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Integral inequalities for self-reciprocal polynomials
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Abstract. Letn > 1 be an integer and let P, be the class of polynomials P of degree

at most n satisfying z" P(1/z) = P(z) for all z € C. Moreover, let r be an integer with
1 < r < n. Then we have for all P € P,:

2 ) 2 ) 2 )
aﬂﬂ/ W@%&hsf w“wm%nqmnf |P(e")[*dr
0 0 0
with the best possible factors
H;;l) (3 - ’)2 , if n is even,
Oln(r) = 1 r=1 (n+l \2 r—1 (n—1 2 . .
2 [nj=0 (T_J) +H‘,’=o (T _J) ], if n is odd,

and
1 r—1
_ 2
mm—zﬂm Dy
Jj=0
This refines and extends a result due to Aziz and Zargar (1997).
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1. Introduction

Letn > 1 be an integer. A polynomial
n
P@ =) a’ (aeCik=01,....n
k=0

is called self-reciprocal of order n if P has a degree of at most n and if
7"P(1/z) = P(z) forallz € C,

that is, the coefficients satisfy
ar =au,_r fork=0,1,...,n.

We denote the class of self-reciprocal polynomials of order n by P,,.

The properties of self-reciprocal polynomials have been studied by several mathemati-
cians. We refer to [1-5] and the references given therein. Here, we are concerned with the
following interesting integral inequalities, which were published by Aziz and Zargar [2]
in 1997.
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PROPOSITION

Let n > 1 be an integer. For all P € P, we have
n2 2 ) 2w ) n2 2
v / P Pdr < / P/ < / PEPdL (L)
4 Jo 0 2 Jo
The sign of equality holds on the right-hand side if P(z) = c(z" + 1) (c € C) and on the
left-hand side if P(z) = c¢z"/? (¢ € C), where n is even.
In view of these results it is natural to ask:

(i) Is it possible to replace in (1.1) the factor n/4 by a larger term, if n is odd?
(ii) What are the best possible bounds for the ratio fozn |PT) (ei?)|2dt/ fozn |P(e')|2ds,
where r > 1?7

It is our aim to answer both questions. In §2 we present a lemma, which we need to
establish our main result, given in Section 3.

2. Lemma

We define for z € Cand r € N:
r—1
rr@=]]c-NH
j=0
Throughout this paper, we maintain this notation. The following elementary lemma
provides some inequalities for p,.
Lemma. Letk,r, N,a and b be integers.
G) If0<k<N-—1landr > 1, then
2pr(N) = pr(k) + pr(2N — k). (2.1)
() If0O<k < Nandr > 1, then
pr(N)+ pr(N+1) < pr(k)+ pr2N + 1 — k). (2.2)
(iii) Ifa>0,b>0andr > 1, then

pr(@) + pr(b) < pr(a+D). (2.3)

Proof.

(1) If N <r — 1, then we have p.(N) = 0. Hence, let N > r. We consider two cases.

Casel. r <k.
Thus, 1 <r <k < N — 1. Inequality (2.1) is equivalent to

r—1 r—1
2<[Ja—xp*+ [T +x)% 24)
j=0 j=0
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where x; = (N —k)/(N — j) € (0, 1) for j =0, 1,...,r — 1. Let O, be the expression
on the right-hand side of (2.4). We have

Q1 =2x+2>2.
And, if Q, > 2, then
r—1

Qrp1 = (1= x)°Qr +4x, [ [0 +x))

j=0
>2(1 — x,)? +4x, =24 222 > 2.
By induction, we conclude that (2.4) holds for all » > 1.

Case?2. k <r —1.
Thenwehave 0 < k <r—1 < N —1.This gives p, (k) =0 < p,(N), so that we obtain

pr(k) + pr(2N — k) - N —k
(V) ITC+ )

N—k \* 1\?
>(I1+——m) >|14+=) >2.
N—-—@F-1 2
(ii) If kK = N, then equality holds in (2.2). Letk < N — 1.If N +2 < r, then p,(N) =
pr(N +1) = 0. Next, letr < N 4 1. Applying (2.1) gives

prk) + pr2N +1—k)— pr(N) — pr(N + 1)
>pr(N)—pr(N+ 1)+ p,CN+1—-k)— p,2N — k)
=r@N+2-2k—r)p,—12N — k) —r2N +2 —r)p,_1(N).

Since

AN4+2—-2k —r>2N+2—r>0 and p,_12N—k)>p,—1(N)=>0,
we conclude that (2.2) is valid.
(i) Let0 <a <b.If b <r — 1, then p,(a) = p,(b) = 0. We assume that b > r.

Casel. 0 <a<r-—1.
Since
b—j

0<c — 4
<a+b—j_

we obtain

m@+m@p}*<b—j>{q
prla+b) -
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Case?2. r <a.
‘We have

a—j b—j
< <
a+b—j a+b—j

<1l for j=0,1,...,r—1.

Hence,

pr@+p® T a—i V.l b-i \
pr(a+b) _H<a+b—1> *,E[)(Hb—j)

Jj=0

3 4 2+ b 2 |
< 1.
“\a+b a+b

This proves (2.3). g

3. Main result

We are now able to answer the two questions posed in §1. The following theorem refines
and extends the Proposition.

Theorem. Let n, r be integers with 1 <r < n. Forall P € P,, we have

27 27 27
an(r) / |P(e")|*dr < / PO (e")2dr < B (r) / |Pe)?dr (3.1)
0 0 0

with the best possible factors

H;;(l) (% - j)2 ) if nis even,
Oln(r) - 1 r—1 1
§|:1_1_0<-2F —]) +H <——]>i|, if nis odd
(3.2)
and
1 r—1
o) =5 [T = 0)? (3.3)
j=0
Proof. Let P(z) = ZZ:O agz* with ay = a,_y fork =0, 1, ..., n. Differentiation gives

PO@) =) ark(k— 1) (k—r+ D"

n—r

=Y arprlk+r)k+r— 1) (k+ D2,
k=0
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so that Parseval’s identity leads to

1 2 _ n 5
= [ 1PEOPa =Y (3.4)
k=0

and

1 2T - n—r 5 r—1 )
2—/ IPOEPdr = laxg P [ [k +r =)
T.Jo k=0 =0

n r—1
=Y la* [Jtk =02 (3.5)
k=0 =0
First, we prove the left-hand side of (3.1) with «,, () as given in (3.2). Let

2 2
S,(r) = 2i (/ |PT)(e))2dr — otn(r)/ |P(e”)|2dt> .
4 0 0

Case 1. n=2N (N € N).
Applying (3.4) and (3.5) yields

Su(r) =Y _[pr(k) — pr(n/2)]|axl?

k=0
N—1 2N

=Y [prtk) = pr/Dllal® + Y Iprtk) = pr(n/D)lla?
k=0 k=N+1
N—-1 N—1

=Y _Ipr (k) = pr(Mlal* + D [pr@N = k) = pr(N)llazn—«|?
k=0 k=0
N—1

[pr(k) + pr N — k) — 2p, (N)1|ag|*.

il
S

From part (i) of the lemma, we conclude that S, (r) > 0.

Case2. n=2N+1(0 <N eZ).
‘We obtain

Su(r) =Y _[pr(k) — ctn(r)]lax|?

k=0
N 2N+1

=Y Ipr(0) — oy llaxl* + Y [pr(k) — can1()]laxl?
k=0 k=N+1

N
= > 1pr (k) — oy (D]
k=0

N
+ Y [pr@N + 1 — k) — ey 1 ()]laan 111
k=0
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N
=Y Ipr(k) + pr@N + 1= k) — 20841 ()]lax
k=0

N
=Y 1pr(k) + pr@N +1=k) = py(N) = pr(N + D]laxl?.
k=0

Using part (ii) of the lemma implies S, (r) > 0.

Next, we prove the second inequality in (3.1) with 8, (r) as given in (3.3). We define

2 2
To(r) = % (ﬁn(m /O |P(e)?dr — /0 |P<’><e"’)|2dz>.

Applying (3.4) and (3.5) we get
n
2T,(r) = Y [pr(n) = 2p, ()] ax|*. (3.6)
k=0
Also, we have

2T,(r) = ) [pr(n) = 2pr(n — )llan—]*. (3.7

n
k=0
From (3.6) and (3.7) we obtain
n
2T,(r) = ) [pr(m) = pr(k) — pr(n — I)llax |,
k=0
so that part (iii) of the lemma yields 7,,(r) > 0.
It remains to show that the factors given in (3.2) and (3.3) are the best possible. Let

U(z) =7"* (neven), V() =z" Y2z +1) (nodd), W) =7"+1.
Then we have U, V, W € P,. A short calculation yields

2 . 2w . r—1 n 2
/ \Ue")2dt = 27, / U0 P =27 [ ] (— — j) . (39)
0 0 j=0 2
2w .
/ |V (e'")|*dt = 4r, (3.9)
0
2T r—1 2 r—1 2
. 1 —1
I ()|
0 1\ 1\
(3.10)

and
r—1

H(n -2 31D

27 ) 2 )
/ |W(e'")[*dr = 4r, / WO ) 2dt = 27
0 0 =0
From (3.8)—(3.11) we conclude that the factors «, (r) and B, (r) are the best possible. O

Remark. The theorem reveals that the left-hand side of (1.1) can be improved, if n is odd:
n? /4 can be replaced by the best possible factor (n2 + 1)/4.
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