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Abstract. In this paper we prove the bilinear analogue of de Leeuw’s result for periodic
bilinear multipliers and some Jodeit type extension results for bilinear multipliers.
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1. Introduction

In their much acclaimed work Lacey and Thiele [13, 14] proved the boundedness of
the bilinear Hilbert transform and established a longstanding conjecture of AP Calderén.
Since then the study of bilinear multiplier operators which commute with simultaneous
translations have attracted a great deal of attention. For a comprehensive survey we would
like to refer the interested reader to the article of Grafakos and Torres [10].

One of the important themes of study of L? multipliers is about the relationship between
multipliers on the classical Euclidean groups R”, T", Z". de Leeuw [8] studied the restric-
tions of L? multipliers on R” to T". These kind of relations between bilinear multiplier
operators defined on R and T have appeared in the work of Fan and Sato [9], Blasco,
Carro and Gillespie [5] and Grafakos [11]. Also, for some other transference results in the
bilinear setting, see [2, 3] and [6].

In the same paper de Leeuw observed that periodic multipliers on R are precisely the
ones which are multipliers on Z and vice versa. In §3 we investigate the bilinear analogue
of these results.

The extension question from T” to R" was not fully explored in de Leeuw’s paper.
However, in [12], Jodeit addressed some natural extensions. A function on Z" is extended
to R” by forming the sum of integer translates of a suitable function A, i.e.

WE) =Y phAE —k).

keZ*

(For n = 1 if A takes the value 1 at zero and has support in [0, 1), then W and ¢

agree at integers.) In [15], Madan and Mohanty addressed the bilinear analogue of this

using transference techniques. They have shown that the piecewise constant extension of

a bilinear multiplier symbol ¢ (n, m) of an operator Py: LP1(T) x LP2(T) — LP3(T),
1 1 1

where ot = < 1, gives a bilinear multiplier on R. In §4, we give other examples
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of A as in Jodeit which complements the results of [15]. Further the results hold for the
entire admissible range of exponents p1, p2 and p3.
In §2, we give basic definitions and notation.

2. Preliminaries

Let S(R) be the space of Schwartz class functions with the usual topology and let S’ (R)
be its dual space. We say that a triplet (p1, p2, p3) is Holder related if % + # = %,
where p1, p2 > 1 and p3 > %

For f, g € S(R) the bilinear Hilbert transform is given by

d
H(f. )(x) = pv. fR F— gl + t){

and has the following alternative expression:

H(f. g)(x) = /R /R F©)8(m)(—iysgn( — e+ E+Nedy,

In [13, 14], Lacey and Thiele proved the boundedness of the above operator H from
LPI(R) x LP2(R) — LP3(R) for the Holder related triplet (py, p2, p3), where 1 <
pl,pzsooand% < p3 < o0.

It is known that for any continuous bilinear operator C: S(R) x S(R) — S’(R), which
commutes with simultaneous translations there exists a symbol ¢ (&, ) such that for

f.g € SM),

C(f. 9)(x) = /R /R FEZmYeE. me =+ gzdy

In the distributional sense we can write
C(f.i9)x) = A{/Rf(x —u)g(x —v)Ke(u, v)dudv,

where KAC = Y (in the sense of distributions).

Unlike in the linear case, the boundedness of the symbol ¢ is not known. In this article
we will be dealing with bounded symbols only.

For ¢ € L®°(R?) and f, g € S(R), we write

Cotoow = [ [ Fewmie nem ¢ i, M)
If for all f, g € S(R) the bilinear operator Cy, satisfies

ICy (s O llps = cllfllp 18l ps 2)

where ¢ is a constant independent of f, g, then we say that Cy, is a bilinear multiplier
operator associated with the symbol i for the triplet (p1, p2, p3). The set of all bounded
bilinear multipliers for the triplet (p1, p2, p3) will be denoted by M 513, p (R). For p3 > 1,

M 513, p, (R) becomes a Banach space under the operator norm, whereas for p3 < 1 it
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forms a quasi Banach space. We will use the notation || - || for the operator norm and for
convenience we will not attach any p with it. It will be understood from the context.

Bilinear multiplier operators on T and Z can be defined similarly. We say that the
operator P defined by

P(F, G)(x) = Ty Zp F ()G (m)p (n, m)e>™>tm.;

is bounded from LP!(T) x LP2(T) — LP3(T) if for some constant ¢ and for all trigono-
metric polynomials F, G we have

IPCF, G)lipy = cllFllip IGlp,-

Similarly on Z the operator

D(a, b)(l) = f / a@)b(p)y (6, p)e*™ 10+ dadp
TJT

is said to be bounded from /P! (Z) x IP2(Z) — [P3(Z), if for some constant ¢ and for all
finite sequences a, b we have

ID(a, b)llirs < cllallp 1B]]zr2-

The space of bounded bilinear multipliers on T and Z for the triplet (py, p2, p3) will
be denoted by M1? , (T) and M7? ,, (Z) respectively.

3. Periodic bilinear multipliers

Lety(§,n) e M 5: », (R) be a periodic function with period one in both variables, i.e.
v, n) =vE+1,n =v(E, n+ 1). Anatural question that arises is whether 1 (€, 1) €
M 1[77? p2(Z). In [4], Blasco proved a partial result in this direction. Conversely, given
¥ € M}, (Z) one can ask whether ¥ (€, ) € M} ,, (R). For linear multipliers, see [12].
We address these questions here for the entire admissible range of exponents. In particular,
we show the following.

Theorem 3.1. Let v € L®°(R?) be a l-periodic function in both variables. Then
¥ e Mgf,pz(R) if and only if ¥ € M{,’f,pz (Z), where the triplet (py1, p2, p3) is Holder
related.

Proof. First we will prove that if ¥ € M}? , (R) then ¢ € M} ,,(Z). Let ® € S(R) be

such that supp(®) € [0,1],0 < ®(x) < 1and ®(x) = 1,Vx € [, 3]. If {a&} and {b;}

are two sequences with finitely many non-zero terms, we define two functions f,, g5 as
follows

fa@) =) a®(x — k)
k

and

g (x) ==Y bd(x —1).
)
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It is easy to see that || fu || Lr1 ®) < llall;r1(zy and ||gp|lLr2r) < lIbll1r2(z)- Then

Cy (fa, gp)(x) = /R /R Y(E, 1) fa(&)Ep (e ETMx dedn

= /1 /1 V&, ,7)62771'(5+71)x
0 JO

X Z Z fa (€& +m)gy(n + n)eX™ MmMxdedy

1 1
Z/ / Y& e EE YT (e + )
0o Jo p

X Zé;b(n + I’l)ezmnxdédn
n

1 1 )
= /0 /0 YiE ) (Z fulx +m>e—2mfm>

x (Z gl + n)ez’”'"”) ddn,

where we have used the Poisson summation formula in the last step.

Forx € [j+ 1, j+ 3] = I, we can write x = j + (x'), where (x') is the fractional
part of x. Then

D falx Ame T = TS Tar®(j 4 () 4 m — keI
m R
= Z aj+me—2ni$m
m

— Z am672ni$(m7j)
m

= (&)™,

Thus, for all x € 1},
qu(x +m)e—2ﬂi§m — &(%.)62711'&]"
m

Similarly

Zgb(x + n)e TN = p(n)e? i,
n
Substituting these for x € I, we get
1 pl . _ '
Cy (fa, gp)(x) = /0 /0 (€, maE)b(m)e?™ E+Tnigedy

= Dy (a.b)()),
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where Dy, is the bilinear operator defined on [”1(Z) x IP2(Z). Now forall x € I,

Dy (a, bY(DIP* = 1Cy (fa, 8) (O X1,

iti
—2 f o (far g5)(0) P dlx.
j+

FS

Summing over j € Z,

j+3
> Dy (a, bY(HIP? =22f 1€y (far gp) ()17 dx
j j it

<2 /R 1y (fas ) (0)] PPl

<20Cy 1721l fall 53 g llha-
Therefore
1Dy (a, b)lpy < 21p3 ey | llallp, 151 p, -

For the converse, let ¥ € M I’,’f m(Z). For f, g € CZ(R), we have
cuttow = [ [ Fowmue nem e oy

1 1
=Zf / fE+mEom+m)
nmJ0 JO

1 1
:/ / Zf(g+n)62ﬂix(§+n)
0 Jo

% Zg(n + m)eZTrix(n-‘rm)I//(s’ n)ezmx@ﬂ)déd'?
1 opt .
— / f (Z flx — n)62m§n)
o Jo \5
x (Z glx — m)ez’“'"'") (&, n)dédn

1 1
- /0 fo Fo®) G (&, )ddn,

where foreach x € R, Fy(n) = f(x —n) and Gx(n) = g(x — n).
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Hence,

/R 1Cu (. ) () P

1
- [0 3710y (f, ) + DM
[

Z/OIZ

1
=/ 1Dy (Fr. Gl padx
0

p3

1 1
/ / (&) Gy &, me 60 dedy | dx
0 0

1
Sfo 1Dy 17 I Fell i 1G e 1 3 dx

P2

P3
1 7
=/0 1Dy 1173 (Zlf(x —n)lf"> (Zlg(x —n)|1’2> dx.

Using the Holder’s inequality with the exponents %, %, we obtain

3
)

ICy (s Mlps = 1Dy L 1L f 11 py 1811 ps.- n

We now turn our attention to periodic extensions of compactly supported bilinear
multipliers. In what follows J will denote the interval [—1/2, 1/2).
We will prove the following result.

Theorem 3.2. Let v € Mgf,pz(R) be such that supp(y) € J x J. Consider 1//Ij the
periodic extension of Y given by

YRE M =YY vE—nn—m).

n

Then ¥¥ e M{,’f,pz (R). Moreover, V2| < c|l¥|, where ¢ is a constant independent

of .
As a consequence of Theorem 3.1, it would suffice to prove the following.

PROPOSITION 3.3

Let y € M5} ,,(R) be such that supp(y) € J x J. Then ¥* € M} , (Z). Moreover,
W2 < cllv ||, where ¢ is a constant independent of V.

We will need the following two lemmas.

Lemma 3.4. Let Y € M,I;f,,,z(]R) be such that supp(yr) € J x J. Then for f, g € S(R),
supp Cy (f, 8) C [-2,2].
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Proof. Let h € S(R) be such that supp A C [—2, 2]°. Then
(Cy(f.8), 1) = (Cy(f. &), h)

= / f / F©&gmYE, N *ETMdednh(x)dx
RJR JR

= / / HGHOVIGED! / h(x)e? X ETNdxdedn
JJJ R

_ /, /J FEZMYE mh(E +n)dedn = 0.

Thus
(Cy(f, 8),h)=0.
This proves the lemma. n

For the proof of Proposition 3.3 we will use the following result.

Lemma 3.5 (7). Let 0 < p < oo and g be a slowly increasing C* function such that
supp(g) C [—R, R], then there exists a constant C > 0, depending on p such that

> lgmlP < CP max(l, R)f lg(x)|”dx.
n R

This is a well-known sampling lemma.
Now we prove Proposition 3.3.

Proof. Let ® € S(R). Let a = {ax} and b = {b;} be two sequences with finitely many

non-zero terms. We define f,(x) := ), ax®(x — k) and gp(x) := Y, 5P (x — ). It is
easy to see that

I fallLr @y < cllallipiz),
llgnllLr2wy < clibllir2zy,

where ¢ = sup,c(o.1] 2_; |P(x = D)I.

Also, fu(&) = ®()a(€) and g,(n) = S(b(n).
We write the operator

Cor (S 80)(x) = A fR Fu®©) (v (€. )T dedy
:_/J/;é(é)&(é)é(n)é(n)w(g"7)32”ix(§+’7)d§dn,

Choose ® such that = 1 on J. Then at the integer points we get

Cy (far gp)(n) = fJ /J a@Ebmv g, Ne*™"ETNdedy = Dy (a, b)(n).
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Using Lemmas 3.4 and 3.5, we get
Y 1Dy @, Y|P =Y 1Cy (far 85) ()7
n n

< chops /R 1Co (far 88)(x) Pl

p3 P3 P3
< Cp 23 Cy 173 1 fally lgn p
i.e.

1Dy (a, D)l ps < Cp ICy Il llall p 1511, - n

4. Jodeit type extension theorems

In this section we will explore some extensions of bilinear multipliers on T to bilinear
multipliers on R. Essentially our results are analogues of Jodeit type of extensions in
the linear case. Our proofs are refinements of Jodeit’s original proofs. For the sake of
completeness, we include the proofs here. We will need the following lemmas which may
be of independent interest.

Lemma 4.1. Let ¢ € M)} 1, (T).
() If p3 = 1anda € I"(Z*), thena x ¢ € M3} ,,(T) and ||a = || < |lall1l|9].
1) If p3 <landa € 1’73(22), thena * ¢ € Mf,’f’pz(T) and |la * ¢l < llallp;ll@|l.

Proof. For p3 > 1, this is an immediate consequence of Minkowski’s inequality. Assume
p3 < 1 and let T’ be the operator corresponding to a * ¢. For f € LP!(T) and
g € LP(T),

IT"(f, &)l

P3

:/ D ax¢n,m) fm)gm)e* "t dx

J n,m

P3

:/ YD al, kg —1,m =) fm)geme™ | dx

J |1k mom

P3

S/Da(l,k)w dx

J 1k

D b —1m—k) fm)gmye et

< ITI”llal g3 L f 15 glps-

The first inequality follows from | ), o;|” < ), |;|”,0 < p < 1 and the second from
the assumption that the operator 7T is bounded. Hence we obtain

IT'Cfe ) lps < IT Wlallps Il £ 11, gy u
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Lemma4.2. Let ¢ € Mgf,pz (T). For a positive integer k, we define ¢ as follows:
or(n,m) = ¢(n/k,m/k) if k divides both n, m, and ¢r(n, m) := O otherwise. Then
or € M[]:f,pz (T) with norm not exceeding that of ¢.

Proof. For f € L*(T), let F(x) = %le;(]) f()%)
~ 1 k=1 x4+7j i
F — - — JTIX'ndx
(n) /;sz(—k )e
j=0
= - ,
_ z Z/ f (%) e—2mx»ndx
j=0"J

— / f(x)efbrimkndx
J

= fkn).
Also note that | F||; < || fll1 and || F|leo < || flloo. Hence
IFllp <Ilfllp, 1=p=o00
Similarly for g € L*°(T), we define G. Let Ty be the operator corresponding to ¢x. Then

Ty (f’ gx) = Z Z f(n)g(m)qjk (n, m)6271ix(n+m)

n

— Z Z ]?(kn)g(km)(/’)(n, m)e27tix(kl’l+kln)

= Z Z ﬁ(n)é(m)qﬁ(n’ m)e2nix(kn+km)
=T(F, G)(kx).

Hence

IT(f. s = fj |T(F, G)(kx)|"dx

| k2
- —/ IT(F. G) ()P dx

2/ IT(F, G)(x)|P3dx
J
<ITI»IFIHIGIM
<TI0 f 58l
Thus we obtain that ¢y is in M}? ,, (T). [ |

Our first extension result is the following theorem.
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Theorem 4.3. Let ¢ bein Mp1 p2(T) and S be a function supported in %J X %J such that its

periodic extension S* from J x J satisfies an |S%(n, m)|? < oo, where p = min(l D3).

Theny (&, 1) == 3_, ,, ¢(n, m)S(E—n,n—m) € MY} ,,(R). Moreover, ||| < 2"C||¢||
~ 1

where c = (3, |S¥(n, m)|P)? < oo.

Proof. Itis enough to prove that - (€, ) = Zl’k o, k) r”|+|k|§(§ —1, n—k) belongs to

MII,? pm(R) for0 <7 < 1with [|Cy, || < c|l¢]l. Let Ky, be the kernel corresponding to the

bilinear multiplier ¢ (2, m)r"I*1™|_ Clearly, m V¥, is considered as a function on R?.

—

From Lemma 4.1, Ky, S* = K¢, 5« S# belongs to M}, ,, (T) with norm bounded by c||¢|.
Let f € S(R) and for each n € Z, let f; denote the 1-periodic extension of the function
f(x +n/2)xy(x) from J. Then it can be easily verified that

Z Lfall} o ery < 2015

Now for x € EJ’ we have

Cw,(fg) x+ / / Xx—i+ )

X g (x s+ ) (Ky, $)(1, 5)drds

=//fn(x—t)gn(x—s)(K¢,S#)(t,s)dtds.
JJJ

Thus,
1Cy, (£ @I < S (el 1L full 2 1ga 122
n
<2(cloDP iy gD
The last inequality follows as an application of Holder’s inequality. |

Our next result is the piecewise linear extension of ¢ € M}? , (T) to ¢ € M}, ,, (R).

Theorem 4.4. Let ¢ € Mﬁf’pz(T) and p3 > % If A(x1,x0) = (I — |x1DA — |x2])
in [—1,1) x [—1,1) and O otherwise. Then the function  defined as ¥(&,n) =
Yum @ m)AE —n,n—m) € M} ,,(R) and ||| < Cp,i¢].

. S 24

Proof. Consider S(x, y) = “Eﬂi‘:)’zx Szzﬂ;? . Let Si;(x, y) be the 1-periodic extension of
k 1 . L .

X§+%J(x).X%+%J(Y)S(X7 y) from (§+J) X (§+J). An easy computation using integration

by parts gives that for n, m # 0,

C

+k2)(1+n2)(1 +12)(1 +m?)’
Hence, by Theorem 4.3 we have Zn m @, m)S‘kJ(é —n, n —m) belongs to M,’,’f,,,z (R)

|Sk.1(n, m)| < a

with bounds not exceeding m loll.

Thus Y, (0. m)SE —n,n—m) =Y, . m)A(S2, ) isin M}, (R).
By applying Lemma 4.2 we get ¢y € M%? pi.p, (R) with the requ1red bound. |
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As a consequence of this we get the desired piecewise constant extension result.

Theorem 4.5. Let ¢ be in M,I;f,m(T), where p1, p2 > 1. Then ¥ (€, 1) := an ¢(n,m)
Xixs(E—n,n—m)e My, (R).

Proof. Define ¢r(n,m) := ¢(n/2,m/2) if n,m both are even and ¢r(n,m) := 0
otherwise. By Lemma 4.2, ¢po(n,m) € Mgf,pz(T) and |||l < |l¢]l. Consider
Or(n,m) = ¢o(n,m) + ¢po(n — 1,m) + ¢po(n,m — 1) + ¢o(n — 1, m — 1). Clearly,
62 € M}, (T) and [62] < 416

Let A¢,n) = (1 — |EDA — |n]) in [—1,1) x [—1, 1), and O elsewhere. Then by
Theorem 4.4, ®,(£,1n) = Zn,m (n,m)A(E — n,n —m) is in M;,’f,pz(R). Note that
(&, n) =¢(n,m)if (§,n) € [2n,2n + 1] x [2m, 2m + 1].

Let x be the 2-periodic extension of a function whichis 1 forO < x < 1and O for —1 <
x < 0. We know that x € M,(R) for p > 1. Hence W2(&, 1) = x(E)x(mO2(&,n) €
M,I,?,pz(R). Now W (&,n) = ¢(n,m) for2n < & < 2n+1,2m < n < 2m+ 1
and W, (&, n) = 0 otherwise. Since Y (&, n) = W2 (2, 2n) + W2 (2 + 1, 2n) + Wy (28,
2n+ 1) + W (2€ 4+ 1, 2n + 1), the result follows. ]

Remark. The above theorem does not hold if either of pi, p> is 1. This is very easy to
verify. Without loss of generality, we can assume that p; = 1. Let ¢ € M (T) and T be
the operator corresponding to the piece-wise constant extension of ¢. Put ¢ (n, m) = ¢ (n).

Then by Holder’s inequality ¢ € M fi 3172 (T). Suppose the piece-wise constant extension

YE N =Y dm.m s E—nn—m) =), dn)xs(E—n)isin Mf'fpz(R)- Then

for f € Li(R) and g € L, (R), we have |Cy (f, ©)llps = IT(f)-gllps < cllfllllglp,-

Now notice that % and % are conjugate indices and ||f||f3 = ||| f173|| .. Hence by using
P3

duality we get | Tf||1 < c||f|1. But this is not true for any nonconstant q}
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