (5) and (6) hold. If

oo [r/2] [cn] by

ZZ ratk = brosril <n° Y 2 (e>1 and e (0,1)

= v

v=n k=1 v=[n/c]

(7N

holds for r > 3 and all n, then

WqH/;” NC4(ryCc H, p,q, w).
3. Auxiliary results
To prove our theorem, the following lemmas are needed.
Lemma 1 [11].Letr e N,/ € Zanda := (a,) € C.If x = 217”, then for all n,

2n—1 ] 2n—1 r

Z ag sinkx = el Sn(rx/2) ]; (ar — ak+r) cos (k + Et) X

2n+r—1 n+r—1
+ Z akcos(k— —)x — Z akcos<k— —) }
k=2n
3
Lemma?2. Let p > 0,9 >0, w € 2, (b,) € GM (58, 2) and
—g—1 1
0<b,<n T7w|-|. 9)
n

Then the Fourier series (1) converges to f uniformly, i.e.

fx):= an sinnx.

n=1

Further, if (Ay) be a sequence of positive numbers, which satisfies (5) and (6), then
feHR, p,q,w).
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Proof. The first part of Lemma 2 is clear by generalization of Chaudy—Jollife’s theorem
for the class GM (58, 2) (see [11]) with the condition b, < n_q_lw(%). In view of
Sk(f, 0) = Sk (f, m) = 0, we may restrict x € (0, 7).

First, assume that x € (0, %] and let M = M(x) > 2 be an integer such that

b4
M+1

<X

<T 10
= (10)

Using (8) with r = 2, for k < M we obtain

Lf(x) = Sk (f5 0l

M 00
< Z b, sinvx| + Z b, sin vx
v=k+1 v=M+1
M oo 2t (M+1)—1
= Z by sinvx| + Z Z by sin vx
v=k+1 s=0 v=25(M+1)

] & 2t (M+1)—1

M
<x _Z byv+ | S Z . Z (by — byy2) cos(v + 1)x
v=k+1 s=0 v=25(M+1)

25t (M41)+1 25(M+1)+1
+ > bycosw—Dx— Y bycos(v—l)x
v=25T1(M+1) v=2*(M+1)
> bt 5
<x byv + .
vt 2sinx
oo [ M+1)—1 25t (M41)+1 25 (M+1)+1
x Yo b—bual+ Y b+ Y by
s=0 | v=25(M+1) v=25+1(M+1) v=2%(M+1)

If (b,) € GM (5B, 2), then applying the inequality Zx < sinx (x € [0, %]) and (10)
we get

Lf(x) = Si(f3 0l

1 M | = 2 (M+1)—1 25 (MA4-1)+1
< M Z byv + — Z Z |by — bv+2| + Z by
vk +1 SIMX 0 | =25+ v=25(M+1)
1 M 1 & 2 (M+1)—1 25(MA41)+1
Ko 2 bwt-d 4 Y le—bualt Y b
vk +1 X 20 | v=2st+n v=25(M+1)

—

=24 Z byt . (11)

! [c25(M+1)] b 25(M+1)+1
v
v=[25(M+1)/c] v v=25(M+1)

M 00
<o > bu+M)

v=k+1 s=0
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Analogously, if k > M, then

00 [c2*(k+1)] b 25 (k+1)+1
v
|f () = Se(f5x0)] < MZ{ o2+ Y bv} (12)
s=0 lo=12Gr1ysel V' =241
Further, for n > M, we have
n
D Ml f ) = Sk(f; 017
k=1
M n
=Y M) = Sk (0P 4 D Ml f ) = Sk(f; 0P =11 + Do
k=1 k=M+1
(13)

Using (11) we obtain

| M M p
I < m;m( > bw)

v=k+1

M 00 [2M+D] 25(M+1)+1 p
v
+E )»kMp<E { E — + E bv}> =111+ 112
k=1

s=0 lo=2+1)/c] ¥ v=2s(M+1)
(14)
and by (12)
(2 (+D] 4 2k D)+ P
he 3 Ak(Mz{ Sk b}) %)
k=M+1 —2G)/el U v=2 k41

Now, we shall estimate /1;. By (9) we have

I < —Zxk <qua)< ))p

Let p > 1. Then using the Holder inequality and (5) we obtain that

I < 5 Z)\k (Z 1) . (i v <%>)

v=k

<<_Z)"‘Z” pqu< ) Zv pqu< )Z)”k
:_Z pqu< )A & n PP (i)l\n- (16)

If 0 < p < 1, then we choose two integers u = s and v = v such that

2l < M <2* and 2” <k <2Vtl
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Then, by (5) the Holder inequality gives

| M u—12H41_1 P
I <« mzkk s 4w (—)
k=1 I=v §=2!
A P
ST 3 D IR
k=1 I=v s=2!
[N = P 1 LS di—g)
_ pUi—=q) P | _ _ pU—q) p
SMPI;)%IZZ w (21>§MP22 w
= =V

=1

1
L n PigP (;) A,

The estimate 11 follows from (9), (5) and from the monotonicity of w:

00 [c2f (M+1)] b 25(M+1)+1 P
112<<M1’AM<Z{ Y S+ bv})

s=0 lo=2M+1/cl ¥ v=25(M+1)

0o [c25 (M+1)] 1 25(M+1)+1
LIV D SR L P i

s=0 Lv=[25(M+1)/c] v=25(M+1)

00 p
1 I
KMy (Zw <2S(M + 1)) M + 1))q+1)

s=0
(& 1 Y 1
-rq,p | - —rpp | Z
<LK AyM w (M) (g (2s)q+l) <Ln Ffo (n)An
Next, we estimate /5. Using (9), (5) and the monotonicity of @ we obtain

n
L<MP Y
k=M+1

00 [c2% (k+1)] 1 25 (k+1)+1
XY erme(y)s Y e
5=0 Lv=[2(k+1)/c] v V=2 (k+1)

p
p
«MP D ke (Zw<25(k+l))(23(k+1))q+1>

k=M+1 s=0

571

1\ &
(5) 2

(L 1 1
— —pq P Ip —pq,p | _
=5 I_EIA21(2) 10} (21)2 <Ln e (n)An p

(18)



572 Bogdan Szal

<L M?P Z Ak~ %P( ) (i )qH)P

k=M+1 =0

<«n pqu< )A Mpz_k )4

and by (6) we have

o0

~ 1
L < n PP <;> A MP Z z) P

1 00 2l+l
<n PP (-) A, MP Z(le) P py
" 1=0 Aatm, Sy
< n~PdgP Z(zl) pB2m o mpag,e (1) 4 (19)
n Ayt yy n "
If n < M, then we can estimate
n
D M) = Sk (f; 01 (20)
k=1

in the same way as we have estimated /1, with the only modification that instead of M we
take n.
Thus, combining (13)-(19) we obtain that for x € (0, %] and every n,

1 1
Z)»Hf(x) = S(fi 0P «n Pl (—) An (21)
=1 n
holds.
Letx € [5,7) and N = N(x) > 2 be an integer such that

T T

T——<x<mw-— . (22)
N N +1

Using (8) with » = 2 and the inequality sinx < —x (x € (0, 7)), for k < N we obtain

N 00
Z b, sinvx| + Z b, sin vx

Lf(x) = Sk(fs 0] <

v=k+1 v=N+1
N 1 00
<S@r—x) ) bt s=—3
vkt 1 SINX
2+ (N+1)—1 2H (N4 +1 25 (N+1)+1

x Do bu—bupl+ Y, b+ Y. by
v=25(N+1) v=25t1(N+1) v=2%(N+1)
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If (b,) € GM (58, 2), then applying the inequality 2 — —x <sinx (x € [2, ]) and (22)
we get

Lf(x) = Se(f5 0l

N
L@@—x) Y by

v=k+1
oo | 2L N+1)—1 25(N+1D)+1
Y1 D be—bual+ ) b
2( ——x) s=0 | v=25(N+1) v=25(N+1)
[c2°(N+1)] b 25(N+1)+1
D SRS 31 D SRR SN
v=k+1 5=0 lo=[2*(N+Dy/el ¥ v=2s(N+D)
Analogously, if k > N, then
00 [€25 (k+1)] b 25 (k+1)+1
U
O =Sl <NY >0 =4 Y b (24)
s=0 Lv=[2%(k+1)/c] v=25(k+1)

If n > N, we have

D Ml fox) = Si(fo; 1)1
k=1

N n

=Y Ml fo() = Sc(fo: OIP + Y Ml fox) = S(for 1)1
k=1 k=N+1

=J1+ L.

Using (23) we get

o [ 2Dl 4 2P(NAD+] P
Jl<<—Zxk(Z bv) +ANN”<Z{ >t b,,})

v=k+1 =0 o=V /el U v=25(N+D)
and by (24) we have

[c2% (k+1)] b, 25 (k+1)+1 P
Jz<<ZAk<NZ{ Z —+ Z bv}) )

s=0 Lv= [2‘(k+l)/c] v=2%(k+1)

Further we estimate the quantities J; and J, analogously as the quantities /1 and 1. The
only difference is that instead of M we take N. If n < N, then we can estimate the sum
(20) in the same way as we have estimated J;, with the only modification that instead of
N we taken n. Thus, we obtain that for x € [2 , ) and every n,

>l f ) = S(fr 0l < 0P (%) An. (25)
k=1

The inequalities (21) and (25) clearly show that f € H(A, p,q, w). The proof is
complete. |
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Lemma3. Let p > 0,q >0, w € 2, (b,) € GM (58,r) (r = 3). If (7) and (9) hold,
then the Fourier series (1) converges to f uniformly, i.e.

fx) = an sinnx.

n=1

Further, if (Ay) be a sequence of positive numbers, which satisfies (5) and (6), then
feHMR,p,q,w).

Proof. The first part of Lemma 3 is clear by generalization of Chaudy—Jollife’s theorem
for the class GM (58, 2) (see [11]) with the conditions (7) and (9). Next, we shall show
that (25) holds for any x. Since Si(f, 0) = Sx(f, 7) = 0, it suffices to prove (25) for
x € (0, ).

First we shall show that (25) is valid for x = 217”, where [ is an integer number such that
0 < 2I < r. For any k there exist two numbers p, u € NU {0} suchthatk+1=r-p+u,
where 0 < u < r. Then

(7))

IA

r(p+1)—1
Z by sin <v—)
v=r-p+u

Z Zb, +i SIN <(rv + z)—)‘

v=p+1i=

r(p+1)—1 2l
= Z b, sin <v—) Z Zb, v+i SIn < >
v=r-p+u v=p+1i=1

2s—1 I I
= Z bs.p4i sin (l _) Z(bZS v4i — b2gp2s—i) sin (l _>

i=1

> .. Ir
= Z(bZS-v+i - b25~v+2s—i) s <l _>

i=1 $

r/2

2
= Z(br‘v—i-i - br-v+r—i) sin (l7> (26)
i=1

andifr =2s+1(s =1,2,...) then

2l 2l
b — b
Z rov-+i SN (l ) Z @s+1)-v+i SN < 25 + 1)
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= ES b —b )sin | i !
= ot . _ 1
~ 2s+1)-v+i 2s+1)-v+2s+1—i 25 1

(r/2]

2w
:Z(br-v+i_ rdr—i) Sin | i——|.
i=1

r

Using (26) or (27) we obtain

2l r(p+1—1 oo [r/2]
‘f( ) k( >‘ Z b+z Z|brv+1_

v=r-p+u v=p+1 i=1

Thus, using (9), (7), (5) and (6), we get

s (2) s 2

n r(p+)-1 \" oo [r/2]
<<Z)»k( Z bv) +Z)tk< Z Zlbrv—i-l_brv—i-r z|
k=1 k=1

v=r-p+u v=p+1 i=

v=r-p+u

n r(p+)—1 1 Py ler]
<Y v‘q‘1w<—) +> | pf =
(3 ) e 2

v=[p/c]

n 1 [ep] 1
< Z)ka(qul)pwp (E) + Z)”k <p8 Z v 9420 <_
k=1

v=(p/c] v

n
) + Z)ka(—q—ws)pwp (l)
k=1 k
1 B 1 (e—1) Ak
< ZA"k P4 )P . k pr

k=1 Ak

| =

n
<< Z )\.kk(_q_l)pwp (
k=1

n
< n~PiyP <l> A, M g e=1p
n

=1 Dk
) 2[+1
<n pqu< ) MPZZ )(8—1)p
=0 ;=2! l
21+1
<n pqu< ) Z(zl)(e l)p Z)‘
i=2!

< p P4 gyP 1 A i(zl)(efl)PAZ’“ & n~PigP 1 A
— n n A n n-

=0

Now, we prove that (25) holds for 217” <x < 217” + %, where 0 <2/ < r.

575

27

rv+r—i |

)

(28)
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Let M := M(x) > r be the natural number such that
2l b4 2l 7w
- < 4+ . 29
r M+1 =r= r + M (29)

Then, for k < M we obtain

M
Z by, sinvx| +

v=k+1

Lf () = Si(fs 0] =

o
E b, sinvx| .

v=M+1

Applying Lagrange’s mean value theorem to the function g(x) = sin vx on the interval
217” x| we obtain that there exists y € (217”, x) such that

. . < 2171) < 21n>
sinvx —sin{v— ) =vcosvy{x — — .
r r

Using this, (29) and (8) we get
[f(x) = Sk(f;5 )]

M I M 00
< Z vb, cos vy <x — —> + Z by sin (v—) + Z by sin vx
v=k+1 v=k+1 v=M+1
M
< i Z vby, + Z by sin (v—)
v=k+1 v=k+1
oo |2t (MA41)—1 -
Z Z (by — by4r) cos (v + —) X
2sin(rx/2) sm(rx/2) = | =T 2
2T (M4 1)+1 , 25(M+1)+1 -
+ Z bvcos(v—z)x— Z bvcos(v—z)x
v=25t1(M+1) v=25(M+1)
| M
<L S 4| 3 bysin ()
M v=k+1 v=k+1
| o[22+ M+1)=1 2N (M+1)+1 25 (M+1)+1
+ 2 sin(rx/2)| Z Z by = bytr| + Z by + Z by
sin(rx /D =5 | oo Gt v=2 T (M+1) V=25 (M+1)

If (by) € GM (sB,7) (r = 3), then using the inequality —x — 2/ < |sin %| (x €

[2x 2z | 7] and 0 < 2! < r) and (29) we obtain

Lf(x) = Sk (f5 0l

<<—va+

v=k+1

Z by sin <v—)’

v=k+1

25t (M41)—1 25(M+1)+1

o0
T 21 I S S
X s=0 | v=25(M+1) v=25(M+1)
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Rt 21
< m Z vb, + Z b, mn(v—ﬂ)‘
v=k+1 v=k+1
00 [c25(M+1)t] b 25(M+1)+1
+M) { =4+ bv} (30)
s=0 lo=i2+1)/c] ¥ v=25(M+1)
Analogously, if £ > M, then
00 [c2° (k+1)] b 2% (k+1)+1
v
[f(x) = Si(f; 0 K MZ — 4+ by (3D
5=0 lo=12G+ 1)/l V' v=25G+1D)

Further, for n > M, using (30) and (31) we have

D M) = Sk (f; 01

k=1

MIFE) = Se(fs 0P+ Y il f(x) = (S5 01

— k=M+1
M
<<_Z)”k( Z bvv> —i—ZAk Z bvsm<v—>
v=k+1 v=k+1
o (2 M+D] 25(M+1)+1 p
ot 2 ))

=0 Lo=r2z131y/e1 V' v=25(41)

[
’iMi

p

M
+ZAkM”<
S

k=1

n 00 [c2° (k+1)] b 25 (k+1)+1 4
+Zkk<MZ{ > “+ > b})

k=M+1 s=0 Lv= [2Y(k+l)/c] v=2%(k+1)

=24 X+ X3+ Xy,

The quantities X1, ¥3 and ¥4 can be estimated in the same way as the quantities /11, /12
and > in the proof of Lemma 2, respectively.
Analogously as in (28) we can show that

1
3y <« n~Plw? (Z) A,.

If n < M, then we can estimate (20) in the same way as we have estimated X1, X, and
33, with the only modification that instead of M we take n. Thus we obtain that (25) holds
forx e [ZZr” , ZZr” + E] where 0 < 2/ < r and every natural number 7.
Finally, we prove that (25) is true for =% 21” + % <x< w, where 0 < 2(I+1) <r.
Let N := N(x) > r be the integer such that

20+ 2(1+ Dr T
— — —<x< — .
r N — r N+1

(32)
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Then, for k < M we obtain

o0
E by sinvx| .

v=N+1

N
Z by sinvx| +

v=k+1

Lf(x) = Sk(fs 0] =

Applying Lagrange’s mean value theorem to the function g(x) = sin vx on the interval
[x, W] we obtain that there exists z € (x, W) such that

( 2(l+1)7t> . (2(l+1)n )
in| v——— ) —sinvx =vcosvz | ———— —x .

r r
Using this, (32) and (8) we get

Lf(x) = Si(f5 0l

N ( 2(l+1)ﬂ>‘
Z vbycosvz | x — ——

v=k+1 r

Z by sin ( 2(l+l)n>‘+

v=k+1

=

o0
E b, sin vx

v=N-+1

N

<<% Y b+

v=k+1

N

Z bvsin<v2(ltl)n) +

v=k+1

1
2| sin(rx/2)|

2T (N41)—1 2 (N41)+1 25(N+1)+1

0
X Z Z by — bytr| + Z by + Z by

s=0 v=25(N+1) v=25+t(N+1) v=25(N+1)

If (by) € GM (sB.r) (r > 3), then using the inequality 2(/ + 1) — Zx < |sin 5|
(x e[2= + 2, 2EDT] and 0 < 2(/ + 1) < r) and (32) we obtain

Lf(x) = Si(f3 0l

N

1 al [ 20+ Dr
<<N _Z vby + _Z by sin <vf>
v=k+1 v=k+1
oo |2 FHN+1)—1 25(N+1)+1
>0 Y —budt+ D b
20+ 1) 2 Qo V=25 (N+1) v=25(N+1)
- N 200+ 1
<~ 3 b+ b, sin Gu)
N < ~ r
v=k+1 v=k+1

o [ LXWEDl g 2(ONED
LA by

+ N 33
2 5 (33
s=0 Lv=[25(N+1)/c] v=25(N+1)
Analogously, if k > M, then
o) [c2% (k+1)] b 2% (k+1)+1
v
1f) = Se(fs 0l < N Z =+ by (34)
s=0 Lv=[2%(k+1)/c] v=2%(k+1)
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Using (33) and (34) we get that forn > N,

D Ml f) = Sk(f; 017
k=1

=

=Y Ml f0) = Sk(f; 017 + Z Ml f () = S (f5 017

k=1 k=N+1
N

<<—Zkk< 3 bw) +Zxk Z b m( 2(l+1)n>
k+1 v=k+1

N 00 [2(N+D] 25(N+1D)+1 P
e (] TR B TS
1

= 5=0 lo=i2Ve1y/e) U v=2s (V1)

00 (2’ k+D1 25 (k+1)+1 p
£ ACELEL TR

k=N+1 v=[25(k+1)/c] v=25 (k+1)

v=

= A1+ Ar+ A3+ Ay,

Further, we estimate the quantities A1, Ay, A3 and A4 analogously as the quantities
1, X, X3 and X4, respectively. The only difference is that instead of M we take N.
If n < N, then we can estimate the sum (20) in the same way as we have estimated A1,
A, and Az, with the only modification that instead of N we taken n. Thus, we obtain
that (25) is true for x € [217” + jrr Z(H_l)”] where 0 < 2(I + 1) < r and every natural
number n.

Collecting our partial estimations we obtain that (25) holds for any x. Thus
f € H(A, p, g, w) and this ends our proof. |

Lemma 4. Let (c,) € GM (B, r), where r > 1 and a nonnegative sequence B = (f,)
satisfies

[yn]

Z Bk Y (35)

=[n/2] k=[n/y]
for some y > 1. Then

[yn]
ne, K Z ck, y > 1.
k=[n/y]

Proof. If n < r, then the inequality obviously holds. Now, let n > r. For j = n + 1,
n+2,...,2n, we get

JjHr—1

>ch— 2 o

k=n+r

Z ek = Crr| Z(ck ~ Citr)
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and for j > n +r + 1 we obtain

n+r—1 Jrr—l1
cn < Z Ck<Z|Ck_Ck+r|+ Z Ck
k=n
20j/21-1 jHr=1 jHr=1
< Y la—awl+ ) a<Buimt ) o
k=[j/2] k=j k=j

Summing up on j and using (35) we get

2n n+r 2n
= 3 a= 3wt ¥
Jj=n+1 j=n+1 Jj=n+r+l
JjHr—1
Lren + Z (/3[/'/2]+ > Ck)
j=n+r+1 k=j
r—1 2n—1+j
crat Y mmeY Y. ¢
Jj=n+r+1 Jj=0k=n+1+j
2n+r—2 [yn]
< Z Bj+r Z ck K Z Ck.-
=[n/2] =[n/y]
The proof is complete. |

4. Proofs of the results

4.1 Proof of Theorem 3

To prove the assertion of Theorem 3 we show that if f € W" Hg’ N C4(2), then f €
H(\, p,q,w)alsoholds. Let f € W/ H E" N C4(2). Then using the technique of Tikhonov,
we get that

1
< ) > =B+ qu+ﬂ+1bk

k=1

Letm = [yn] + 1 and (bx) € GM (58, 2). Then

1 1 1
w <_) > w (_> > m_(ﬁ+1) qu+ﬁ+1bk
n m

k=1

m k m m
> m~ B3 5 30 o 2= BED N a3
k=1 j=1 k=1 j=k

[yn]

[yn]
> (yn)_(ﬂ+l) qu"r/3 Z b]
=T
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and by Lemma 4 with r = 2,

i.e.

[yn]

1

w (—) > n~ D E k9P nb, > nit1bp,

n
k=1

n

by < 110 <l> . (36)

Furthermore, by the hypothesis of Theorem 3, all the assumptions of Lemma 2 hold, and
consequently we obtain that f € H (A, p, g, w). This completes our proof.

4.2 Proof of Theorem 4

Analogously, as in the above proof, using Lemma 4 we get that (36) is true. Moreover, by the
hypothesis of Theorem 4, all the assumptions of Lemma 3 hold. Hence f € H(A, p, g, w)
and this ends the proof.
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