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Mean value estimates of the error terms of Lehmer problem
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Abstract. Let p be an odd prime and a be an integer coprime with p. Denote by N(a, p)
the number of pairs of integers b, c with bc ≡ a(mod p), 1 ≤ b, c < p and with b, c
having different parity. The main purpose of this paper is to study the mean square value
problem of

(
N(a, p)− 1

2 (p−1)
)

over interval (N, N +M] with M , N positive integers
by using the analytic methods, and finally by obtaining a sharp asymptotic formula.
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1. Introduction

Let p be an odd prime and a be an integer coprime with p. For each integer b with
1 ≤ b < p, there is a unique integer c with 1 ≤ c < p such that bc ≡ a(mod p). Let
N(a, p) denote the number of solutions of the congruence equation bc ≡ a(modp) with
1 ≤ b, c < p such that b, c are of opposite parity. Lehmer posed the problem to find
N(1, p) or at least to say something nontrivial about it (see problem F12, p. 251 of [2]).

Zhang [5] proved that

N(1, p) = 1

2
(p − 1) + O(p

1
2 ln2 p).

For further properties of N(a, p) in [6], he studied the mean square value of the error term
E(a, p) = N(a, p) − 1

2 (p − 1) and obtained

p−1∑

n=1

E2(a, p) = 3

4
p2 + O

(
p exp

(
3 ln p

ln ln p

))
,

where exp(y) = ey . Zhang in [7] used the properties of Dedekind sum and Cochrane sum
to study the Lehmer problem for the general case of an odd number q ≥ 3, and proved the
following asymptotic formula:

q∑

a=1

(
N(a, q) − φ(q)

2

)2

= 3

4
φ2(q)

∏

pα‖q

(p + 1)3/p2(p2 + 1) − 1/p3α

1 + 1/p + 1/p2
+ O

(
q exp

(
4 ln q

ln ln q

))
,

where
∑ ′ denotes the summation over all a such that (a, q) = 1.
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In this paper, we will consider the mean square value of E(a, p) over interval
(N, N + M], in fact, we will prove the following

Theorem. Let p be an odd prime, M, N be positive integers. Then

∑

N<a≤N+M

E2(a, p) = 3

4
Mp + O

(
p

3
2 ln5 p + M exp

(
3 ln p

ln ln p

))
. (1)

Obviously, this result is nontrivial for M ≥ p
1
2 +ε with ε an arbitrary positive real

number.
The following symbols will be used in the proof of the theorem.
Let χ be the Dirichlet character modulo q, then G(m, χ) = ∑

n≤q
(n,q)=1

χ(n)e(mn/q)

denotes the Gauss sum, and τ(χ) = G(1, χ); L(s, χ) is the well known Dirichlet
L-function;

φ(n), μ(n) and d(n) are Euler function, Möbius function and divisor function, respec-
tively; e(x) = e2πix ; [x] is the largest integer not exceeding x, {x} = x − [x], ‖x‖ =
min({x}, 1 − {x}).

2. Some lemmas

To complete the proof of the theorem, we need several lemmas.

Lemma 1. Let p be an odd prime. Then for any positive integer a with (a, p) = 1 we have
the identity

E(a, p) = 2

π2(p − 1)

∑

χ modp

χ(−1)=−1

χ̄(a)(1 − 2χ(2))2τ 2(χ)L2(1, χ̄). (2)

Proof. See ref. [6].

Lemma 2. Under the condition of Lemma 1, we can obtain

p−1∑

n=1

E2(a, p)

= 4

π4(p−1)

∑

χ modp
χ(−1)=−1

|1−4χ(2)+4χ(4)|2τ 2(χ)τ 2(χ̄)L2(1, χ)L2(1, χ̄)

= 3

4
p2 + O

(
p exp

(
3 ln p

ln ln p

))
. (3)

Proof. See ref. [6].

Lemma 3. Let χ be the Dirichlet character modulo q, then for N ≥ q, we get

L2(1, χ) =
∑

n≤N

χ(n)d(n)

n
+ O

(√
q ln q ln N√

N

)
|L(1, χ)|4 � ln4 N.
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Proof. From Pólya–Vinogradov theorem, for any y > N , we have
∑

N<n≤y

χ(n) � q
1
2 ln q,

so by Abel’s identity we can get

L(1, χ) =
∑

n≤N

χ(n)

n
+ O

(√
q ln q

N

)
.

Then

L2(1, χ) =
(

∑

n≤N

χ(n)

n
+ O

(√
q ln q

N

))2

=
∑

n≤N2

χ(n)d(n)

n
+ O

(√
q ln q ln N

N

)

=
∑

n≤N

χ(n)d(n)

n
+ O

(√
q ln q ln N√

N

)
;

and it is obvious

|L(1, χ)|4 � ln4 N.

This proves Lemma 3.

Let m, n be integers, and Q a positive integer, the well-known Kloosterman sum is
defined as follows:

S(m, n; Q) =
Q∑

d=1
(d,Q)=1

e

(
m

d̄

Q
+ n

d

Q

)
.

Lemma 4. Let p > 2 be a prime number, a and b be two integers satisfying (ab, p) = 1,

then we have
p−1∑

c=1

e

(
c

p

)
S(a, c; p)S(b, c; p) � p

3
2 .

Proof. See ref. [3].

3. Proof of the theorem

In this section we will complete the proof of the theorem. Making use of Lemmas 1 and
2, we have

∑

N<a≤N+M

E2(a, p)

= 4

π4(p−1)2

∑

N<a≤N+M

∑

χ1 modp
χ1(−1)=−1

∑

χ2 modp
χ2(−1)=−1

χ1(a)χ2(a)(1−2χ1(2))2(1−2χ2(2))2

× τ 2(χ1)τ
2(χ2)L

2(1, χ1)L
2(1, χ2)
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= 4M

π4(p − 1)2

∑

χ modp
χ(−1)=−1

|1 − 4χ(2)+4χ(4)|2τ 2(χ)τ 2(χ̄)L2(1, χ)L2(1, χ̄)

+ 4

π4(p − 1)2

∑

N<a≤N+M

∑

χ1 modp
χ1(−1)=−1

∑

χ2 modp
χ2(−1)=−1

χ1χ2 	= χ0

χ1(a)χ2(a)(1 − 2χ1(2))2

× (1 − 2χ2(2))2τ 2(χ1)τ
2(χ2)L

2(1, χ1)L
2(1, χ2)

= 3

4
Mp + 4

π4(p − 1)2
E + O

(
M exp

(
3 ln p

ln ln p

))
, (4)

where

E =
∑

χ1 modp
χ1(−1)=−1

∑

χ2 modp
χ2(−1)=−1

χ1χ2 	= χ0

(1 − 2χ1(2))2(1 − 2χ2(2))2

× τ 2(χ1)τ
2(χ2)L

2(1, χ1)L
2(1, χ2)

∑

N<a≤N+M

χ1χ2(a). (5)

Now we come to the estimation of E. Using

χ(n) = 1

q

q−1∑

l=1

G(l, χ)e

(
−nl

q

)
, if χ mod q, χ 	= χ0,

we obtain

E =
∑

χ1 modp
χ1(−1)=−1

∑

χ2 modp
χ2(−1)=−1

χ1χ2 	= χ0

(1−2χ1(2))2(1−2χ2(2))2τ 2(χ1)τ
2(χ2)L

2(1, χ1)L
2(1, χ2)

×
∑

N<a≤N+M

1

p

p−1∑

l=1

G(l, χ1χ2)e

(
−al

p

)

= 1

p

p−1∑

l=1

e(−(N + M + 1)l/p) − e(−(N + 1)l/p)

e(l/p) − 1

×
∑

χ1 modp
χ1(−1)=−1

∑

χ2 modp
χ2(−1)=−1

χ1χ2 	= χ0

(1 − 2χ1(2))2(1 − 2χ2(2))2τ 2(χ1)τ
2(χ2)

× L2(1, χ1)L
2(1, χ2)G(l, χ1χ2)
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= 1

p

p−1∑

l=1

e(−(N + M + 1)l/p) − e(−(N + 1)l/p)

e(l/p) − 1

×
∑

χ1 modp
χ1(−1)=−1

∑

χ2 modp
χ2(−1)=−1

(1 − 2χ1(2))2(1 − 2χ2(2))2τ 2(χ1)τ
2(χ2)

× L2(1, χ1)L
2(1, χ2)G(l, χ1χ2) − 1

p

p−1∑

l=1

e(−(N+M+1)l/p) − e(−(N+1)l/p)

e(l/p) − 1

×
∑

χ modp
χ(−1)=−1

|1 − 2χ(2)|4|τ(χ)|4|L(1, χ)|4G(l, χ0)

= E1 − E2. (6)

From Lemma 3, it is easy to deduce that

E2 = 1

p

p−1∑

l=1

e(−(N + M + 1)l/p) − e(−(N + 1)l/p)

e(l/p) − 1

×
∑

χ modp
χ(−1)=−1

|1 − 2χ(2)|4|τ(χ)|4|L(1, χ)|4G(l, χ0)

� p2 ln4 N

p−1∑

l=1

1

|e(l/p) − 1|

� p2 ln4 N

p−1∑

l=1

1

‖l/p‖

� p3 ln p ln4 N. (7)

Before the estimation of E1, first we will consider the inner sum of E1. Let

S =
∑

χ1 modp
χ1(−1)=−1

∑

χ2 modp
χ2(−1)=−1

χ1(x)χ2(y)τ 2(χ1)τ
2(χ2)L

2(1, χ1)L
2(1, χ2)G(l, χ1χ2), (8)

where x, y are integers in the set {1, 2, 4}.
Making use of Lemma 3 and let N = p4, we have

S =
∑

χ1 modp
χ1(−1)=−1

∑

χ2 modp
χ2(−1)=−1

χ1(x)χ2(y)τ 2(χ1)τ
2(χ2)

×
∑

n≤N

χ1(n)d(n)

n

∑

m≤N

χ1(m)d(m)

m
G(l, χ1χ2) + O(p3 ln4 p)

= S1 + O(p3 ln4 p). (9)
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For S1, from the definition of Gauss sum, we have

S1 =
∑

n≤N
(n,p)=1

d(n)

n

∑

m≤N
(m,p)=1

d(m)

m

∑

χ1 modp
χ1(−1)=−1

∑

χ2 modp
χ2(−1)=−1

× χ1(xn̄)χ2(ym̄)τ 2(χ1)τ
2(χ2)G(l, χ1χ2)

=
∑

n≤N
(n,p)=1

d(n)

n

∑

m≤N
(m,p)=1

d(m)

m

∑

c≤p
(c,p)=1

e

(
lc

p

) ∑

a1≤p
(a1,p)=1

∑

a2≤p
(a2,p)=1

e

(
a1 + a2

p

)

×
∑

b1≤p
(b1,p)=1

∑

b2≤p
(b2,p)=1

e

(
b1 + b2

p

) ∑

χ1 modp
χ1(−1)=−1

χ1(a1a2)χ1(xcn)

×
∑

χ2 modp
χ2(−1)=−1

χ2(b1b2)χ2(ycm)

= (p − 1)2

4

∑

n≤N
(n,p)=1

d(n)

n

∑

m≤N
(m,p)=1

d(m)

m

∑

a1≤p
(a1,p)=1

∑

a2≤p
(a2,p)=1

e

(
a1 + a2

p

)

×
∑

b1≤p
(b1,p)=1

∑

b2≤p
(b2,p)=1

e

(
b1 + b2

p

) ∑

c≤p
(c,p)=1

e

(
lc

p

)

×
(

∑

a1a2xcn≡1(modp)

1 −
∑

a1a2xcn≡−1(modp)

1

)

×
(

∑

b1b2ycm≡1(modp)

1 −
∑

b1b2ycm≡−1(modp)

1

)

= (p − 1)2

4

∑

n≤N
(n,p)=1

d(n)

n

∑

m≤N
(m,p)=1

d(m)

m

2∑

α=1

2∑

β=1

(−1)α+βAαβ, (10)

where

Aαβ =
∑

c≤p
(c,p)=1

e

(
lc

p

) ∑

a1≤p
(a1,p)=1

∑

a2≤p
(a2,p)=1

a1a2xcn ≡ (−1)α(modp)

e

(
a1 + a2

p

)

×
∑

b1≤p
(b1,p)=1

∑

b2≤p
(b2,p)=1

b1b2ycm ≡ (−1)β (modp)

e

(
b1 + b2

p

)
.
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Noting that
∑

a1≤p
(a1,p)=1

∑

a2≤p
(a2,p)=1

a1a2xcn ≡ (−1)α(modp)

e

(
a1 + a2

p

)
= S((−1)αx̄cn, 1; p),

we obtain

Aαβ =
∑

c≤p
(c,p)=1

e

(
lc

p

)
S((−1)αx̄cn, 1; p)S((−1)β ȳcm, 1; p)

=
∑

c≤p
(c,p)=1

e

(
lc

p

)
S((−1)αx̄n, c; p)S((−1)β ȳm, c; p).

Notice that (x, p) = (y, p) = 1, N = p4, and combining (9), (10) and Lemma 4 we have

S � p
7
2 ln4 p. (11)

So we get

E1 � 1

p

p−1∑

l=1

1

|e(l/p) − 1| |S|

� 1

p

p−1∑

l=1

1

‖l/p‖ |S|

� p
7
2 ln5 p. (12)

Our theorem follows at once from (4), (6), (7) and (12).
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