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Abstract. We will discuss about the mapping property of Radon transform on Lp

spaces with power weight. It will be shown that the Pitt’s inequality together with the
weighted version of Hardy–Littlewood–Sobolev lemma imply weighted inequality for
the Radon transform.
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1. Introduction

Given a measurable function f on R
n the Radon transform Rf of f is defined on the

set of all affine hyperplanes. Note that any affine hyperplane with normal ω ∈ Sn−1 and
distance |t | from the origin is given by the set Hω,t = {x ∈ R

n: x · ω = t}, where x · ω

denotes the Euclidean inner product. Since Hω,t = H−ω,−t it follows that the set of all
affine hyperplanes can be parametrized by the set Sn−1 × R/Z2. The Radon transform of
a nice measurable function f at a point (ω, t) ∈ Sn−1 × R is then defined by

Rf (ω, t) =
∫

Hω,t

f. (1.1)

The above integral is to be interpreted as the integral of the restriction of f on the affine
hyperplane Hω,t with respect to the (n − 1)-dimensional Lebesgue measure on Hω,t .

We note that the Radon transform obeys the symmetry relation Rf (ω, t) = Rf (−ω, −t).

We can make the above definition more explicit as follows. For ω ∈ Sn−1 if y · ω = t for
t ∈ R then y = tω + y′ where y′ ∈ SpR{ω}⊥. Thus

Rf (ω, t) =
∫

Rn−1
f (tω + y′)dy′. (1.2)

It now follows from Fubini’s theorem that if f ∈ L1(Rn) then the integral in (1.2) is well
defined for each ω ∈ Sn−1 and for almost every t ∈ R. In fact,

sup
ω∈Sn−1

∫
R

|Rf (ω, t)|dt ≤
∫

R

∫
Rn−1

|f (tω + y′)|dy′dt = ‖f ‖L1(Rn). (1.3)

The situation is not so simple if f ∈ Lp(Rn) where p > 1. The best possible analogue of
(1.3) was proved in [19].
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Theorem 1.1. There exists a positive constant C such that for all f ∈ C∞
c (Rn) the

following inequality holds,
(∫

Sn−1

[∫
R

|Rf (ω, t)|qdt

]p′/q
dω

)1/p′

≤ C‖f ‖Lp(Rn),

where 1 ≤ p < n
n−1 and 1

q
= n

p
− n + 1.

It was also shown in [19] that there exists a function f ∈ Lp(Rn) with p ≥ n
n−1

such that Rf (ω, t) is infinite for all ω ∈ Sn−1 and for almost every t ∈ R. So, apart
from the mixed norm inequality, the above result also tells us that the lower dimensional
integrals appearing in (1.2) are well defined if and only if 1 ≤ p < n

n−1 . For analogues of
Theorem 1.1 and discussion on related problems for certain operators which generalizes
the Radon transform we refer the reader to [5], [7–10], [14], [29] and references therein.

One important problem regarding Radon transform is to describe the range and kernel
of the operator. This problem has been extensively studied (see [16], [18] and references
therein). In this connection the following weighted estimate was proved in [20].

Theorem 1.2. For all f ∈ C∞
c (Rn), n ≥ 3, there exists a positive constant C such that∫

R×Sn−1
|Rf (ω, t)|2dtdω ≤ C

∫
Rn

|f (x)|2‖x‖n−1dx.

One can now ask two natural questions. The first one is about validity of Theorem 1.2
for n = 2. The second one is about analogue of (1.3) for Lp spaces with power weight
which will generalize Theorems 1.1 and 1.2. While the first question is easy to tackle, the
second one poses considerable difficulty. Apart from answering the first question our goal
in this paper is to prove inequalities of the form

(∫
Sn−1

[∫
R

|Rf (ω, t)|q |t |βdt

]r/q

dω

)1/r

≤ C

(∫
Rn

|f (x)|p‖x‖α

)1/p

dx

(1.4)

for appropriate values of α, β, p, q and r. We could prove inequalities of the form (1.4)
only for a restricted range of α and β. Most of our results in this paper are valid only for
1 ≤ p ≤ 2 and r ≤ p′. It seems that these results are not best possible as far as the index
r is concerned and perhaps a different technique is required to tackle the problem.

In this paper L
p
α(Rn) will denote the space of measurable functions defined on R

n such
that

‖f ‖p,α,n =
(∫

Rn

|f (x)|p‖x‖αdx

)1/p

< ∞,

for 1 ≤ p < ∞. When α = 0 then L
p
α(Rn) = Lp(Rn) and ‖f ‖p,α,n = ‖f ‖p,n. For a

measurable function g defined on Sn−1 × R we will frequently use the following notation
for mixed norms

‖g‖r,(q,β) =
(∫

Sn−1

(∫
R

|g(ω, t)|q |t |βdt

)r/q

dω

)1/r

.
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We will also follow the standard practice of using the letter C for a constant whose value
may change from one line to another. Occasionally the constant C will be suffixed to show
its dependency on important parameters.

In §2 we will explain the relevant preliminaries and in §3 we will prove the main theorem.

2. Preliminaries

We first describe some well known properties of the Radon transform which we will be
using. For the proofs of these results we refer the reader to [18] and [16]. For f ∈ L1(Rn)

we define the Fourier transform of f by

f̂ (y) =
∫

Rn

f (x)e−2πix·ydx, y ∈ R
n. (2.5)

The n-dimensional Fourier transform and the Radon transform are related by the so-called
slice projection theorem

R̂f (ω, λ) = Cnf̂ (λω), (2.6)

for each fixed ω ∈ Sn−1 and for all f ∈ L1(Rn). Here

R̂f (ω, λ) =
∫

R

Rf (ω, t)e−2πiλtdt

is the one-dimensional Fourier transform in the t variable.
If f is a radial function then it follows easily from (1.2) that Rf is independent of

ω ∈ Sn−1. Using radiality of f and (1.2) one obtains the following explicit description of
the Radon transform

Rf (ω, t) =
∫

Rn−1
f (

√
t2 + ‖y′‖2)dy′ = Cn

∫ ∞

|t |
f (r)(r2 − |t |2) n−3

2 rdr,

(2.7)

where cn = |Sn−2| and f (r) stands for f (ren) with en = (0, 0, . . . , 0, 1). In particular,
if g(x) = ‖x‖β then

Rg(ω, t) = C

∫ ∞

|t |
rβ(r2 − |t |2) n−3

2 rdr

= C|t |β+n−1
∫ ∞

1
uβ+1(u2 − 1)

n−3
2 du = C|t |β+n−1, (2.8)

provided β + n − 1 < 0. Note that g /∈ Lp(Rn) for any p, 1 ≤ p ≤ ∞.

To proceed further we need the notion of spherical harmonics. We recall that the spherical
harmonics on Sn−1 are the restrictions to Sn−1 of homogeneous harmonic polynomials
defined on R

n. Let {Ylm: l = 0, 1, . . . , m = 1, 2, . . . , N(l)} be an orthonormal basis
of L2(Sn−1) consisting of spherical harmonics. Here Ylm is homogeneous of degree l.

Now suppose that f is a function which can be written in polar coordinates as f (rω) =
g(r)Ylm(ω) where g is a function on (0, ∞). By Hecke–Bochner identity one knows that
f̂ (λω) = G(λ)Ylm(ω) (see p. 151 of [26]). From (2.6) it then follows that Rf (ω, t) =
Rlg(t)Ylm(ω) for some function Rlg defined on (0, ∞). The following theorem, which
can be considered as an analogue of the Hecke–Bochner identity for the Radon transform,
gives an explicit expression for the function Rlg.
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Theorem 2.1. Let f (x) = g(|x|)Ylm(ω) where Ylm is a spherical harmonic of degree l

and g(r) = rlv(r2) where v is a compactly supported, smooth, radial function on R
n.

Then Rf (ω, t) = Rlg(t)Ylm(ω) where

Rlg(t) = |Sn−1|
G

(
n
2 −1

)
l (1)

(∫ ∞

|t |
G

(
n
2 −1

)
l (s/r)g(r) (1 − (s/r)2)

n−3
2 dr

)
. (2.9)

Here G

(
n
2 −1

)
l denotes the Gegenbauer polynomials which form an orthonormal basis for

the Hilbert space L2([−1, 1], (1 − t2)(n−3)/2dt).

For proof of the above theorem we refer the reader to p. 71 of [17]. We will also need
the following inequality for Gegenbauer polynomials (see Theorem 7.33.1 of [27])

|Gλ
l (t)/Gλ

l (1)| ≤ 1, for all t ∈ [0, 1]. (2.10)

One important tool regarding reconstruction of a function from its Radon transform is the
formal adjoint of R which is denoted by R∗ and is defined by

R∗g(x) =
∫

Sn−1
g(ω, x · ω)dω, x ∈ R

n, (2.11)

where g is a function defined on the set of all affine hyperplanes. If g is independent of ω

and depends on |t | alone then one has a simple formula for R∗g (see p. 159 of [18]),

R∗g(x) = C|x|2−n

∫ |x|

0
g(s)(|x|2 − s2)

n−3
2 ds. (2.12)

The following result regarding R∗ is important for us (see p. 157 of [18]).

Lemma 2.2. Let f ∈ L1(Rn) or f be a nonnegative measurable function on R
n and F be

a nonnegative measurable function on Sn−1 × R. Then
∫

Rn

f (x)R∗F(x)dx =
∫

Sn−1×R

Rf (ω, t)F (ω, t)dωdt. (2.13)

To prove weighted inequalities for the Radon transform we will need certain classi-
cal weighted inequalities. We state them here for readers benefit. The first one is Pitt’s
inequality.

Theorem 2.3. If 1 < p ≤ q < ∞, 0 ≤ α < n(p − 1), 0 ≤ −β < n and n = β+n
q

+ α+n
p

then there exists a positive constant C such that for all f ∈ C∞
c (Rn),

‖f̂ ‖q,β,n ≤ C‖f ‖p,α,n. (2.14)

For proof of the above theorem we refer the readers to [1], [22] and p. 569 of [11].
For 0 < λ < n, let Iλ denote the Riesz potential of order λ, that is,

Iλf (x) =
∫

Rn

f (y)

‖x − y‖n−λ
dy.

We will need a weighted version of the Hardy–Littlewood–Sobolev lemma. In this direction
the following theorem was proved in [25] (see also [1], [28]).
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Theorem 2.4. If 0 < λ < n, 1 < p ≤ q < ∞ and β + n > 0 then there exists a constant
C independent of f such that for all f ∈ C∞

c (Rn) the inequality

‖Iλf ‖q,β,n ≤ C‖f ‖p,α,n, (2.15)

holds, provided α < n(p − 1), α
p

≥ β
q

and α+n
p

= β+n
q

+ λ.

3. Main theorem

We first search for the necessary relation on p, q, α, β using dilation of a function. For
λ > 0 we define fλ(x) = f (λx) and hence

‖fλ‖p,α,n = λ−(α+n)/p‖f ‖p,α,n.

It is easy to see that R(fλ)(t, ω) = λ−n+1Rf (λt, ω) and hence it follows from (1.2) that

‖R(fλ)‖r,(q,β) = λ
−(n−1+ β+1

q
)‖Rf ‖r,(q,β),

1 ≤ r ≤ ∞. So for the validity of (1.4) we must have the following relation between α,

β, p, and q,

α + n

p
= n − 1 + β + 1

q
. (3.16)

By modifying an example available in [19] we will show below that for p > (α+n)/(n−1)

and p = (α + n)/(n − 1) > 1 the integral in (1.2) is infinite for large values of |t |. Hence
a necessary condition for (1.4) is

1 ≤ p <
α + n

n − 1
, or p = α + n

n − 1
= 1. (3.17)

Given γ > 0 we define

f (x) = 1

‖x‖n−1(log ‖x‖)γ χ{x: ‖x‖>e}(x), x ∈ R
n.

We will first show that f ∈ L
p
α(Rn) if p > (α + n)/(n − 1) and f ∈ L

(α+n)/(n−1)
α (Rn) if

γ > (n − 1)/(α + n). Using the change of variable u = log ‖x‖ it follows that
∫

Rn

|f (x)|p‖x‖αdx = C

∫ ∞

1
eu(α+n−p+np)u−γpdu.

The above integral is certainly finite if p > (α + n)/(n − 1). If p = (α + n)/(n − 1) then
we need the condition γp = γ (α + n)/(n − 1) > 1 for finiteness of the above integral.
Now we will show that Rf takes the value infinity on a set of positive measure. Since Rf

is a radial function in the following we are going to treat it as a function on (0, ∞). Now
suppose that n = 2. By writing r = ez and |t | = ey it follows from (2.7) that for y > 1,

Rf (ey) = C

∫ ∞

y

(1 − e2(y−z))−
1
2 z−γ dz ≥

∫ ∞

y

1

zγ
dz,
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which is infinite if γ ≤ 1. For n ≥ 3 and |t | > e we use the description of the function f

and (2.7) to get

Rf (t) ≥
∫ ∞

2t

1

(log s)γ

(
1 − t2

s2

) n−3
2 ds

s
≥ (3/4)

(n−3)
2

∫ ∞

2t

1

s(log s)γ
ds,

which is infinite if γ ≤ 1. Conditions (3.16) and (3.17) now imply the following restrictions
on α, β,

α ≥ −1, β ≥ −1. (3.18)

We first prove a mixed norm estimate for the Radon transform analogous to (1.3) for
weighted L1 spaces. This result brings out the role of the weight considered.

Lemma 3.1. There exists a positive constant C such that for all f ∈ C∞
c (Rn) the following

estimates hold.

(1) If α ≥ 0, then

‖Rf ‖∞,(1,α) ≤ C‖f ‖1,α,n. (3.19)

(2) If −1 < α < 0, then

‖Rf ‖r,(1,α) ≤ C‖f ‖1,α,n, 1 ≤ r < − 1

α
. (3.20)

Proof. For a fixed ω ∈ Sn−1 and α ≥ 0 we have from (1.2)
∫

R

|Rf (ω, t)||t |αdt =
∫

R

∣∣∣∣
∫

Rn−1
f (tω + ω′)dω′

∣∣∣∣ |t |αdt

≤
∫

R

∫
Rn−1

|f (tω + ω′)||t |αdtdω′

≤
∫

R

∫
Rn−1

|f (tω + ω′)||tω + ω′|αdtdω′

=
∫

Rn

|f (x)|‖x‖αdx.

This proves (1). For the second part of the lemma we proceed as follows:

‖Rf ‖r,(1,α) =
(∫

Sn−1

(∫
R

|Rf (ω, t)||t |αdt

)r

dω

)1/r

=
(∫

Sn−1

(∫
R

∣∣∣∣
∫

Rn−1
f (tω + y′)dy′

∣∣∣∣ |t |αdt

)r

dω

)1/r

≤
(∫

Sn−1

(∫
R

∫
Rn−1

|f (tω + y′)||(tω + y′) · ω|αdy′dt

)r

dω

)1/r
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=
(∫

Sn−1

(∫
Rn

|f (z)||z · ω|αdz

)r

dω

)1/r

=
(∫

Sn−1

(∫
Rn

|f (z)|‖z‖α|ωz · ω|αdz

)r

dω

)1/r

≤
∫

Rn

(∫
Sn−1

(|f (z)|‖z‖α|ωz · ω|α)r dω

)1/r

dz

=
∫

Rn

|f (z)|‖z‖α

(∫
Sn−1

|ωz · ω|αrdω

)1/r

dz, (3.21)

where ωz = z
‖z‖ . Using rotation invariance of the measure on Sn−1 we can choose ωz = e1.

Using spherical polar decomposition of Sn−1 we now have∫
Sn−1

|e1 · ω|αrdω

= C

∫ π

0
. . .

∫ π

0

∫ 2π

0
| cos θ |αr sinn−2 θ sinn−3 θ2 . . . sin θn−2dθdθ2 . . . dθn.

Now it is easy to observe that
∫
Sn−1 |ωz · ω|αrdω is independent of z and is finite if and

only if αr + 1 > 0. This completes the proof of (2).

Remark 3.2. Although the case (2) above looks weaker than the case (1) yet it is best
possible. If we consider a right circular, solid and symmetric (with respect to the coordinate
hyper-planes) cylinder with base as n − 1 dimensional solid sphere of radius 1 and height

2s > 2 then it can be shown that for large s, ‖f ‖p,α,n ≤ C1s
α+1
p . On the other hand, the

left-hand side of (1.4) is greater than or equal to C2s
1
r′ . Hence for the validity of (1.4) we

need 1
r ′ ≤ α+1

p
.

We can see it easily for the case n = 2. We consider a rectangle of width 2 and height
2s(> 2) with center as origin and sides parallel to axes. Let Hθ,t denote a line at a
distance t from the origin and with normal at an angle θ with X-axis. Let f denote the
characteristic function of the rectangle as described above. It can be easily seen that for
cot−1 s < θ < π/2 and 0 < t < s sin θ − cos θ we have Rf (θ, t) = 2 csc θ . This shows

that for large s the left-hand side of (1.4) is bigger than C1s
1
r′ . Since ‖f ‖p,α,2 ≤ C2s

α+1
p

it follows that for the validity of (1.4) the index r should satisfy the condition 1
r ′ ≤ α+1

p
.

Now we turn towards a generalization of Theorem 1.2 which in particular answers our
first question. We observe from (3.16) that if p = q = 2 then α and β satisfy the relation
α = β + n − 1. We first show that Theorem 1.2 can be deduced from Theorem 2.3 and
(2.6) for all n ≥ 2 and −1 < β ≤ 0 as follows:

‖Rf ‖2,(2,β) ≤ C‖R̂f ‖2,(2,−β)

= C‖f̂ ‖2,−β+1−n,n

≤ C‖f ‖2,β−1+n,n.

However, if β > 0 then this method of proof cannot be applied. We will show that the
proof given in [20] can be modified to prove the most general case.
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Lemma 3.3. If n ≥ 2, β > −1 and α = β + n − 1 then there exists a positive constant C

such that for all f ∈ C∞
c (Rn),

‖Rf ‖2,(2,β) ≤ C‖f ‖2,α,n. (3.22)

Proof. It suffices to prove the result for functions of the form

f (rω) = g(r)Ylm(ω), (3.23)

where g ∈ Cc(R) satisfies the symmetry condition g(−r) = (−1)lg(r), r ∈ R and Ylm

is some fixed element of some fixed orthonormal basis of spherical harmonics. This is
because the above collection of functions form an orthonormal basis of L2(Rn, ‖x‖αdx).
We use Theorem 2.1 to write

Rf (ω, t) = (Rlg(t)) Ylm(ω), (3.24)

where

Rlg(t) = ωn−1

C
( n

2 −1)

l (1)

(∫ ∞

|t |
C

( n
2 −1)

l (t/r)g(r) (1 − (t/r)2)
n−3

2 dr

)
. (3.25)

Thus using (2.10) we get

‖Rf ‖2
2,(2,β) = C‖Rlg‖2

L2((0,∞),|t |βdt)

= C

∫ ∞

0

∣∣∣∣∣∣∣
ωn−1

C

(
n
2 −1

)
l (1)

∫ ∞

|t |
C

(
n
2 −1

)
l (t/r)g(r)rn−2

(
1 − t2

r2

) n−3
2

dr

∣∣∣∣∣∣∣

2

tβdt

≤ C

∫ ∞

0

⎛
⎝
∫ ∞

0
|g(r)|r α+n

2

(
t

r

) β+1
2

χ(0,1)(t/r)

(
1 − t2

r2

) n−3
2 dr

r

⎞
⎠

2
dt

t

= C‖F ∗ H‖2
L2((0,∞),dt/t)

, (3.26)

where F(r) = |g(r)|r α+n
2 and H(r) = r

β+1
2 (1 − r2)

n−3
2 χ(0,1)(r). Now using Young’s

inequality on the group (0, ∞) we get

‖Rf ‖2,(2,β) ≤ C‖F‖L2((0,∞),dt/t)‖H‖L1((0,∞),dt/t). (3.27)

This completes the proof just by observing that ‖F‖L2((0,∞),dt/t) = C‖f ‖2,α,n and

‖H‖L1((0,∞),dt/t) =
∫ 1

0
r

β+1
2 (1 − r2)

n−3
2

dr

r
< ∞,

as β > −1 and n ≥ 2.

The following result now follows by applying an interpolation argument (see 5.8.6 in
page 130 of [3]) involving (3.19) and (3.22).
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COROLLARY 3.4.

For 1 < p ≤ 2, there exists a positive constant C such that for all f ∈ C∞
c (Rn),

‖Rf ‖p′,(p,β) ≤ C‖f ‖p,α,n

provided β = α − (n − 1)(p − 1) > 1 − p.

Using duality and Lemma 3.3 we can now prove the following Lp − Lp boundedness
of R∗.

Lemma 3.5. For 1 ≤ p ≤ 2, there exists a positive constant C such that for all f ∈
C∞

c (Sn−1 × R),

‖R∗f ‖p,β,n ≤ C‖f ‖p,(p,α),

provided α + 1 = β + n < p.

Proof. We will prove the case p = 1 and p = 2 and then use an interpolation argument.
To prove the case p = 2 we will use Lemma 2.2. For a nice non negative function F

defined on Sn−1 × R we have

‖R∗F‖2,β2,n = sup
{‖G‖2,β2,n≤1}

∣∣∣∣
∫

Rn

R∗F(x)G(x)‖x‖β2 dx

∣∣∣∣

= sup
{‖G‖2,β2,n≤1}

∣∣∣∣
∫

Sn−1×R

F(ω, t)R(G‖ · ‖β2)(ω, t)dtdω

∣∣∣∣

= sup
{‖G‖2,β2,n≤1}

∣∣∣∣
∫

Sn−1×R

F(ω, t)R(G‖ · ‖β2)(ω, t)|t |−β2+1−n|t |β2+n−1dtdω

∣∣∣∣
≤ sup

{‖G‖2,β2,n≤1}
‖F‖2,(2,β2+n−1)

×
(∫

Sn−1×R

|R(G‖ · ‖β2)(ω, t)|t |−β2+1−n|2|t |β2+n−1dtdω

)1/2

= sup
{‖G‖2,β2,n≤1}

‖F‖2,(2,β2+n−1)‖R(G‖ · ‖β2)‖2,(2,−β2+1−n). (3.28)

If β2 + n < 2 then using Lemma 3.3 it follows from (3.28) that

‖R∗F‖2,β2,n ≤ sup
{‖G‖2,β2,n≤1}

‖F‖2,(2,β2+n−1)‖G‖ · ‖β2‖2,−β2,n

≤ ‖F‖2,(2,β2+n−1) (3.29)

Now for p = 1 and β1 + n < 1 we use Lemma 2.2 and (2.8) to get∫
Rn

R∗F(x)‖x‖β1 dx =
∫

Sn−1×R

F(t, ω)R(‖ · ‖β1)(ω, t)dtdω

= C

∫
Sn−1×R

F(t, ω)|t |β1+n−1dtdω. (3.30)

This gives the result for p = 1. Now we use an interpolation theorem with change in
measures (see Theorem 2.11 of [24]) to complete the result.
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Next we will prove the following Lp − Lp boundedness for Radon transform.

Theorem 3.6. For 1 ≤ p < ∞ there exists a positive constant C such that for all
f ∈ C∞

c (Rn),

‖Rf ‖p,(p,β) ≤ C‖f ‖p,α,n

provided β = α − (n − 1)(p − 1) > −1.

Proof. The case 1 ≤ p ≤ 2 follows from Lemmas 3.1 and 3.3 and [24]. For the range
2 < p < ∞ we will use duality. Let p′ denote the conjugate index of p. We have

‖Rf ‖p,(p,β) = sup
{‖g‖p′,(p′,β)≤1}

∣∣∣∣
∫

Sn−1×R

Rf (ω, t)g(ω, t)|t |βdtdω

∣∣∣∣

= sup
{‖g‖p′,(p′,β)≤1}

∣∣∣∣
∫

Rn

f (x)R∗(g| · |β)(x)dx

∣∣∣∣ (3.31)

But∫
Rn

f (x)R∗(g| · |β)(x)dx =
∫

Rn

f (x)R∗(g| · |β)(x)‖x‖−α‖x‖αdx

≤ ‖f ‖p,α,n

(∫
Rn

|R∗(g| · |β)(x)‖x‖−α|p′ ‖x‖αdx

)1/p′

= ‖f ‖p,α,n

(∫
Rn

|R∗(g| · |β)(x)|p′ ‖x‖α(1−p′)dx

)1/p′

.

(3.32)

By using Corollary 3.5 we get

∫
Rn

f (x)R∗(g| · |β)(x)dx ≤ ‖f ‖p,α,n

(∫
Sn−1×R

|g(ω, t)|t |β |p′ |t |α(1−p′)+n−1dx

)1/p′

(3.33)

provided 1 < p′ < 2 and α(1 − p′) + n < p′. Since the last inequality about α and p′
follow from the hypothesis, the result now follows by (3.31) and (3.33).

To prove our main result we first address the following question: given α, β what is
the range of p for which (1.4) can hold? This can be answered by considering the Radon
transform of radial functions. By the formula of Radon transform for radial functions (see
(2.7)) the inequality (1.4) takes the following form

(∫ ∞

0

(∣∣∣∣
∫ ∞

t

f (r)(r2 − t2)
n−3

2 rdr

∣∣∣∣
)q

tβdt

) 1
q

≤ C

(∫ ∞

0
|f (r)|prα+n−1dr

)1/p

,

which can be easily seen to be equivalent to

‖Fα ∗ Hα‖Lq((0,∞),dt/t) ≤ C‖Fα‖Lp((0,∞),dt/t), (3.34)
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where Fα(t) = f (t)t(α+n)/p,Hα(t) = t
α+n
p

−n+1
(1−t2)

n−3
2 χ(0,1)(t) and the convolution is

on the multiplicative group (0, ∞). Since convolution operators are always Lp improving
(see [15]) it follows from (3.34) that a necessary condition on p, q for (1.4) to hold is
given by p ≤ q. This together with (3.16) now implies that p ≥ 1 + (α − β)/(n − 1).

This is a nontrivial restriction on p only when α > β.

The method of proof of our main result closely follows the idea of [19]. We will first
embed the Radon transform into an analytic family of operators Rz. Construction of the
above family goes exactly as in [19]. For z ∈ C we consider the distribution gz(x) =
|x|z, x ∈ R. It is known that z → gz can be continued analytically to a meromorphic
distribution valued function on C with simple poles at z = −1, −3, −5, . . . (see [19]).
Since 
(z)−1 has simple zeros at z = 0, −1, −2, . . . it follows that

hz = gz/


(
z + 1

2

)
(3.35)

is an entire distribution-valued function of z. We define

Rzf (ω, t) =
∫

R

Rf (ω, t − s)hz(s)ds, ω ∈ Sn−1, t ∈ R. (3.36)

It is known that (see [19] and [13])

ĥz(t) = 2z/2+1π1/2|t |−z−1
(−z/2), t ∈ R. (3.37)

For fixed ω ∈ Sn−1 if R̂zf (ω, ·) denotes the Fourier transform in the t variable (in the
sense of distribution) then (3.37) shows that R−1 is a constant multiple of R. Now we are
in a position to state and prove our main result.

Theorem 3.7. If −1 < β ≤ 0, β(2 − n) < α < β + n − 1 and 1 + (α − β)/(n − 1) ≤
p < (α + n)/(n − 1) then for all f ∈ C∞

c (Rn) we have

‖Rf ‖p′,(q,β) ≤ C‖f ‖p,α,n (3.38)

provided α+n
p

= β+1
q

+ n − 1 and 1 < p ≤ 2.

Proof. We will first prove the inequality

‖Rzf ‖p′,(p′,β) ≤ C‖f ‖p,α,n (3.39)

for the operator Rz for certain values of z. Here α, β are as given in the hypothesis. Using
dilation we observe that for (3.39) to be true it is necessary that α, β must satisfy the relation

α + n

p
= β + 1

p′ + n + Re (z). (3.40)

This follows as‖Rzfλ‖p′,(p′,β) = λ
− β+1

p′ −n−Re (z)‖Rzfλ‖p′,(p′,β). In (3.40) if we putp = 2
then z for

Re (z) = x2 = α − β − n − 1

2
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satisfies (3.40). Similarly, if p = 1 + (α − β)/(n − 1) then p′ = 1 + (n − 1)/(α − β) and
hence z for

Re (z) = x1 = −2α − αβ + nβ + β2 + β

α − β + n − 1

satisfies (3.40). We now fix α and β as in the hypothesis. We will show that (3.39) holds
for z = x1 + iy and z = x2 + iy. By using Theorem 2.3 we have

‖Rx+iyf ‖p′,(p′,β) =
(∫

Sn−1×R

|Rx+iyf (ω, t)|p′ |t |βdtdω

)1/p′

≤ C

(∫
Sn−1×R

| ̂Rx+iyf (ω, ·)(s)|p′ |s|β1 dsdω

)1/p′

(3.41)

provided −1 < β ≤ 0, 1 < p′, 0 ≤ β1 < p′ − 1 where

β1 = p′ − 2 − β. (3.42)

Here the first two conditions are in the hypothesis. Using (3.42) it can be seen that the
third condition is equivalent to the relation −1 < β ≤ p′ − 2 which is true as p′ ≥ 2 and
β ≤ 0. Using (2.6) it follows from (3.41) that

‖Rx+iyf ‖p′,(p′,β) ≤ C

(∫
Sn−1×R

| ̂Rf (ω, ·)(s)|s|−1−x−iy |p′ |s|β1 dsdω

)1/p′

= C

(∫
Rn

|f̂ (z)|p′ ‖z‖−p′(1+x)+β1+1−ndz

)1/p′

.

Applying Theorem 2.3 to the previous inequality it now follows that

‖Rx+iyf ‖p′,(p′,β) ≤ C‖f ‖p,α,n (3.43)

provided

(a) α+n
p

+ β1+1
p′ − (1 + x) = n,

(b) 1 < p ≤ p′,
(c) 0 < −p′(1 + x) + β1 + 1 ≤ n,

(d) 0 ≤ α < n(p − 1).

Since α > 0 and β ≤ 0 it follows that 1+α/n < 1+(α−β)/(n−1) ≤ p. This implies (d).
Using (3.42) it follows that (a) is equivalent to (3.40). Since 1 < p ≤ 2, (b) holds. Using
(3.42), (c) is equivalent to the inequality

0 < −xp′ − 1 − β ≤ n (3.44)

which holds for x = x1, p = 1 + (α − β)/(n − 1) and x = x2, p = 2. Now by analytic
interpolation (3.39) holds for all x2 ≤ x ≤ x1. Since 0 < α − β < n − 1 it follows that
x2 < −1 < x1. Now by substituting z = −1 in (3.39) we get

‖Rf ‖p′
2,(p

′
2,β) ≤ C‖f ‖p2,α,n (3.45)
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where p2 = 1 + (α + 1)/(β + n). Observe that the condition α > β(2 − n) implies that
β = α − (n − 1)(p1 − 1) > 1 − p1 where p1 = 1 + (α − β)/(n − 1). Hence from
Corollary 3.4 we have

‖Rf ‖p′
1,(p1,β) ≤ C‖f ‖p1,α,n. (3.46)

Now by using the interpolation of mixed norm spaces (see [4]) it follows from (3.45) and
(3.46) that

‖Rf ‖p′,(q,β) ≤ C‖f ‖p,α,n. (3.47)

where 1 + α−β
n−1 ≤ p ≤ 1 + α+1

β+n
and α+n

p
= β+1

q
+ n − 1.

Now to deal with the case

1 + α + 1

β + n
< p <

α + n

n − 1
, p ≤ 2, (3.48)

we will use the fact that Rxf (ω, t) = CxIx+1Rf (ω, ·)(t) or equivalently Rf (ω, t) =
CxI−(x+1)(Rxf (ω, ·))(t) where I−(x+1) is the one-dimensional Reisz potential of order
−(x + 1) with −2 < x < −1. For a given p in the range (3.48), let

x0 = α − α + n + 1

p′ . (3.49)

A direct calculation shows that p satisfies (3.48) if and only if x0 satisfies the inequalities

−α + 1

α + n
< x0 + 1 <

β(α + 1)

α + n + β + 1
,

α − n + 1

2
≤ x0 + 1. (3.50)

Since −1 < β < 0 it is clear from (3.50) that −1 < x0 + 1 < 0. We now fix an ω ∈ Sn−1

and use Theorem 2.4 to get

‖Rf (ω, ·)‖q,β,1 = ‖I−(x0+1)(Rx0f (ω, ·))‖q,β,1

≤ C‖Rx0f (ω, ·)‖p′ (3.51)

provided 1 < p′ ≤ q and 1
p′ = β+1

q
− x0 − 1. Note that if p is as given in (3.48) it

follows from (3.16) that p′ ≤ q. If we substitute the value of x0 (see (3.49)) in the previous
equation we see that p, q satisfy (3.16). Now from (3.51) we have

‖Rf ‖p′,(q,β) =
(∫

Sn−1
‖Rf (ω, ·)‖p′

q,β,1dω

)1/p′

≤ C‖Rx0f ‖p′,(p′,0).

To complete the proof we just need to prove that

‖Rx0f ‖p′,(p′,0) ≤ C‖f ‖p,α,n. (3.52)

Since (3.39) holds for all values of α, β as in the hypothesis we can in particular choose
β = 0, that is,

‖Rzf ‖p′,(p′,0) ≤ C‖f ‖p,α,n, (3.53)
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provided 0 < α < (n−1), 1+α/(n−1) ≤ p < (α+n)/(n−1) and α+n
p

= 1
p′ +n+Re (z).

So (3.52) now follows from (3.53) provided α, x0, and p satisfy

0 < α < n − 1, 1 + α

n − 1
≤ p <

α + n

n − 1
,

α + n

p
= 1

p′ + n + x0. (3.54)

Since β < 0 the first condition follows immediately from the hypothesis on α. Since p is
now given by (3.48), it satisfies the second condition. The third condition is obvious from
(3.49). This completes the proof.

Remark 3.8. The following remarks are in order.

(i) Since Sn−1 is a finite measure space one can easily see that the above result also gives
the following norm inequality

‖Rf ‖Lq(R×Sn−1,|t |βdtdω) ≤ ‖f ‖p,α,n

provided 1 + α−β
n−1 ≤ p ≤ 1 + α+1

β+n
and α, β as in Theorem 3.7.

(ii) It is not known to us whether the index p′ appearing in (1.4) is best possible for a given
α, β and p. But if we consider a right circular, solid and symmetric (with respect to
the co-ordinate hyper-planes) cylinder with base as n − 1 dimensional solid sphere of

radius s > 1 and height 2 then it can be shown that for large s, ‖f ‖p,α,n ≤ C1s
α+n−1

p .

On the other hand, it turns out that the left-hand side of (1.4) is greater than or equal

to C2s
n−1
r′ . It follows that the index r has to satisfy the following condition

α + n − 1

p
≥ n − 1

r ′ . (3.55)

Note that, if α = 0 then this is a necessary condition on r (see [19]). The proof of
this fact for the case n = 2 is similar to the proof given in Remark 3.2. To illustrate
the problem we consider the particular case n = 2, α = 1, β = 0 and p = 2. Then
according to (3.55) the expected range of r is given by 1 ≤ r ≤ ∞. So far we know
the result only in the range 1 ≤ r ≤ 2. In the following we will show that r cannot
take the value infinity. We will see that the following inequality

sup
ω∈S1

(∫
R

|Rf (ω, t)|2dt

)1/2

≤ C‖f ‖2,1,2

does not hold. We first note that by using rotations the above inequality is equivalent to

(∫
R

|Rf (ω, t)|2dt

)1/2

≤ C‖f ‖2,1,2, (3.56)

for each fixed ω ∈ S1 and for all nice functions f. So we can choose ω = (1, 0) ∈ S1.

By choosing f (x, y) = g(x)h(y) it now follows from (3.56) and (2.6) that h must
satisfy the inequality

‖h‖1 ≤ C(‖h‖2 + ‖h‖2,1,1).
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By choosing h(y) = (y log y)−1χ(γ,∞), γ > 1 it follows that the above does not hold.
By using (2.6) we can see that in this particular case the inequality (1.4) is equivalent to

(∫
S1

(∫
R

|f̂ (λ, ω)|2dλ

)r/2

dω

)1/r

≤ C‖f ‖2,1,2.

It is not known to us whether any such inequality can be true for any r with 2 < r < ∞.
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