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Abstract. We will discuss about the mapping property of Radon transform on L”
spaces with power weight. It will be shown that the Pitt’s inequality together with the
weighted version of Hardy-Littlewood—Sobolev lemma imply weighted inequality for
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1. Introduction

Given a measurable function f on R” the Radon transform Rf of f is defined on the
set of all affine hyperplanes. Note that any affine hyperplane with normal w € $"~! and
distance |¢| from the origin is given by the set Hy,, ; = {x € R": x - @ = ¢}, where x - @
denotes the Euclidean inner product. Since H, ; = H_, —; it follows that the set of all
affine hyperplanes can be parametrized by the set S”~! x R/Z,. The Radon transform of
a nice measurable function f at a point (w, ) € "' x R is then defined by

Rf(w,1) =/ f. (1.1)
Hw,t

The above integral is to be interpreted as the integral of the restriction of f on the affine
hyperplane H,, ; with respect to the (n — 1)-dimensional Lebesgue measure on H,, ;.
We note that the Radon transform obeys the symmetry relation Rf (w, t) = Rf (—w, —t).
We can make the above definition more explicit as follows. For w € §"~1if y - w = ¢ for
t € Rthen y = rw + y’ where y € Spr{w)*. Thus

Rf(w,1) = /Rn_l fltw+y)dy'. (1.2)

It now follows from Fubini’s theorem that if f € L (R™) then the integral in (1.2) is well
defined for each w € $”~! and for almost every ¢ € R. In fact,

swp [ 1Rl < [ [ 1o+ = 1 g (1)
wesn—1 /R R JR-!

The situation is not so simple if f € L?(R") where p > 1. The best possible analogue of
(1.3) was proved in [19].
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Theorem 1.1. There exists a positive constant C such that for all f € C°(R") the
following inequality holds,

'/ s
( [ [ rr.mal dw) < Cllf o,

wherel§p<#and%]=%—n+l.

It was also shown in [19] that there exists a function f e LP(R") with p > -5
such that Rf (w, t) is infinite for all @ € $"~! and for almost every ¢ € R. So, apart
from the mixed norm inequality, the above result also tells us that the lower dimensional
integrals appearing in (1.2) are well defined if and only if 1 < p < -Z5. For analogues of
Theorem 1.1 and discussion on related problems for certain operators which generalizes
the Radon transform we refer the reader to [5], [7-10], [14], [29] and references therein.

One important problem regarding Radon transform is to describe the range and kernel
of the operator. This problem has been extensively studied (see [16], [18] and references

therein). In this connection the following weighted estimate was proved in [20].

Theorem 1.2. Forall f € CX(R"), n > 3, there exists a positive constant C such that

/ |IRf (w, t)|2dtda) < C/ |f(x)|2||x||"_ldx,
RxSn—1 Rn

One can now ask two natural questions. The first one is about validity of Theorem 1.2
for n = 2. The second one is about analogue of (1.3) for L? spaces with power weight
which will generalize Theorems 1.1 and 1.2. While the first question is easy to tackle, the
second one poses considerable difficulty. Apart from answering the first question our goal

in this paper is to prove inequalities of the form
l/p
=C (/ If(X)I”IIXII“> dx
Rn

r/q
(/ U |Rf(w,t)|q|t|f‘dt] da))
Sn—l R
(1.4)

for appropriate values of «, B8, p, ¢ and r. We could prove inequalities of the form (1.4)
only for a restricted range of « and 8. Most of our results in this paper are valid only for
1 < p<2andr < p’. It seems that these results are not best possible as far as the index
r is concerned and perhaps a different technique is required to tackle the problem.

In this paper L% (R") will denote the space of measurable functions defined on R” such
that

1/r

1/p
1 Nlpan = (/R If(X)I”IIXII“dx> < 00,

for 1 < p < 0o. When @ = 0 then LE(R") = LP(R") and Il fllpen = Il fllpn- Fora
measurable function g defined on $"~! x R we will frequently use the following notation
for mixed norms

r/q
Igllr.q.p) = / (/ |g(w,t)|'f|r|ﬂdr) do
sn—1 R

1/r
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We will also follow the standard practice of using the letter C for a constant whose value
may change from one line to another. Occasionally the constant C will be suffixed to show
its dependency on important parameters.

In §2 we will explain the relevant preliminaries and in §3 we will prove the main theorem.

2. Preliminaries

We first describe some well known properties of the Radon transform which we will be
using. For the proofs of these results we refer the reader to [18] and [16]. For f € L ! (R™)
we define the Fourier transform of f by

for= [ seetive e )
Rn
The n-dimensional Fourier transform and the Radon transform are related by the so-called
slice projection theorem
Rf (@,2) = Cof ), 26)

for each fixed w € $"~! and for all f € L'(R"). Here
Rf(w,2) = / Rf (w, t)e 2miH 4t
R

is the one-dimensional Fourier transform in the ¢ variable.

If f is a radial function then it follows easily from (1.2) that Rf is independent of
w € §"!. Using radiality of f and (1.2) one obtains the following explicit description of
the Radon transform

k.0 =/R FGR2 1YY =Co [ FOE =117 rdr,

It]

2.7
where ¢, = |S"2| and f(r) stands for f(re,) with e, = (0,0,...,0,1).In particular,
if g(x) = ||Ix||# then

o0 n—3
Rg(w,1) = C/ rPa? — |t rdr
I
oo n=3
= C|t|Pt! / WP w? — 1) T du = Clr)P1, (2.8)
1

provided 8 +n — 1 < 0. Note that g ¢ LP?(R") forany p, 1 < p < o0.

To proceed further we need the notion of spherical harmonics. We recall that the spherical
harmonics on §”~! are the restrictions to $"~! of homogeneous harmonic polynomials
defined on R”. Let {¥;,,: I = 0,1,...,m = 1,2,...,N(l)} be an orthonormal basis
of L2(S"~") consisting of spherical harmonics. Here Y;,, is homogeneous of degree /.
Now suppose that f is a function which can be written in polar coordinates as f(rw) =
&)Y, (w) where g is a function on (0, co0). By Hecke—Bochner identity one knows that
f(kw) = G(A)Ym(w) (see p. 151 of [26]). From (2.6) it then follows that Rf (w, t) =
Rig(t)Y (w) for some function R;g defined on (0, co). The following theorem, which
can be considered as an analogue of the Hecke—Bochner identity for the Radon transform,
gives an explicit expression for the function R;g.
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Theorem 2.1. Let f(x) = g(|x])Yim(w) where Yy, is a spherical harmonic of degree [
and g(r) = r'v(r?) where v is a compactly supported, smooth, radial function on R".
Then Rf (w,t) = Rig(t)Yim(w) where

n—1 o n__ n—
Rzg(t)=L</ Gl(j 1)(S/r)g(r) (1—(S/r)2)23dr>- (2.9)
(3-1) It
G, (1)

11
Here G 1(2 ) denotes the Gegenbauer polynomials which form an orthonormal basis for
the Hilbert space L*>([—1, 1], (1 — t2)*=3/2dy).

For proof of the above theorem we refer the reader to p. 71 of [17]. We will also need
the following inequality for Gegenbauer polynomials (see Theorem 7.33.1 of [27])

|G} (1)/Gr()| <1,  forallz € [0, 1]. (2.10)

One important tool regarding reconstruction of a function from its Radon transform is the
formal adjoint of R which is denoted by R* and is defined by

R*g(x) =/ ] glw,x wydw, xeR", (2.11)
N

where g is a function defined on the set of all affine hyperplanes. If g is independent of w
and depends on |¢| alone then one has a simple formula for R*g (see p. 159 of [18]),

[x] e
R*g(x) = Clx|*™" / g(s)(Ix2 — s%) " ds. (2.12)
0

The following result regarding R* is important for us (see p. 157 of [18]).

Lemma 2.2. Let f € L'(R") or f be a nonnegative measurable function on R" and F be
a nonnegative measurable function on S"~1 x R. Then

/ fX)R*F(x)dx = / Rf(w, t)F(w, t)dwdt. (2.13)
R Sn=IxR
To prove weighted inequalities for the Radon transform we will need certain classi-

cal weighted inequalities. We state them here for readers benefit. The first one is Pitt’s
inequality.

Theorem 2.3. Ifl < p<g <00,0<a <n(p—1),0<—-B <nandn = ﬁ;"—i-%
then there exists a positive constant C such that for all f € CZ°(R"),
1 £ llg.pn < ClLF Nl - (2.14)

For proof of the above theorem we refer the readers to [1], [22] and p. 569 of [11].
For 0 < A < n, let I, denote the Riesz potential of order A, that is,

5f@) = / SO,
o T — 317

We will need a weighted version of the Hardy-Littlewood—Sobolev lemma. In this direction
the following theorem was proved in [25] (see also [1], [28]).



Mixed norm estimate 445

Theorem 24. I[f0 < X <n,1 < p <g <ooand B +n > 0 then there exists a constant
C independent of f such that for all f € C°(R") the inequality

”I)»f”q,ﬂ,n =< C”f”p,(x,na (2.15)

_ ™

atn _ ptn + .

and
p q

holds, provided « < n(p — 1),

o >
=
3. Main theorem

We first search for the necessary relation on p, ¢, «, B using dilation of a function. For
A > 0 we define f; (x) = f(Ax) and hence

I fll praen = 2~ PY £l gn-

It is easy to see that R(fy) (¢, w) = pntl Rf (At, w) and hence it follows from (1.2) that

C(n—1a Bl
IR lrigopy =2~ "4 URE .

1 < r < oo. So for the validity of (1.4) we must have the following relation between «,
B, p, and g,

1
atn _ BT (3.16)

By modifying an example available in [19] we will show below that for p > (¢ +n)/(n—1)
and p = (e +n)/(n — 1) > 1 the integral in (1.2) is infinite for large values of |¢|. Hence
a necessary condition for (1.4) is

1§p<ZJ_”11, or pzz*_"f:l. (3.17)
Given y > 0 we define
fx)= Xix: xl>e} (%), x e R™.

[l 1"~ (log [lx[))¥

We will first show that f € LE(R") if p > (& +n)/(n — 1) and f e LT/ =D (Rny if
y > (n — 1)/(«x 4+ n). Using the change of variable u = log ||x|| it follows that

o0
/ |f )P [|lx[|%dx = c/ e @An=p+np)y =vpqy .
R® 1

The above integral is certainly finite if p > (¢ +n)/(n —1). If p = (e +n)/(n — 1) then
we need the condition yp = y (e +n)/(n — 1) > 1 for finiteness of the above integral.
Now we will show that Rf takes the value infinity on a set of positive measure. Since R f
is a radial function in the following we are going to treat it as a function on (0, 0o0). Now
suppose that n = 2. By writing r = e and |¢| = ¢ it follows from (2.7) that for y > 1,

o 1 1
Rf () = C/ (1 —-e*0N 2,774z > / —dz,
y o 7
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which is infinite if y < 1. For n > 3 and |¢t| > e we use the description of the function f
and (2.7) to get

n=3
Rf(t)>/°° 1 | 1? Tds>(3/4)(n;3) /°° 1 q
- = — —ds
~ Ju (ogs) 52 s = 2 s(logs)r

which s infinite if y < 1. Conditions (3.16) and (3.17) now imply the following restrictions
onc, f3,

a>-1, B>-1 (3.18)

We first prove a mixed norm estimate for the Radon transform analogous to (1.3) for
weighted L' spaces. This result brings out the role of the weight considered.

Lemma 3.1. There exists a positive constant C such that for all f € C2°(R") the following
estimates hold.

(1) Ifa =0, then
IRf lloo,(1,0) < CIl fll1,0,n- (3.19)

2) If -1 <a <0, then

1
IRf o) = Clliflhan, D=7 <——. (3.20)

Proof. For a fixed w € $"~1and « > 0 we have from (1.2)

[|Rf(a),t)||t|"‘dt:/ ‘/ fto+ o')do'| |1|*dt
R R RrRr—1

5// | f(tw + o)||t|*dtde’
R Rn—l

5// |f (tw + o)||tw + o'|*dtde’
R JRr—1

= / |fCOlllx]*dx.
Rn

This proves (1). For the second part of the lemma we proceed as follows:

r 1/r
RSN () = (f (/ IRf (w, t)||t|°‘dt) da))
sn—1 R
r 1/r

B (/ (/ ItI“dt) da))

sn—1 R

r 1/r

= (/ (/ / |f(“”+y’)||(tw+y’)~w|°‘dy’dt) da))

sn—1 R n—1

o T 0+ y)dy'
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r 1/r
:</ (/ |f(Z)||Z'w|“dz> da))
n—1 R”
r 1/r
([ ([ v ara)
n—1 R~
1/r
5/ (/ (lf(z)lIIZIl“lwz'wl")rdw> dz
Rn sn—1

1/r
=/ If(Z)I||Z||“</ Iwz-wlmdw> dz, (3.21)
Rn sn—1

where w, = Hi_\l Using rotation invariance of the measure on $” ! we can choose w, = e;.

Using spherical polar decomposition of $”~! we now have

/ let - | dw
sn—1

T T 2
=C / / / |cos O sin" 20 sin" > 6 .. .sin0,_»d0db; . . .d6,.
0 0 0

Now it is easy to observe that f g1 |w, - w|*"dw is independent of z and is finite if and
only if ar + 1 > 0. This completes the proof of (2).

Remark 3.2. Although the case (2) above looks weaker than the case (1) yet it is best
possible. If we consider a right circular, solid and symmetric (with respect to the coordinate
hyper-planes) cylinder with base as n# — 1 dimensional solid sphere of radius 1 and height

a+l
2s > 2 then it can be shown that for large s, || fllp,a.n < Cls%. On the other hand, the

left-hand side of (1.4) is greater than or equal to Css % Hence for the validity of (1.4) we
need % < atl

We can see it easily for the case n = 2. We consider a rectangle of width 2 and height
2s(> 2) with center as origin and sides parallel to axes. Let Hyp ; denote a line at a
distance ¢ from the origin and with normal at an angle 6 with X-axis. Let f denote the
characteristic function of the rectangle as described above. It can be easily seen that for
cot s <0 <m/2and0 < < ssin@ — cos® we have Rf (9, 1) = 2csc . This shows

1 a+l
that for large s the left-hand side of (1.4) is bigger than Cys+". Since || fl p.a,2 < Czs%

it follows that for the validity of (1.4) the index r should satisfy the condition % < %.

Now we turn towards a generalization of Theorem 1.2 which in particular answers our
first question. We observe from (3.16) that if p = g = 2 then « and B satisfy the relation
o = B +n — 1. We first show that Theorem 1.2 can be deduced from Theorem 2.3 and
(2.6)foralln > 2 and —1 < B < 0 as follows:

IRf2,2.8) < CIIRSl2,2.—p)
= Cll fll2,—p+1-nn

=< C||f||2,/3—1+n,n-

However, if 8 > 0 then this method of proof cannot be applied. We will show that the
proof given in [20] can be modified to prove the most general case.
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Lemma3.3. Ifn>2,8 > —1and a = 4+ n — 1 then there exists a positive constant C
such that for all f € C2°(R"),

IRfll2,2.8) = CllfI2,n- (3.22)
Proof. 1t suffices to prove the result for functions of the form
fro) =g(r)Yim(w), (3.23)

where g € C.(R) satisfies the symmetry condition g(—r) = (—l)lg(r), r € Rand Yy,
is some fixed element of some fixed orthonormal basis of spherical harmonics. This is
because the above collection of functions form an orthonormal basis of LZ(R", ||x[|*dx).
We use Theorem 2.1 to write

Rf(w,t) = (Rig(t)) Yim(w), (3.24)

where

Rig(t) = —5— ( / T amem) (- /)T dr) - (325)
¢y Vi

Thus using (2.10) we get

2 2
”Rf||2,(2,ﬂ) = C”ng”Lz((O,OO),Mﬂdl)

2
n—3
00 _ 'S} n_q 12 2
:Cf —(w” )1 / C,(2 )(t/r)g(r)r"_2 <1——2) dr| Par
L r
n—=3 2
ol e (1\'T 2\ % dr\ dr
<C lg)r 2z | - xon@/rn|l——= — ] —
0 0 r r r t
= CIIF * HI7 20 00).a1/1)" (3.26)

where F(r) = |g(r)|r% and H(r) = r%(l — rz)%x(o,l)(r). Now using Young’s
inequality on the group (0, o) we get

||Rf||2,(2,ﬁ) = C||F||L2((o,oo),dt/;)||H||L1((o,oo),dt/t)~ (3.27)

This completes the proof just by observing that || Fll12¢0,00),dt/1) = Cll flI2,a,n and

n=3 dr

! B+l 9 =3
”H”Ll((O,oo),dt/t): A rz (l—r°)z 7<oo,

asff > —landn > 2.

The following result now follows by applying an interpolation argument (see 5.8.6 in
page 130 of [3]) involving (3.19) and (3.22).
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COROLLARY 3.4

For 1 < p <2, there exists a positive constant C such that for all f € C2°(R"),
IRf N p.py < CISflpan

providedf=a—(n—1)(p—1)>1—p.

Using duality and Lemma 3.3 we can now prove the following L? — L? boundedness
of R*.

Lemma 3.5. For 1 < p < 2, there exists a positive constant C such that for all f €
CX(S" 1 x R),

IR* fllp.pn < Clfllp.pa)s
provideda +1=8+n < p.

Proof. We will prove the case p = 1 and p = 2 and then use an interpolation argument.
To prove the case p = 2 we will use Lemma 2.2. For a nice non negative function F
defined on §”~! x R we have

IR*Fll2.pyn =  sup / R*F(x)G(x)Hxnﬁde‘
{IGl2.,.n =1} n
= sup / F(w,mR(Gu-||ﬁ2>(w,r)dtdw‘
{Gll2,py.n=1} Sn=1xR
= sup f F(w,r>R(G||-||ﬁ2>(w,t)|r|—ﬁ2+1—"|r|ﬂ2+"—1drdw‘
(1G 2., n <1} 5771 xR
< sup 1 Fll2,2,0+n—1)
{HGHZ.ﬂZ.nSl}

12
x ( / IR(G| - |1P) (@, t)ltl_ﬂz“_"|2|t|ﬁ2+”_1dtdw>
S1=1xR

= s NFl@ptn-DIRGI - 1Pz -prt1-n- (3.28)
{IG 12,8, =1}

If B2 + n < 2 then using Lemma 3.3 it follows from (3.28) that

IR*Fllopyn < sup  [Fl2.@ptn-nlGll- [P

||2,—/52,n
{IGll2,py,n=1}
< [IFll2.@.p+n—1) (3.29)

Now for p = 1 and 81 +7n < 1 we use Lemma 2.2 and (2.8) to get

/ R*F(x)||lx)|P1dx = / F(t,o)R(| - I (@, t)dtdw
R” Ssn—1xR

= c/ F(t, o) |t|P7" drdw. (3.30)
Sn=1xR

This gives the result for p = 1. Now we use an interpolation theorem with change in
measures (see Theorem 2.11 of [24]) to complete the result.
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Next we will prove the following L” — L? boundedness for Radon transform.

Theorem 3.6. For 1 < p < oo there exists a positive constant C such that for all
feCPRY),

IRf p.p.py < Cllflp.an
provided B =a — (n—1)(p —1) > —1.

Proof. The case 1 < p < 2 follows from Lemmas 3.1 and 3.3 and [24]. For the range
2 < p < oo we will use duality. Let p’ denote the conjugate index of p. We have

IRfNppp) =  sup / Rf(w,z>g<w,t>|r|ﬂdrdw‘
gl py<1} 1 S7=IxR
= sup FOR* (gl - 1P)(x)dx (3.31)
gl py =13 IR
But
/Rf(x)R*(g|~|ﬂ><x>c1x=/]R FOOR* (gl - 1P)0)llx 1™ ]|“dx
, 1/p'
<1l pan (/R IR*(g| - 1) (x) x|~ ||x||°‘dx)
, o 1/p
=1 fll pcn (/R IR*(g| - 1P) (o) 1P ]| P>dx) :
(3.32)

By using Corollary 3.5 we get

/

/ , 1/
lg(w, t)|t|/3 |? |t|°f(1fp )+n1dx>
(3.33)

f FEOR ] - 1H0dx < 1 f |y (/
Rn N

xR

provided 1 < p’ < 2 and a(l — p’) + n < p’. Since the last inequality about « and p’
follow from the hypothesis, the result now follows by (3.31) and (3.33).

To prove our main result we first address the following question: given «, 8 what is
the range of p for which (1.4) can hold? This can be answered by considering the Radon
transform of radial functions. By the formula of Radon transform for radial functions (see
(2.7)) the inequality (1.4) takes the following form

%0 q i o0 1/p
(f ( ) tﬁdt> <C (/ |f(r)|pr°‘+"_1dr> ,
0 0

which can be easily seen to be equivalent to

/Oo FVE = 12T rdr
t

| Foo % HellL9((0,00),de/0) < CllFallLr(©,00),d1/1)> (3.34)
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where F (t) = f(1)t@t/P H,(t) = s (1-12)"7 X(0.1) () and the convolution is
on the multiplicative group (0, co). Since convolution operators are always L? improving
(see [15]) it follows from (3.34) that a necessary condition on p, g for (1.4) to hold is
given by p < g. This together with (3.16) now implies that p > 1 4+ (¢ — B)/(n — 1).
This is a nontrivial restriction on p only when o > f.

The method of proof of our main result closely follows the idea of [19]. We will first
embed the Radon transform into an analytic family of operators R,. Construction of the
above family goes exactly as in [19]. For z € C we consider the distribution g,(x) =
[x]?, x € R. It is known that z — g, can be continued analytically to a meromorphic

distribution valued function on C with simple poles at z = —1, =3, =5, ... (see [19]).
Since F(z)_1 has simple zeros at z = 0, —1, —2, ... it follows that
z4+1
h,;=g:/T ( 5 ) (3.35)

is an entire distribution-valued function of z. We define
R, f(w,t) = / Rf(w,t — s)h;(s)ds, w € S"_l,t e R. (3.36)
R

It is known that (see [19] and [13])
ho(t) = 28/ g1 2172710 (—2z/2),  teR. (3.37)

For fixed w € §"~!if Ii\f (w, -) denotes the Fourier transform in the 7 variable (in the
sense of distribution) then (3.37) shows that R_ is a constant multiple of R. Now we are
in a position to state and prove our main result.

Theorem 3.7. If -1 < 8 <0,82—n) <a<pf+n—landl +(x—B)/(n—1) <
p < (a+n)/(n—1)thenforall f € C(R") we have

”Rf”p’,(q,ﬂ) =< C”f”p,a,n (3.38)
provided%=%+n—landl <p<2
Proof. We will first prove the inequality

||sz||p’,(p/,ﬁ) = C”f”p,ot,n (3.39)

for the operator R; for certain values of z. Here «, S are as given in the hypothesis. Using
dilation we observe that for (3.39) to be true it is necessary that v, 8 must satisfy the relation

o+n +1
= p — +n+Re(2). (3.40)
P
. —Lﬂ—n—Re (2) .
This followsas || R; foll p,p'.py = A 7 1Rz fall pr,pr,py- In(3.40) if weput p = 2
then z for
a—pB—n—1
Re(z) = xp = 'B—

2



452 Ashisha Kumar and Swagato K Ray

satisfies (3.40). Similarly, if p = 14+ (@« — B8)/(n — 1) then p’ = 1+ (n — 1) /(o — B) and
hence z for
—2a—af+np+p*+8
a—pB+n—1

satisfies (3.40). We now fix o and 8 as in the hypothesis. We will show that (3.39) holds
for z = x; + iy and z = x + iy. By using Theorem 2.3 we have

Re(z) = x1 =

1/p
I Rx+iy fllprcpr .y = (f 1 |Ry+iy f(w, D)IF Itlﬁdtdw>
ST=IxR

/\ , 1/p
<C (/ [Retiy f(w, )(s)I? ISIﬂldsdw> (3.41)
Sn=1xR

provided —1 < 8 <0,1 < p’, 0 < By < p’ — 1 where
Br=p —2-8. (3.42)

Here the first two conditions are in the hypothesis. Using (3.42) it can be seen that the
third condition is equivalent to the relation —1 < 8 < p’ — 2 which is true as p’ > 2 and
B < 0. Using (2.6) it follows from (3.41) that

o o 1/p'
| Rytiy fllpprpy <C (/ IRf (e, ) ()]s~ *=|P |S|ﬂ‘dsda)>

SnIxR

, , 1/p
=C (/ LF@IP zIl~P (1+x)+ﬁ'+l_”dz> )
Rl‘l
Applying Theorem 2.3 to the previous inequality it now follows that

||Rx+iyf||p’,(p/,ﬂ) = C”f”p,a,n (3.43)

provided

(@ <4+ B — (14 x) =n,
b) 1<p=p,

© 0<—=p'(d+x)+p1+1=n,
dOo0<a<n(p-1.

Since > Oand B < Oitfollowsthat I +o/n < 14+(¢—pB)/(n—1) < p.Thisimplies (d).
Using (3.42) it follows that (a) is equivalent to (3.40). Since 1 < p < 2, (b) holds. Using
(3.42), (c) is equivalent to the inequality

O0<—xp—1—B<n (3.44)

which holds forx = x1, p =14+ (¢ — B)/(n — 1) and x = x3, p = 2. Now by analytic
interpolation (3.39) holds for all x; < x < x;. Since 0 < ¢ — 8 < n — 1 it follows that
x2 < —1 < x1. Now by substituting z = —1 in (3.39) we get

1RF ) < CIF (3.45)
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where pp = 1 4 (@ + 1)/(B + n). Observe that the condition ¢ > B(2 — n) implies that
B=aoa—m—1D(p—1) > 1— p; where py = 1+ (¢ — B)/(n — 1). Hence from
Corollary 3.4 we have

IRF I, (pr.p) < CILS Nl py.cvn- (3.46)

Now by using the interpolation of mixed norm spaces (see [4]) it follows from (3.45) and
(3.46) that

”Rf”I’/’(qaﬂ) <Clfllpan- (3.47)
where1+—<p<1+a+1anda+n_ﬂ+1+n 1.
Now to deal with the case
a+l a+tn
! » P2, 3.48
+ B+n =P= n—1 P = ( )

we will use the fact that Ry f(w,t) = Cyli+1Rf(w, -)(t) or equivalently Rf (w,t) =
Crl_(x+1)(Ry f(w, -))(t) where I_( 1) is the one-dimensional Reisz potential of order
—(x + 1) with —2 < x < —1. For a given p in the range (3.48), let

a+n+1

/ (3.49)
p

X0 =o —

A direct calculation shows that p satisfies (3.48) if and only if x( satisfies the inequalities

o+ 1 B+ 1) a—n+1
1 , < 1. 3.50
a+n<x0+ <a+n+,8+1 2 =Yo+ ( )

Since —1 < B < 0it s clear from (3.50) that —1 < xg + 1 < 0. We now fix an w € §"~!
and use Theorem 2.4 to get

IRf (@, )lg,p,1 = -xg+1) (Rxo f (@, ) lg.8,1
< Cl[Ry f (@, )l p (3.51)
— Bl _

provided 1 < p’ < ¢ and 7

follows from (3.16) that p’ 5 q . If we substitute the value of x¢ (see (3.49)) in the previous
equation we see that p, g satisfy (3.16). Now from (3.51) we have

1/p
RN p.q.8) = (/S” IRf(w, )||qﬂ1 )

< C”Rxof”p’,(p’,O)-
To complete the proof we just need to prove that
1Rxo SNl p,(pr0) = ClLf Nl prtsn- (3.52)

Since (3.39) holds for all values of «, 8 as in the hypothesis we can in particular choose
B =0, that is,

”sz”p’,(p’,()) =< C”f”p,a,ns (353)

xo — 1. Note that if p is as given in (3.48) it
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provided) < ¢ < (n—1), l4a/(n—1) < p < (¢+n)/(n—1) and% = #+n+Re (2).
So (3.52) now follows from (3.53) provided «, xq, and p satisfy
a+n a+n

1
O<a<n—1, 14— <p< A a4k (354
n—1 n—1 p '

Since B < 0 the first condition follows immediately from the hypothesis on «. Since p is
now given by (3.48), it satisfies the second condition. The third condition is obvious from
(3.49). This completes the proof.

Remark 3.8. The following remarks are in order.

(i) Since §"~! is a finite measure space one can easily see that the above result also gives
the following norm inequality

IRf N Lamxsn—1 118 dtdey = I I pan

provided 1 + a—p <p=<l+ g—i}i and «, B as in Theorem 3.7.

n—1
(ii) Itis not known to us whether the index p’ appearing in (1.4) is best possible for a given
o, B and p. But if we consider a right circular, solid and symmetric (with respect to
the co-ordinate hyper-planes) cylinder with base as n — 1 dimensional solid sphere of

atn—1

radius s > 1 and height 2 then it can be shown that for large s, || fllp,an < C15 7
On the other hand, it turns out that the left-hand side of (1.4) is greater than or equal
n—1

to Cas " . It follows that the index r has to satisfy the following condition

a+n—1 n—1
> .

» z = (3.55)

/

Note that, if « = 0 then this is a necessary condition on r (see [19]). The proof of
this fact for the case n = 2 is similar to the proof given in Remark 3.2. To illustrate
the problem we consider the particular casen = 2, « = 1, § = 0 and p = 2. Then
according to (3.55) the expected range of r is given by 1 < r < oo. So far we know
the result only in the range 1 < r < 2. In the following we will show that r cannot
take the value infinity. We will see that the following inequality

1/2
sup (/RlRf(w,t)lzdt> < Clfll212

wes!

does not hold. We first note that by using rotations the above inequality is equivalent to

1/2
( /R IRf(w,t)Izdt) < Cllfll21.2, (3.56)

for each fixed w € S! and for all nice functions f. So we can choose w = (1,0) € S 1
By choosing f(x,y) = g(x)h(y) it now follows from (3.56) and (2.6) that 2 must
satisfy the inequality

Il < ClAllz + 117ll2,1,1)-
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By choosing /(y) = (ylog y)~! X(y,00)> ¥ > litfollows that the above does not hold.
By using (2.6) we can see that in this particular case the inequality (1.4) is equivalent to

A r/2 1/r
(f (/ |f<x,w)|2dx) da)) <Clfla1.z-
s1 R

Itis not known to us whether any such inequality can be true for any r with2 < r < oo.
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