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Abstract. In this paper, we consider equivalence relations of C∗-algebra extensions
and describe the relationship between the isomorphism equivalence and the unitary
equivalence. We also show that a certain group homomorphism is the obstruction for
these equivalence relations to be the same.
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1. Introduction

Brown, Douglas and Fillmore [3] gave the famous BDF theory to study essentially normal
operators on an infinite dimensional Hilbert space and extensions of C∗-algebra C(X) by
K in the 1970’s, where X is a compact metric space and K is the C*-algebra of compact
operators on an infinite dimensional separable Hilbert space H . The theory of extensions
of C*-algebras has developed rapidly since then, and has become an important tool for
classifications of C*-algebras together with K-theory and index theory (see [2]).

The available classification results ofC∗-algebra extensions focus on studying the usual
unitary, weak and stable unitary Ext groups (i.e. Exts(A, B), Extw(A,B) and Ext(A,B)),
see for example [4, 8, 12, 13]. These Ext groups classify C∗-algebra extensions up to
unitary, weak and stable unitary equivalence respectively, but they provide very little infor-
mation about the isomorphisms of these extensions.

On the other hand, the classification of amenable C∗-algebras originated from
G A Elliott’s work on AF-algebras in 1976. He classified AT-algebras of real rank zero
in 1993 [5]. Since then a number of classification results appeared [6, 11], etc.

Extension algebras form an important class of C∗-algebras. There are many classifica-
tion results of such C∗-algebras ([9, 10, 14], etc). Unlike the classification of C∗-algebra
extensions, Ext groups do not classify extension algebras. So one has to study the equiva-
lence relation induced by isomorphisms.

In this paper, we use homological approach to consider equivalence relations of
C∗-algebra extensions and describe the relationship between the isomorphism equiva-
lence and the unitary equivalence. Using these results and the classification theorems of
AF-algebra extensions (see [4] and [8]), we show a necessary and sufficient condition for
the isomorphism equivalence and the unitary equivalence to be the same.

209



210 Changguo Wei

2. Preliminaries

Let A and B be C∗-algebras. Recall that an extension of A by B is a short exact sequence

0 → B
α→ E

β→ A → 0. Denote this extension by e or (E, α, β) and the set of all such
extensions by E(A,B).

The extension (E, α, β) is called trivial if the above sequence splits, i.e. if there is a
homomorphism γ : A → E such that β ◦ γ = idA. We call (E, α, β) essential, if α(A) is
an essential ideal in E.

Let 0 → B
α→ E

β→ A → 0 be an extension of A by B. Then there is a unique
homomorphism σ :E → M(B) such that σ ◦α = ι, whereM(B) is the multiplier algebra
of B, and ι is the inclusion map from B toM(B). It is known that σ is injective if and only
if the extension is essential.

The Busby invariant of (E, α, β) is a homomorphism τ from A to the corona algebra
Q(B) = M(B)/B defined by τ(a) = π(σ(b)) for a ∈ A, where π :M(B) → Q(B) is the
quotient map, and b ∈ E such that β(b) = a. Therefore the Busby invariant of (E, α, β)
is the unique homomorphism making the following diagram commute

0 −−−−→ B
α−−−−→ E

β−−−−→ A −−−−→ 0
∥
∥
∥

⏐
⏐
�σ

⏐
⏐
�τ

0 −−−−→ B −−−−→ M(B)
π−−−−→ Q(B) −−−−→ 0.

If A is unital and the Busby invariant is unital, then (E, α, β) is called unital.

Let ei : 0 → B
αi→ Ei

βi→ A → 0 be two extensions of A by B with Busby invariants
τi for i = 1, 2. Then (E1, α1, β1) and (E2, α2, β2) are called congruent (called ‘strongly
isomorphic’ in [2]), denoted by e1 ≡ e2, if there exists an isomorphism η such that the
following diagram is commutative

0 −−−−→ B
α1−−−−→ E1

β1−−−−→ A −−−−→ 0
∥
∥
∥

⏐
⏐
�η

∥
∥
∥

0 −−−−→ B
α2−−−−→ E2

β2−−−−→ A −−−−→ 0.

Denote by Ext(A,B) the set of congruent equivalence classes of extensions of A by B.
Hence there is a one-to-one correspondence between congruent equivalence classes of
extensions of A by B and homomorphisms from A to Q(B) [2].
(E1, α1, β1) and (E2, α2, β2) are called isomorphic (called ‘weakly isomorphic’ in [2]),

denoted by e1 ∼= e2, if there exist isomorphisms β, η, α such that the following diagram
is commutative:

0 −−−−→ B
α1−−−−→ E1

β1−−−−→ A −−−−→ 0
⏐
⏐
�β

⏐
⏐
�η

⏐
⏐
�α

0 −−−−→ B
α2−−−−→ E2

β2−−−−→ A −−−−→ 0.

(E1, α1, β1) and (E2, α2, β2) are called unitarily equivalent, denoted by e1 ∼ e2, if
there exists a unitary u ∈ M(B) such that τ2(a) = π(u)τ1(a)π(u)

∗ for all a ∈ A. Denote
by Ext(A,B) the set of unitary equivalence classes of extensions of A by B.
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Let H be a separable infinite dimensional Hilbert space, and K be the ideal of compact
operators in B(H). If B is a stable C∗-algebra (i.e. B ⊗ K ∼= B), then the sum of two
extensions τ1 and τ2 is defined to be the homomorphism τ1 ⊕ τ2, where τ1 ⊕ τ2: A →
Q(B)⊕ Q(B) ⊆ M2(Q(B)) ∼= Q(B).

Let Ext(A,B) be the set of stable strong equivalence classes (see [2] for the definition).
If A is a separable nuclear C∗-algebra, then Ext(A,B) is an abelian group by the theorem
of Arveson in [1]. But Ext(A,B) is an abelian semigroup in general.

Let e ∈ E(A,B), α ∈ Aut(A) and β ∈ Aut(B). Then there are two induced extensions
βe and eα (see [15] for details).

Let A be an AF-algebra. Then there is a dimension group (K0(A),D(A)) of A (see [8]
for the definition of dimension groups).

3. Main results

Lemma 3.1. [7, 15]. Let e1, e2 be two extensions of A by B, and let α ∈ Aut(A) and
β ∈ Aut(B). Then the following are equivalent:

(1) e1 ≡ e2;
(2) e1α ≡ e2α;
(3) βe1 ≡ βe2.

The above lemma implies that α∗ and β∗ are isomorphisms of Ext(A,B). We also need
the following basic facts about the equivalence relations in E(A,B).

PROPOSITION 3.2

Let e1, e2 ∈ E(A,B). Then e1 ∼ e2 if and only if there is a unitary u ∈ M(B) such that
e2 ≡ Ad(u)e1, where Ad(u)e1 is the extension induced by Ad(u).

PROPOSITION 3.3

Let e1, e2 ∈ E(A,B), α ∈ Aut(A) and β ∈ Aut(B). Then the following are equivalent:

(1) e1 ∼ e2;
(2) e1α ∼ e2α;
(3) βe1 ∼ βe2.

PROPOSITION 3.4

Let ei : 0 → B → Ei
ψi→ A → 0 be essential extensions with Busby invariants τi . Let σi

be the inclusion maps from Ei to M(B). Then the following statements are equivalent:

(1) e1 ∼= e2.
(2) There is an isomorphism φ: M(B) → M(B) such that φ(B) = B and ψ ◦ τ1(A) =

τ2(A), where ψ : Q → Q is the isomorphism induced by φ.

Proof.

(1) �⇒ (2). Let (α, β, γ ): e1 → e2 be an extension isomorphism and let e0 denote the
extension 0 → B → M(B) → Q → 0. Then we have the following commutative
diagram:
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e1: 0 −−−−→ B −−−−→ E1 −−−−→ A −−−−→ 0
⏐
⏐
�α

⏐
⏐
�β

⏐
⏐
�γ

e2: 0 −−−−→ B −−−−→ E2 −−−−→ A −−−−→ 0
⏐
⏐
�id

⏐
⏐
�σ2

⏐
⏐
�τ2

e0: 0 −−−−→ B −−−−→ M(B) −−−−→ Q −−−−→ 0
⏐
⏐
�α−1

⏐
⏐
�φ−1

⏐
⏐
�ψ−1

e0: 0 −−−−→ B −−−−→ M(B) −−−−→ Q −−−−→ 0,

where φ:M(B) → M(B) is the unique extension of α: B → B. So it follows that there is
a homomorphism (id, φ−1 ◦ σ2 ◦ β,ψ−1 ◦ τ2 ◦ γ ) from e1 to e0. Hence φ−1 ◦ σ2 ◦ β = σ1
and ψ−1 ◦ τ2 ◦ γ = τ1. Then we have φ ◦ σ1 = σ2 ◦ β and τ2 ◦ γ = ψ ◦ τ1. Therefore,
φ(B) = B and ψ ◦ τ1(A) = τ2(A).
(2) �⇒ (1). Since ψ ◦ π = π ◦ φ, we have

ψ ◦ τ1(A) = ψ ◦ π(E1) = π ◦ φ(E1).

Since B ⊂ Ei , π−1(ψ ◦ τ1(A)) = φ(E1). By ψ ◦ τ1(A) = τ2(A), we have π−1(τ2(A)) =
φ(E1), that is, φ(E1) = E2. Let α = φ|B , β = σ−1

2 ◦ φ ◦ σ1 and γ = τ−1
2 ◦ψ ◦ τ1. Then

(α, β, γ ): e1 → e2 is an extension isomorphism. �

PROPOSITION 3.5

Suppose A and B are two AF-algebras. Let e ∈ E(A,B), α1, α2 ∈ Aut(A) and β1, β2 ∈
Aut(B). Then

(1) eα1 ∼ eα2 ⇐⇒ K0(e)∗K0(α1) ≡ K0(e)∗K0(α2), where K0(e)∗: Hom(K0(A),

K0(A)) → Ext(K0(A),K0(B)) is the homomorphism induced by K0(e).
(2) β1e ∼ β2e ⇐⇒ K0(β1)K0(e) ≡ K0(β2)K0(e), where K0(βi)K0(e) is the extension

induced by K0(βi).

Proof. We only need to show (1).
(1) If eα1 ∼ eα2, then we have e ∼ eα2α1

−1 by Proposition 3.3. So there is an
isomorphism φ: E2 → E1 such that the following diagram is commutative:

eα2α1
−1: 0 −−−−→ B −−−−→ E2 −−−−→ A −−−−→ 0

⏐
⏐
�id

⏐
⏐
�φ

⏐
⏐
�α2α1

−1

e: 0 −−−−→ B −−−−→ E1 −−−−→ A −−−−→ 0.

Applying the functorK0 to the above diagram, we have a commutative diagram atK-theory
level in the following:

K0(eα2α
−1
1 ): 0 −−−−→ K0(B) −−−−→ K0(E2) −−−−→ K0(A) −−−−→ 0

⏐
⏐
�id

⏐
⏐
�K0(φ)

⏐
⏐
�K0(α2α1

−1)

K0(e): 0 −−−−→ K0(B) −−−−→ K0(E1) −−−−→ K0(A) −−−−→ 0.
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Hence

K0(α2α1
−1)∗(K0(e)) = K0(eα2α

−1
1 ).

It follows from [8] or [4] that K0(e) ≡ K0(eα2α
−1
1 ). Therefore K0(e)K0(α2α

−1
1 ) ≡

K0(e), and then K0(e)K0(α1) ≡ K0(e)K0(α2). Hence

(K0(e))∗K0(α1) ≡ (K0(e))∗K0(α2).

Conversely, if K0(e)∗K0(α1) ≡ K0(e)∗K0(α2), then K0(e) ≡ K0(eα2α
−1
1 ). So we

have e ∼ eα2α
−1
1 by Lemma I.5 of [8]. Then by Proposition 3.3, we have eα1 ∼ eα2. �

Theorem 3.6. Let e1, e2 ∈ E(A,B), α ∈ Aut(A), β ∈ Aut(B) and η ∈ Hom(E1, E2).
Then

(1) e1

(β,η,α)∼= e2 ⇐⇒ e1 ≡ β−1e2α.

(2) If β is inner, then e1

(β,η,α)∼= e2 ⇐⇒ e1 ∼ e2α.

Proof.

(1) Suppose (β, η, α): e1 → e2 is an isomorphism of extensions, i.e. there is a commutative
diagram:

0 −−−−→ B
i1−−−−→ E1

ψ1−−−−→ A −−−−→ 0
⏐
⏐
�β

⏐
⏐
�η

⏐
⏐
�α

0 −−−−→ B
i2−−−−→ E2

ψ2−−−−→ A −−−−→ 0.

Let e′ be the extension 0 → B
j→ E2

ψ→ A → 0, where j = i2 ◦ β and ψ = α−1
1 ◦ψ2.

Then there is a commutative diagram:

0 −−−−→ B
i1−−−−→ E1

ψ1−−−−→ A −−−−→ 0
⏐
⏐
�id

⏐
⏐
�η

⏐
⏐
�id

0 −−−−→ B
j−−−−→ E2

ψ−−−−→ A −−−−→ 0.

Hence e1 ≡ e′. Since e′ ≡ β−1e2α, e1 ≡ β−1e2α.
Conversely, let α ∈ Aut(A), β ∈ Aut(B), and e1 ≡ β−1e2α. By Lemma 3.1, we have

βe1 ≡ e2α. It follows that there is an isomorphism η: E1 → E2 such that the following
diagram is commutative:

βe1: 0 −−−−→ B
i1◦β−1

−−−−→ E1
ψ1−−−−→ A −−−−→ 0

⏐
⏐
�id

⏐
⏐
�η

⏐
⏐
�id

e2α: 0 −−−−→ B
i2−−−−→ E2

α−1◦ψ2−−−−→ A −−−−→ 0.
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Then we have a commutative diagram:

e1: 0 −−−−→ B
i1−−−−→ E1

ψ1−−−−→ A −−−−→ 0
⏐
⏐
�β

⏐
⏐
�η

⏐
⏐
�α

e2: 0 −−−−→ B
i2−−−−→ E2

ψ2−−−−→ A −−−−→ 0,

i.e. (β, η, α): e1 → e2 is an extension isomorphism.

(2) Let β = Ad(u) and (β, η, α): e1 → e2 be an isomorphism, where u is a unitary in
M(B). It follows from (1) that

e1 ≡ β−1e2α ≡ Ad(u∗)e2α.

By Proposition 3.2, we have e1 ∼ e2α.
Conversely, if there is a unitary w ∈ M(B) such that e1 = Ad(w)e2α, then by (1)

there is an isomorphism η: E1 → E2 such that (Ad(w∗), η, α): e1 → e2 is an extension
isomorphism. �

Theorem 3.7. LetB = K. Then the isomorphism equivalence and the unitary equivalence
coincide in E(A,B) if and only if e ∼ eγ for any e ∈ E(A,B) and γ ∈ Aut(A).

Proof.
(�⇒). For every e ∈ E(A,B) and γ ∈ Aut(A) we have e ∼= eγ . It follows that e ∼ eγ

from the assumption immediately.
(⇐�). Let e1, e2 ∈ E(A,B) and e1 ∼ e2. Then it is easy to see that e1 ∼= e2. Conversely,
suppose there is an isomorphism (α, β, γ ): e1 → e2. Since α ∈ Aut(K), α is inner.
By Theorem 3.6 we have e1 ∼ e2γ . The assumption implies e2γ ∼ e2, so we have e1 ∼ e2.
Hence, the two equivalence relations are equivalent in E(A,B). �

Theorem 3.8. Let B = K and A be an AF-algebra. Then the isomorphism equivalence
and the unitary equivalence coincide in E(A,B) if and only if the group homomorphism
γ �−→ K0(γ )

∗ from Aut(A) to Aut(Ext(K0(A),D(A);K0(B),D(B))) is trivial.

Proof.
(⇐�). For any e ∈ E(A,B) and γ ∈ Aut(A), let (id, η, γ ): eγ → e be an extension
isomorphism. Then there is a commutative diagram in K-theory:

K0(eγ ): 0 −−−−→ K0(B) −−−−→ K0(E2) −−−−→ K0(A) −−−−→ 0
⏐
⏐
�id

⏐
⏐
�K0(η)

⏐
⏐
�K0(γ )

K0(e): 0 −−−−→ K0(B) −−−−→ K0(E1) −−−−→ K0(A) −−−−→ 0.

Hence, we have

K0(eγ ) = K0(e)K0(γ ) = K0(γ )
∗(K0(e)).

From the assumption it follows that K0(γ )
∗ = id. Hence K0(eγ ) ≡ K0(e). This implies

that the two extensionsK0(eγ ) andK0(e) are congruent as dimension groups with interval,
and then eγ ∼ e by [8]. It follows that the two equivalence relations coincide in E(A,B)
by Theorem 3.7.
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(�⇒). Let γ ∈ Aut(A) and e an extension of A by B. Then e ∼ eγ since eγ
(id,η,γ )∼= e.

It follows that there is an isomorphism of dimension groups (id,K0(η),K0(γ )) from
K0(eγ ) toK0(e). Therefore,K0(eγ ) = K0(γ )

∗(K0(e)). Since e ∼ eγ ,K0(eγ ) ≡ K0(e).
Hence K0(γ )

∗ = id. So the group homomorphism γ �−→ K0(γ )
∗ is trivial. �

COROLLARY 3.9

Let A be an AF-algebra. If any automorphism of A is inner, then the isomorphism equi-
valence and the unitary equivalence coincide in E(A,K).

Proof. Let γ ∈ Aut(A). Since γ is inner, it follows that K0(γ ) is the unit of
Aut(K0(A),D(A)). HenceK0(γ )

∗ is the unit of Aut(Ext(K0(A), D(A);K0(B),D(B))).
The corollary now follows from Theorem 3.8. �
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