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Abstract. Lin and Su classified A7 -algebras of real rank zero. This class includes all
AT-algebras of real rank zero as well as many C*-algebras which are not stably finite.
An AT -algebra often becomes an extension of an AT-algebra by an AF-algebra. In this
paper, we show that there is an essential extension of an AT-algebra by an AF-algebra
which is not an A7 -algebra. We describe a characterization of an extension E of an
AT-algebra by an AF-algebra if E is an A7 -algebra.
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1. Introduction

During the development of classification of nuclear separable C*-algebras, a special class
of inductive limits of finite direct sums of matrix algebras over 7 -algebras was classified
by Lin and Su [6], where 7 -algebras are unital essential extensions of C(S') by compact
operators K:

0 K E cish —— o.

Each C*-algebra in this special class is said to be an A7 -algebra. One of the important
features which makes A7 -algebras essentially different from AH-algebras is that the tor-
sion in K does not arise from the torsion parts of certain metric spaces but from nontrivial
extensions of C(S') by KC. Let A be an AT -algebra. The invariant consists of the abelian
semigroup V (A), the Murry—von Neumann equivalence classes of projections in matri-
ces of A, an abelian semigroup k(A), some equivalence classes of homotopy classes of
hyponormal partial isometries in matrices of A and a homomorphism d from k(A) into
V (A). The main result of [6] states that the above invariant, together with the class of the
identity, is complete for the class of C*-algebras.

An A7 -algebra often becomes an essential extension of an AT-algebra by an
AF-algebra. Consequently, a question of whether an essential extension of an AT-algebra
by an AF-algebrais an A7 -algebra, is raised. In this paper, we show that there is an essential
extension of an AT-algebra by an AF-algebra which is not in the class. Recently there have
been rapid advances in the study of quasidiagonal extensions of C*-algebras (c.f. [2]).
Tracially quasidiagonal extensions are studied by Lin in [4]. In [1], Brown and Dadarlat
show that the index maps §p and §; of a quasidiagonal extension of C*-algebras are zero.
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In [5], Lin and Rgrdam show that if E is an extension of an AT-algebra by an AT-algebra
and E has real rank zero, then E is an AT-algebra if and only if the index maps are
both zero. Accordingly, in this paper, we attempt to describe a characterization of an
extension E of an AT-algebra by an AF-algebra if E is an A7 -algebra via the index
maps.

2. AT -algebra as an essential extension of an AT-algebra

Let C(S!) be the continuous functions on the unit circle and let &C be the compact operators
on an infinite dimensional separable Hilbert space. 7 is an essential unital extension of
C(SY) by K with index —k € Z:

0 K Tr cishH —— o.

It is well-known that two extensions with the same index are isomorphic as C*-algebras.
We call these algebras 7 -algebras. Itis obvious that 7 is isomorphic to 7_x. So we consider
only those 7 with k > 0. We now give another description of 7 (for k > 0). Let Sy be an
unitary in B(H) with essential spectrum S'. Then 7y is isomorphic to the C*-subalgebra
of B(H) generated by Sy and IC(H). Let S| be the standard unilateral shift operator acting
on the Hilbert space H = [ 2 Then 7 (k > 0)is isomorphic to the C*-subalgebra of B(H)
generated by (S)X and K(H).

Lemma 2.1. Let A be a C*-algebra with an approximate unit of projections, {1, },ca a set
of ideals of A. If quotient A/, is a finite C*-algebra for each A € A, then A Nyep I is
a finite C*-algebra.

Proof. Let {p;} be an approximate unit of projections in A and 7 be the quotient map from
A to A/ Myen I). Then (p;) becomes an approximate unit of projections in A/ Nyep 1.
For any i, we assume that v*v = 7 (p;). There is w € p; Ap; such that ¥ (w) = v. Since
a(w*w) = w(p;), w*w € p; + Nyea .. By the hypothesis of the lemma, ww* € p; + I,
for all A, so ww* € p; + Myealy, Vv* = T(ww*) = 7 (p;). Therefore A/ Nyep I is a
finite C*-algebra. |

DEFINITION 2.2

Let A be a C*-algebra with an approximate unit of projections. By the above lemma, there
exists the smallest ideal 7 of A such that A/I is a finite C*-algebra. We denote this ideal
by 1(A), and denote A/I by Q(A).

Lemma2.3. Let E = li_n)l(E,,, ¢n) be an inductive limit C*-algebra, where each E,, is a
finite direct sum of matrix algebras over T -algebras, and each connecting map from E,,
to E, 41 satisfies the following: if My (1y) is a summand of E,, then the connecting map
restricted to this block vanishes on My (K). Then I(E) = li_r>n(1 (Ep), ¢n) and Q(E) =

li_n;(Q(En), bn), where ¢, is the *-homomorphism which is induced by ¢,,.

Proof. 1t is easy to see that ¢, ({(E,)) C I(E,+1) for each n. Since h_r)n(Q(E,,), &)
is a finite C*-algebra, I1(E) C h'_n)l(l (En), ¢n). It remains to show that ¢ (1(E,)) C
I(E). We may assume that E, = M,(7;) and ¢, (M, (K)) # 0. Note that M, (K)
is the minimal ideal of M, (7;), ¢n.co is injective on M, (7;). There exists v € M, (Ty)
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such that v*v = 1y (1), VU™ # Ly, (7). Put w = @y 0o(v) and p = ¢y 001y, (1))
then w*w = p, ww* # p, so p is an infinite projection. Since w*w — ww* € I(E),
I(E) N ¢(M,(K)) # @. Since M, (K) is a simple C*-algebra, ¢ (M, (K)) C I(E).
So lim(/ (En), ¢n) C 1(E). a

PROPOSITION 2.4 (Proposition 5.7 of [6])

Let E = li_n)l(E,,, ¢n) be an inductive limit C*-algebra, where each E, is a finite direct
sum of matrix algebras over T -algebras. Then E is isomorphic to E' = li_r)n(E;l, o)
where each E}, is a finite direct sum of matrix algebras over T -algebras and where each
connecting map from E, to E, | satisfies the following: If My (7o) is a summand of E,,
then the connecting map restricted to this block vanishes on My (KC).

Theorem 2.5. Let E be an AT -algebra and let 81: K1(Q(E)) — Ko(I(E)) be the index
map. Then for all g € Ko(I(E)), there are a natural number n and f € K1(Q(E)) such
that 81(f) = ng.

Proof. LetE = li_n>1(E 1, ®n) be an AT -algebra. By the above proposition, we may assume
that each connecting map ¢, from E, to E,; satisfies the following: If My (7p) is a
summand of E,,, then ¢, restricted to this block vanishes on M (XC). We have the following
commutative diagram:

0 B — B —Us 4y 0
| I

0 By b E> # A 0
| |

0 B3 b E; L& Az 0

Ll

0 B E A 0
l 12

where each B; = I(E;) is a direct sum of . By Lemma 2.3, I (E) = B. Without loss of
generality, we may further assume that each ¢, is injective, each E,, is of the following
C*-algebra form:

Mnl (7761) D---D Mns (77<5) @D Mnsﬂ (C(Xl)) DD Mn_H_m (C(Xm))»

where X1, ..., X, are compact subsets of St and ki, ko, . . ., kg are positive. Note that
I(E) = B, for each g € Ko(I(E))™, there exists a projection p € B,, such that [p]y =
g. Therefore there exist § € E,, and a natural number n such that [S*S — S§S§*]y =
n(lm«[plo) in Ko(Ep), so 81([w($)]1) = [($*S — §5%)]o = n[plo = ng. Itis easy to see
that for each g € Ko(/(E)), there is a natural number n and f € K{(Q(E)) such that
81(f) = ng. o
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3. An example
DEFINITION 3.1
Let A= A1, A2,..., Ap) EZ & --- D Z,aC*-algebra

TAn=C"KD--- K, 5, @85,0 - ®S,) CBH)D---©B(H),
k k

where Sj (A # 0) is an unilateral shift operator with index —A. If A = 0, S, is an unitary
in B(H) with essential spectrum S'. Then 7} is an essential unital extension of C(S!) by
K®- - @K, withindex A = (A1, A2, ..., Ap):

T

00— K@ -0k TA cish —— o

We call the C*-algebras of this kind G7 -algebras.

The class of inductive limits of finite direct sums of matrix algebras over G7 -algebras
will be denoted by X. By the following lemma, if a C*-algebra A = li_r)n(An, ¢n), where
each A, = i"len,. (Ey;), Ey; is a unial essential extension of cSHbvyyke---ak,
then A is contained in X.

Lemma 3.2. Let

00— K-8k E cSh —— 0

be an essential unital extension of C(S') by K & - - - ® K. Then E is an inductive limit of
finite direct sums of matrix algebras over GT -algebras.

Proof. Let A = (A1, A2,..., k) € Z & --- @ Z be the index of this extension E. If each
Ai (i =1,2,...,k) is not zero, then E is unique under the isomorphism of C*-algebra.
Otherwise, without loss of generality, we can assume that A} = 0, A3, ..., A, are not zero,
EZC*Ke--- K, TBS), P --®Sy,). Let{pi:i =1,2, ...} be mutually orthogonal
projections of rank one in B(H) such that ) ° p; = 1. Then FE is generatedby L @ - - - & K

~——

k
and a partial isometry

s=(Xar)osne-os5,

where each & € S'. Let {¢; 7} be a matrix unit for K. Put

En=M,@C*U,®S,® S, 00K®---®K),
~————
k—1

where M, is the finite dimensional C*-algebra generated by {e;;}; j<, and U, =
D ion &ipi. It is obvious that E, C E,4+i. Note that each E, is an inductive limit of
finite direct sums of matrix algebras over G7 -algebras, and UE, is dense in E. There-
fore £ = h_n; E, is an inductive limit of finite direct sums of matrix algebras over
G7T -algebras. ]

Lemma 3.3. If A = 0, then Ty is an AT-algebra.
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Proof. Fix a separable infinite dimensional Hilbert space H @ --- ® H. Let {p;j: i =
——————

n
1,2,..., j=1,..., n} be mutually orthogonal projections of rank one in B(H) @ - - - @
B(H)and }_ p;j = 1. Then 7y is generated by K @ - - - @ K and an unitary U = ) _ & pij,

n
where {S,-j};?il is dense in S! for each j=12,...,n.

Let {efl.)} be a matrix unit for C @ --- @ K. Put
J —————

n
By =M@ - ® M dC*(Uyp),
—_— —
n

(ON
i l

where My @ --- @ My is a finite dimensional C*-algebra generated by {e
n

1,...,n}i j<x and Uy = szjl?,jzl &jpij. It is obvious that By C Byyi. Note that

sp(Uy) = S! for each k and U € By. Since Ty = C*(U, K @ - - - ® K) and UB is dense

in 7y, Ty = h_r)n By is an AT-algebra. O

Theorem 3.4. Let E = li_r)n(E,,, ¢n) be an inductive limit, where each E,, is a finite direct

sum of matrix algebras over GT -algebras. Then E is isomorphic to E' = l'ir)l(E;l, o),

where E}, is a finite direct sum of C*-algebras with the form of M, (7o) or My (Tp) (A =
(A A2, ..oy An)), where X1, Ao, . .., Ay are not zero, where each connecting map @), satis-
fies the following: If My, (Ty) is a summand of E,, then ¢, restricted to this block vanishes
on My(K). Further, 1(E) = lim(/ (E)), ¢,) and Q(E) = li_n)l(Q(E,;), @',), where ¢',, is
the quotient map which is induced by ¢),.

Proof. We first assume that E = 75, where A = (A, A2, ..., Ap). If A1, Ao, ..., A, are
non-zero, then the theorem is true. If A = 0, by Lemma 3.3, E is an AT-algebra. We may
assume that £ = li_r)n(An, ¢n), where

A = _@Mk_, (csh.

J
Set

Eq = P My, (To).
j=1

Let m,,: E, — A, be the quotient map. There is a unital monomorphism j,: A, — E,
such that j, o m, is the identity map on A,. So E = li_r)n(E,,, Jn+1 © ¢y 0 ) satisfies

the condition of theorem. So without loss of generality, we assume that .; = 0 and
A2, ..., An are not zero. Fix a separable infinite dimensional Hilbert space H @ --- @ H.
————

n
Let {p;: i = 1,2,...} be mutually orthogonal projections of rank one in B(H) and
> pi = 1. Then 7, is generated by £ & - - - @ K and a partial isometry
~————

n

s=(Xan)es.o o5,

where {&;}72, is dense in § ! for each positive integer k.
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Let {e;;} be a matrix unit of KC. Put

Ck =M ®@C*"Ur® S, d 88, 00D - ®K),
N e

n—1

where M is the finite dimensional C*-algebra generated by {e;;}; j<x and Uy =
> i-x Eipi. Note that Cy C Ci41 and UCy is dense in Tp, Tp = li_n)lck satisfy the
condition in the theorem. Therefore, if E is a finite direct sum of matrix algebras on
G7T -algebras, this theorem is true.

Generally, £ = h_r)n(En, ¢n), where E, is a finite direct sum of matrix algebras on
G7 -algebras. Without loss of generality, we may assume that E, is a finite direct sum
of C*-algebras with the form of M,(75) (A = (A1, A2,...,A,)), where A = 0 or
A, A2, ..., A, are not zero.

E, = E{" @1lim D",

where D,(qm) is a finite direct sum of matrix algebras over C (81 or C, and E,(,]) is a
finite direct sum of C*-algebras with the form of M, (7)) (A = (A1, X2, ..., ) and
A1, A2, ..., Mg are not zero). Denote lim D™ by EP.

Let { £} be dense in E, and &, = 1/2". Let G; = {f\"} C E). Thereis E\" @ D,,
such that dist(fl(l), Efl) ® D) <e.PutE| = E;l) ® D,,. Let {hﬁl)} be dense in E|
and H; be a finite set which contain the generators of E| and h§l). Let p be the projection
in E> corresponding to the summand Eéz). Then p - ¢ vanishes on I (E ;1)). Then there is
amap p1: Q(Efl)) @ D,, — Eéz) such that p - ¢1 = p1 o 1. By Lemma 4.2 [3], there is

a C*-subalgebra D,,, in Eéz) and *-homomorphism ¢;: Q(E fl) ) @ D,, = Dy, such that

the following diagram commutes on 1 (H1) to within &;:

Dy,

|

1 )
Q(El )@Dn] 1 E2 .

Put £}, = Eél) @ Dp,, y1 = (1= p)-¢1 @ @) omy. Then the following diagram commutes
on H; to within &1:

ElLEz

[

/ /

El Y1 E2
Write E;, = T, & L,, where T, is a finite direct sums of matrix algebras over 7, or
C(ShH, L, is a finite dimensional C*-algebra. Define j,: T, ® L, > T, ® L, ® c(sh
by ju|7, = id and j, |1, is the nature map from L, to L, ® C(SY. At the same time we
defined,: T, ® L,  C(SY) »> T, ® L, by d,|7, = id and dnan®C(Sl) is a map from
L, ® C(SY to L, with d, |, @ccshy(f) = f(1). So we have the following commutative

diagram:
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wll ]/f’l
T,®L, —_— Ty11 @ Ly — Th42® Lyy2

dnT jn+ll TdnJrZ

T,®L,®C(S") - Ty1 @ Lyt ® C(SY - Thi2 @ Lyto ® C(Sh)
n n+1

Therefore
lim(7, L ® C(S"), fn) = E.

We denote R, ® K, = T, ® L, ® C(S!), where R, is a finite direct sum of matrix
algebras on G7 -algebras, K, = L’ ® C(S b, L/ is a finite dimensional C*-algebra. Put
E! =R, ® L], ® Ty. We have a trivial extension:

0 —— LK —— L ®Ty —— K, 0.

Puti,: K, — L) ® Ty such that 7, o i), = 1. Putw, = idg, ® 7}, i, = idg, ®i),. Then
the following diagraph is commutative:

ﬁn ﬁ’l
R, ® K, —— Rut1® Kyt —H) Riio® Kyyp2

”nT linJrl T”nJrZ

R®L,®Tg —— Ri1®L,,,®T) —— Ri2®L,,0T

So
E = llg)l(Rn S>) L;I ® 10, int1 0 Pn o Tp).

By now all the above complete the proof of the first part. The proof of the last part is similar
to that of Lemma 2.3. O

Theorem 3.5. Let E be a C*-algebra in X and let §1: K1(Q(E)) — Ko(I(E)) be the
index map. Then E is an AT -algebra if and only if, for each g € Ko(I(E)), there is a
natural number n and f € K1(Q(E)) such that §1(f) = ng.

Proof. The ‘only if’ part of the theorem follows from Theorem 2.5. To prove the con-
verse, let E = li_r)n(En, ¢n), where each E,, is a finite direct sum of matrix algebras over
G7 -algebras. Let Q(E) = ﬁ_H)l(Q(En), Y¥,). For any given x1, x2,...,x, € Eand ¢ > 0,
there exist a positive number m and 2}, 25, ..., z, € Q(Ep,) such that

1V, 00(@z) — ()l <€ (=1,2,...,n).
So there exists y{, y5. ..., Y, € Ep, suchthatw(y)) =z; (i =1,2,...,n) and
177 (Dmy,00 (V) — XD = 1Wmy,00 (Tm, (b)) — 7 (x) ]|

= 1¥my,00(z}) — ()l

< €.
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There exists ai,ap,...,a, € I(E) such that ||¢m],oo(ylf) — x; —a;j|| < &, so there
exist a positive number my > my and by, by, ..., b, € I(Ey,), such that ||¢n, co(bi) —
aill < e (i = 1,2,...,n). We write y; = @ m,(¥)), 2i = Ym,,m,(2}). Note that
X1, X2, v Xn €6 Py 00(Emy).
Without loss of generality, we may assume that E,,, = M,,(75), where A =
(A1, A2, ..., i) and T = C*(K@--- @K, S). Then I(E;,) = KB ---® K. By the
———— —— ———

k k
hypothesis of the theorem, there exists a natural number m3 > my satisfying the fol-

lowing: For any f € Ko(@my ms)(Ko(I(Ey,))), there exists a positive integer k and
g € K1(Q(Ep;)) such that 8;"3(3) = kf. Similarly, without loss of generality, we may
assume that E;,; = M,y (75/), where A" = (1], A5, ..., A},). From the above theorem, it
follows that A" = O or A}, A5, ..., A}, are not zero. If A" = 0, by Lemma 3.3, ¢y iy (Em,)
is an AT-algebra. If 17, A5, ..., A}, are not zero, we defineamap [;: K@ --- K — K
by l;((a1, ...,ar)) = a;, thenl; o ¢m2,m3|I(Em2) (i =1,2,...,k') are injective. There-
fore there is a C*-subalgebra C = K of I(Ey;) such that ¢, . (I (E;,)) C C. Put
D = C*(C, ¢my,m;(S)), then ¢y m;(Em,) C D, D is a matrix algebra over 7 -algebra.
By Theorem 8 of [7], E is an A7 -algebra. o

Example 3.6. Let S1 be an unilateral shift operator on a separable infinite dimensional
Hilbert space H, A = C*(S1 & S|, K & K) C B(H) @ B(H) is a C*-algebra. Then we
have the following exact sequence:

b/

0 —— Kok A cishHy —— o

where 7 is the quotient map. Induced by K -theory we have

0 —— Ki(A) —— Z

BOT lsl :

7 «— Ko(A) «—— Z&7Z

where §1(1) = 1 @ 1. By Theorem 3.5, A is not an A7 -algebra.
Let E = li_nQ(M,,!(A), ¢n), where for each a € M, (A),

bn(a) = diag(a, 7(@)(1), m(@)(en ™), ..., m(a)(e"T 2Y).

Then E is an unital essential extension of an AT-algebra by an AF-algebra, RR(E) =0
and Q(F) is simple, but E is not an A7 -algebra. In fact, for each self-adjointelementa € E
and & > 0, there exist a natural number n and b € M,,)(A) such that |la — b|| < ¢/2 and
{m(b)(1), Jr(b)(e#’”'), . ,n(b)(e%zni)} is £/16-dense in sp(b). By Lemma 8 of [5],
there exists a self-adjoint element ¢ € E,,4| with finite spectrum such that ||¢, (b) — c|| <
€/2.So RR(E) = 0. The construction of E ensures that Q(E) is a simple C*-algebra.
Note that K1(Q(E)) = Z, Ko(I(E)) = Z & Z and §1(1) = 1 @ 1. Forg = 1@ 0in
Ko(I(E)), there are not a natural number n and f € K{(Q(E)) such that §;(f) = ng.
By theorem 3.5, E is not an A7 -algebra.
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